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EXEEOISES ON EUCLID. 


BOOK I 

PBOPosiTioar i 

1 Denu — ^The four lines AC, AP, BC, BP arc each » AB, and 

sto each other Hence ACDP is a lozenge 

2 Hem — ^Became AO ^BC, and CP common, and the base 
AP K BP , (vtii ) the L ACP= BCF , . AGP is ^ an Z of 
an equilateral A Again, the Z CAB s ACD -f ADC (xxxn ) , 
hnt ACD == ADC , CAB = 2ACD , ACD is | an Z of an 
equilateral A, and AOF is } an Z of on equilateral A , DCF 
IS an Z of an cquHatcral A Similarly DFC is on Z of on equi- 
lateral A Hence the A CDF is equilateral 

3 Dem. — JoinAP Because AG=AF, the Z AGF«.«VFG, 
and because APs: AC, the Z ACF«AFC, the Z GFCsFGC 
+ PCG, and is (xxxn Cor 7) a right Z In like manner 
HPC IS a nght Z Hence (xiv } G, P, H are coUincar 

4 Hem — GC** « GF* + PC® (sxnr ), and GC- = 4AG- , 

GF= + PC* = 4 AG*, hut GF = AG Therefore PC* « SAG* 

= 3AB* 

5 Sol — JomCF Dmde AD into four equal parts in H, G,H 



From DC cut off DJ ==:BD J is the centre of the required O 
Dem -^oin AJ, BJ, and produce them to meet the O* in H, L 
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Because tLe L AD J xs nght^ A J* = JD® + DA® = 3® + 4® » 5® , 
AJ 18 = 6 of the ports into which AD is divided , but AEl 
bAD, JEs= 8 of theports, JKbJD Again, AD bDB, 
and D J common, and the L AD J equal BD J , (rv ) AJ ^ B J , 

but AE B BL , JK es JL Hence the lines JD, J£, IL ore 
equal , and the O, with J as centre and JD as radius, will pass 
through the pomts S, L 

PROPOSITION n 

1 Sol — On AB desonbe the equilateral A ABD T7ith B as 
centre and BO as radius, desenbe the O CEG, and produce DB 



to meet it m E "V^ith D as centre and DE as radius, desenbe 
the O EFH, and produce DA to meet it in P AP is the re- 
quired line 

Dem — BecauseD IS the centre of the O EFH, DEbDF , 

butDB = DA, BEbAF, and BE » BO, AF=BC 
2 Sol —Let A be the given pomt, and BO the given Ime 



It 18 required from the point A to inflect to BO a Ime equol to a 
given line DE Prom AdravrAP=DE [ir ] mth Ana centre, 
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and AF os radiusi dcscribo a O cutting BC in G| H Join AO, 
AH AG, AH aro tlio required Jmca 

Dom*— Rocauso AP = AO, and AP « DE , AG = DE In 

liko manner AH s DE Honoo thoro aro tvro fiolutions 

PROPOSITION IV 

1 Lot AD bisect tbo vortical A of tho isoscolcs A ARC It 
IS rcquiTod to prove that it bisects the boso BO porpondioulorly 

Dom — AB s AC, and AD common, and tbo Z BAD s CAD , 

(iv ) tbo Z ADB =: ADO, and tbo side BD = CD llenco BO 
IS bisected, and (Def xiv ) AD is J. to BO 

2 Doxn — ^Lot ABCD be tbo quadnlatoml, and BD its dingo- 
xml Because AB » CB, and BD common, and tbo Z ABD eCBD , 

(it } tbo boso AD » CD 

3 Let tho lines AB, CD, bisect each other in E 

Dom^Tabe any point F in ED Join AF, BF Because 

^l£ ss BE, and EF common, and tbo Z AEF e BEF, « the 
base AF « BF 

4 Let ABC bo tbo A On tbo sides AB, AO, dosenbo cqtu- 
btcrol A * ABD, ACE Join CD, BE It is required to ptoro 
that CD 8 BE 

Dom — Bccanso tbo Z DAB == CAE, to each add tho Z BAC, 
then tbo I DAC-^ BAE, and since DA«BA, andCAsaEA, tbo 
sides DA, AO 8 BA, AE, and ^ro have ebown that tbo Z DAC 
8 BAE , (iv ) tbo bases CD, BE, arc equal* 

PROPOSITION V 

I (2) Bern — ^Tnl o any point D in AB, ond Ji^m AO cut off 
AE 8 AD (in ) Join BE, CD, DE Because AB 8 AC, and 
AE 8 ad , BA and AE 8 OA and AD, and tbo Z A is com- 
mon , BE 8 CD, and tho Z ABE 8 AOD Again, bccauso 
BE 8 CD, and BD 8 CE , BD and BE 8 OE and CD, and 
tho I DBEsECD, (xv) tho Z BDE8CED, and tbo ^BED 
8 ODE, hence tbo remainders, tbo £• BDC, BEO, arc equal 
Again, BD 8 CE, ond DC « EB , BD and DC 8 CE and EB* 
and tbo contained L * BDC, CEB, have boon jsbovm to bo equal , 

(lY ) tho 4 • DBC, ECB, are equal 
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(2) Dexn — Produce BA, CA, to J, H , m AJ take any points 
E, O', and from AH out off AD = AI^ and AP = AG Join DG, 



DB, EC, EF Because AF b AG, and AE = AD , * AF and 
AE B AG and AD, and the L FAG common , the base FE b DG, 

and the L AFE = AGD, and the L FEAbGDA 
Again, because BG b CF, and GD » FE , BG and GD 
B CF and FE, and the L DGB = EFC , the base DB b EC, 
and the L GDB b FEC , but the L GDA b FEA * the re- 
mainders, the Z* BDC, BEC, ore equal 
Nour, smce BD b CE, and DC b £B , BD (Aid DC b QE 

and EB, and the L BDC b CEB , the L DCB b EEC 
2 Dem — If AH bo not an nyis of symmetry, let AJ be one 
Join JG Because AF b AG, and AJ common, and the L FAJ 



GAJ (hyp), the L AFJbAGJ, but the L AFC=AGB, 
the L AG J b AGB, a part *= to the yrhole, which is absurd , 
AH must bo an axis of symmetry 
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O PCD, EC o ED I but this is contrary to Prop Tn Honce 



the O* cannot intersect m more than one point on the same side 
of lihe lino AE Hence two O* cannot intersect in more than two 
pomts, which must be situated on opposite sides of the line joining 
the centres of the O* 


PROPOSITION IX 

1 Bern — Eecauso AD = AE, the L ADE AED , and be* 
cause PD = PE, the L PDE = PED Now wo ha^o two A* 
ADP, AEF,haTmgtwo8idcsAD, DP, and the contained L ADP 
respectively => to the two sides AE, EP, and the contamed L AEF , 

(iv)the L DAP = EAP 

2 Bern — ^Lot Q be the point whore AP meets DE Because 
AD s AE, and AO common, and the L DAG ^ EAG , the 
L AGD B AGE Hence (Dof xtv ) AP is ± to DE 

3 See Ex 8, Prop iv 

4 Bern — Take any pomt P in AP, and from P lot fall the ± 
PH on AE Prom AO cut off AJ b AH, and join PJ Eccause 
AH = A J, and AP common, and the L HAP « JAP , (iv ) the 
L AJP B A H P Honce the L AJP is right, and the base 
PH = PJ 

PROPOSITION X 

1 Sol —Let AE be the given hne Take a part AE greater 
than half AE With A as centre and AE ns radius, describe the 
O CED Take BP b AE With E os centre and BP as radius, 
desonbe the O OPD, cutting the O OED in 0, D Join CD, 
^ enttmg AB in G AE is bisected m G 
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Bern — Tom AO, BO, AD, BD Becatiso AC &=: BC, and CD 
common, and tho base =BD , (vnx ) the L ACD « BCD 



Again, since AC»BC, and CG common, and tbo L AGGssBCG , 
(tr) AG=BG 

2 Bern — ^TalwO onypoint H equally distant from A, B Jom 
AH, BH, Cn Because AC b BC, and CH common, and tho 
base AH <= BH , (rzn } tbo L ACH ss BCII Ilcnco any 
point equally distant from A, B, is in tbo bisector of the L ACB 


PROPOSITION XI 

1 Bem —-Let tho diagonals AD, BC, of the lozengo ABDC, 
intersect in E Because AB &= AC, and AD common, and tbo 
base BD B CD , (vni ) tbo L B AE a CAE Again, AB « AO, 
AE common, and iho L BAE a CAE, (nr ) BE «= CE, and 
the L AEB = AEO Hcnco AD bisects BO perpendicularly 

2 Bom — Bccauso DF « EP, tbo L FED » FDE (v ), and 
CDbCE, (it ) tbo a DCF « EOF , thoADCF«EOP, 
and {Def "tiv ) each of them is a ngbt L 

3 Sol. — ^Lct AB bo tho given lino At tbo point A draw AC, 
xnalong an L with AB In AC talo AD = AB At D erect 
DB L to AO Bisect tho L BAG by AE, meeting DE in E 
Jom BE BE is JL to AB 

Bern — AD e= AB, AE common, and the L DAE « BAE, 
(rv ) the L ADB « ABE , but ADL is a ngbt L (const ) , 
hence A^E is a ngbt L 

4 Sol — ^LciABbo tbo given lino, and C, D, tho points Join 
CD , bisect CD in E Draw EP X to CD, meeting AB in F P 
18 tho required point 
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Dem — Join CF, DF Becanso (rr ) the A CEF = DEP ^ 
FC s FD Hence the |>oint F is equally distant from 0 
and D 

6 Sol — Let AB hB the given Lno, and G| D, the points 
From 0 let fall a ± GG on AB« and produce it to E, so tliat GE 
ToU be equal to CG Join ED| and produce it to meet AB in P 
F IS the required point 

Dem — Jom OF Because CG s= EG, and GF common, and 
the A CGP = EOF , (it ) the 4 CFG « EFG Hence the 
4 CFD IS bisected by the line AB 

6 Sol — ^Let A, B, C, be the three given points Join AB, 
BO Bisect AB at D, and erect BF 1 to AB Bisect BC at E, 
and erect EF X to BO F is the required point 

Bern — Join AF, BF, CF Because AB = BB, and BF com- 
mon, and the 4 ABF « BDF , (rv ) AF = BF In like 
manner BF » CF Hence the three Imes AF, BF, CF, are 
equal 

PEOPOSmON XU 

1 Bern — If possible let FGJK bo a O meeting AB in the 
points F, G, J, E Bisect FG in H Join CH, and produce it to 



Jom CF, CG Bisect GJ m N Jom ON, CJ, CK Be- 
cause FH = GH, and HO common, and the base FG *= CG, 
the 4 FHO a GHC, and (Del xrv ) each of them is a right 
angle 

Agom, smee GN = JN, and CN common, and the base CG 
= CJ , tbe 4 CNG = UNJ, and each is a right angle Hence 
the 4 CNH = CBGtf , CH *= ON , but CN is greater than OK, 
becanse the point N is outside the O , CH is greater than CK, 
and Chi =s CK , CH is greater ^an CM, which is absurd. 
Hence the O cannot meet AB m more thiiTi two points 
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2 Dem —Let ABC bo the A i Laving the L BAG equal to the 
sum of the ^ • ABC, AOB Bisect AB in D, and erect DE 1 to 
AB, meeting BC in E Join AE 
Because AD = BD, DE common, and the L ADE = BDE , 
(iv) the L DAE«DBE, huttho L BAO = ABC + ACB, 
hence the L EAC « EGA, each of the A« ABE, ACE, is 
isoscdes I and smco AE = BE ^ CE, BO = 2 AE 


PROPOSITION xvn 

Dem —Let ABC bo tho A Take any point D in BC Join 
AD The L ADC is greater than ABC (xtx ), and tho L ADB is 
greater than ACB, but ADO and ADB equal two nght A*, 
ABO and ACB are less than two nght L ■ 


PROPOSITION XVIII 

1 Bern— Let ABC bo tbo A, of uhich AC is greater than 
AB From AC out oS AD =: AB VTith A as centre, and AB qb 
radius, desenbe the circle DBE, cutting GB produced in E 
Join AE Now tbo L ABO is greater than AEB , but AEB 
K ABE , ABO IB greater than ABE, and ABE is greater than 
ACB (xvi ) Hence ABC is greater than AOB 

2 Dem — ^Produce AB to D, so that AD « AC Join CD 
Now the L ABC is greater thhn ADC (xvi ) , but ADOeAOD, 

ABC IB greater than AOD Much more iB ABO greater than 
ACB 

8 Dem — Let ABCD bo a quadnlatorsl, whoso sides AB, CD, 
are the greatest and least It is required to prove that the 
A ADC 16 greater than ABO Join BD Because BC is greater 
than DO, the L BDC is greater than DBO (xvm ) Similarly tho 
L ADB is greater than ABD Hence tho L ADO is greater than 
ABO 

4 Dem —Let ABO be a A , whoso side BO is not less than 
AB or AO Prom A let fall a 1 AD on BC Because BC is 
not less than AB, the L BAG is not less than BOA, BOA 
must bo acute In like manner CBA must bo acute Hence 
AD must fall within the A ABO 
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PROPOSITION XIX 

1 Dom -^Bisect BO m D Join AD , prodaoa it to Ej bo 
that DE =r AD Join BE Now tho BDB, ADO, have the 
■sides BD, DE, of one respectively equal to CD, DA, of tho other, 
■and the contained L • equal (xv ) , (iv ) BE = AO, aud tho 



Z DBS = DOA, but the L ABD is greater than DCA (hyp ) , 
^ ABD 18 greater than EBD , hence tho lino BF which bisects 
the L ABE falls above BO Produce BF to O, and mako GF 
^ BF Now, since ED *= AD, EF is greater than AF Out off 
FH AF Join GH, and produce it to meet BE in I Now wo 
have in tho A* AFB, GFK, two sides AF, FB, m one equal HF, 
FG, in tho other, and tho contained equal , hence AB = GH, 
and tho L ABF = HGF , but ABF *= FBI (const ) , BGT 
=:GBI, and (vt) IB =x IG , but EB is greater that IB, and IG 
greater than KG , EB is greater than GH, and wo have proved 
BE AO, and GH = AB Hence AO is greater than AB 

2 Dezn — Toko any point D in the base BO of an iBoscdes 
A ABO Join AD Now tho L ADO is greater than ABD 
(xn ), and greater than AOD Hence (xix } AG is greater 
than AD 

If we take tho point D in tho base produced, wo have tho 
L AOB, that is, ABO greater than ADO , AD is greater 
than AB 

3 Dem — This follows from the last exercise For when we 
took the point in the base, and joined it to tho vortex, tho joining 
line was less than either side of the triangle , and when tho point 
was in the hose produced, the joining line was greater 
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4 (I) Dexn —Let A ho iho given point, and EF fho given line 
From A let fall a X AB, and dniTr any other lino AO to EF 
The L ACB is less than ABO (xvu ) , (xix ) AO is greater 
than AB 

(2) Bern —Take another point D in EF Tom AD Now 
the L AGD is greater than ABO, and therefore obtoso , hence 
ADO must bo acute , AD is greater than AO 

5 Dem — ^Because AB is greater than AO, iho L ACB is 
greater than ABO (mix ) Mndi more is the A BCF greater 
than CBF Hence (xnc ) BF is greater than OF Again (hyp ), 
AB 18 greater than BO, but AB OF (xv ) , OF is greater 
then BO , (xvm ) the A OBP is greater than CFB, that is, 
than ABE Hence ABE or OFB is less than half ABO 


PROPOSITION XX. 

1 Dem.— Let ABO bo a A It is required to prove that the 
difference between two sides AB, AC, is less than BC From AO 
cut off AD aB, and 3 oin BD Now AB and BC are greater 
thnnADandDO, hutAB=:AD, BOisgrcator than DO, that 
IS, greater than the difference between AB and AO 

2 Dem —Let D be any point within u A ABC Join AD 

BD, OD Now (XX) DA + DB + DOBO, DO 

+ DA > AO Adding, we got 2 (DA + DB + DC) > (AB + BC 
+ CA), {DA+DB + DC)>i(AB + BC + CA) 

3 Dem —Lot AD be tie bisector of tho L BAG ToLo tmv 

^ ^ offAF = AC, and 

w fn common, and Iho £ EAP 

= EAC , (ct ) Cie base EP = EC Again, smeo DP = EC. 
the diffrae between BE and EC is equal to tho difforonco bo- 
tween BE and EP but Bfe - EF is" loss than BP S 1) , 

BA ^'’tween 

fttiX difference between BE and EC is less 

than the difference between BA and AC 

p i *= AO Tate any nomt 

EP^=^0 I:B, EE, EP Nol%) 

Ab’oM AO wn eroator tiion 

0 Hence EB and EC ate greater than AB and AO 
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6 Dem — Let AB CD be the polygon JoinBD Now (xs ) 
\B + AD > BD, and BC + BD > CD, hence AB + AD + 
1]C>CD 

6 Dem — Let the A DEF bo insonbod in ABC Now (xx ) 
AD+AE>DE, EC + CF>EF, FB + BD>FD Adding, 
we get (AB + BC + CA) > (DE + EP + FD) 

7 Dem — Let the polygon FGHJK be inscnbed in the poly- 
gon ABCDE Now (xx ) AF + AG > FG, BG + BH > GH, 
CH + CJ > HJ , D J + DK > JK , EK + EF > KF Adding, 
we get the penmetcr of ABCDE greater than that of FGHJX 

8 Dem — Let ABOD bo a qnadnlateral, AC, BD, its diago^ 
nals Now, if AC, BD, are not equal, one of them must be the 
greater Let BD bo the greater, then wo have the sum of the 
sides AB, BC, CD, DA, greater than 2BD, and greater than 
AC and BD 

9 Dem — Let ABC bo the A, AD one of its medians Pro* 
duce AD to E, so that ED s AD Jom EC Now (it ) EG == AB, 
and (xx ) AC and CE, that is, AC and AB, are greater than AE, 
that IS, greater than 2AD Similarly BC and CA ore greater 
than 2CG, and AB and BO ore greater than 2BF, (AB + BO 
+ CA) > (AD + BF + CG) 

10 Dem — ^Let the diagonals AC, BD, of the quadrilateral 
ABOD intersect in E Take any other pomt F m the quadrila- 
teral Jom AF, BF, OF, DP Now (xx ) BP + FD > BD, 
and AF + FO > AC Adding, we get (AF + BF + OF + DF) 
>(AO + BD) 

PBOPOSmON XXI 

1 Dem — Let ABC ho the A, and 0 any point within it 
Jom OA, OB, OG Now, AB 4 AO > OB + 00 (xxi ) , AC + BC 
> OA + OB , and AB + BO ^ OA 4- 00 Adding, we get 
2(AB + BC 4 CA) > 2(OA 4* OB 4- 00) , (OA + OB 4- OC) 
< (AB 4 BC 4 CA) 

2 Dem — ^Produce BC both ways to meet A3I, DN, in E, F 
Now (xx ) AE 4 EB > AB, and DP 4- F0> DO To each add 
BC, andwehaYeAE4EF4FD>AB4B04CD Agam, EM 
4MN4NF>EF (Ex 6, XX ) To each add AE and DF, and we 
get AM 4 MN 4 ND > AE + EP + FD , but we have shown 
that AE4-EF4-PD>AB+BC+CD, AM 4 MN 4 -ND> AB 

4 BO 4 CD 
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PEOPosmoN xxin. 

1 SoL — ^Let A, E, be the given sides, and 0 the L between 
them Draw any Ene DO, and from DO cut off DE = A At 
tbc point D in DO draii DH, making the L ODH = C (Kxni ) 
In DH take DF = E, and join EF DEF is the A required 

2 Sol —Let AE be the given side, and D, E, the given L*. 
. At the pomt A in AB moke the L EACc=D, and at the point Em 

AE make the L AEOaE ABO is the A required 

3 Sol — ^Let A, E, be the given sides, and 0 tho given angle 
Draw any line DO, and in it moke DE b A, and EF s E At 
the point D m DO make the ' ODH ea 0 "With E as centre, 



and EF as radius, desonbe a O, cutting DH m J, K Join EK, 
EJ Then evidently either of the A » DEJ, DEE, -will fuldl the 
given eonditions 

4 (1) SoL— Let AB be tho base, 0 the given L , and S tho 
sum of the sides At the pomt A in AB make the L BAF = C 
and in AF take AE= B Join BE At tho point B m BE make 
tho L EBO = BEO ABO is tho A required 
Dorn —Because the L EBO = BEO , (vi ) EO = BO To 

each add AO, and we hove AO + OB = AE , but AE = S fconst 1 
AO+OB = S vuusi;, 


(2) Sol —Let AB be the base, 0 tho given A , and D tho diffe- 
rence of tho sides At tho pomt A m AB make tho L BAO = 0 
and let AO = D Produce AO to E Jom BO, and at tho point 
B m BO make the L GBE = EOB AEB is tho A required 
Dem —Because tho L OBE « EOB , (vi ) EG = EB but 

w n AE - BE = AG «=D Henoo tho difference 

between AE and BE is D 
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5 (1) Lot A| By 1)0 two points, one of wlnoh, B, is in the given 
line GF It is required to find another point C in GF, such that 
CB + CA may he equal to a given line D 
Sol — ^In GF take a part BE = D Join AE, and at the point 
A in AE make the L CAE = CEA , then C is the required point 
Bern — ^Because the L CAE = CEA, CA = CE (vi ) To each 
add CB, then CA + CB s BE , hut BE « D , CA + CB « D» 
Hence C is the required point 
(2) Let A, B, he the pomts, GF the given hne 
Sol — ^In GF take a port BG s D Join AG, and at the pomt 
A in AG make the L GAE = AGE E is the required pomt 
Dexn — ^Because the L GAE = AGE, GE = AE , AE — EB 
ex GE — EB , hut GE — EB >= GB , that is, equal to D Hence 
AE — EB es D Since a part » J) con he measured ih)m B in 
either direction, there ore evidently two solutions in each case 

PROPOSITION XXIY 

1 Bern — ^At the point A, in AB, make the I BAH = EDF, 
and make AH=AC or DP Join BH Now (iv) BH = EF 
And because the L BAC is greater than EDF, the bisector of the 
L HAO must fail to the nght of AB Let AG ho the bisector 
Jom HG Now since AH « AC, and AG common, and the 
L HAG = CAG , (rv ) GH = GC To each add BG, and we 
have BC esHG + GB , (xx ) BC is greater than BH, that is, 
greater than EF 

2 Bern (Diagram to Ex 1) — ^The ^AHGaACG, butAHG 
18 greater than AHB , ACG is greater than AHB , that is, 
greater thonEFD 

PROPOSITION XXV 

Bern* — From BO out off BH s= EF On BH desenhe the 



A BGH ex DEF , that is, having BG = DE, and GH = DP Join 
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AG Becatise BA=sDE, andB6=DE, BA=BG, (ti) 
the L BGA=sBAG Pj^uce GH to meet AC mK No'w emce 
AO s= DF, and GH = DF , AO = GH , GK is > AX , 

(xmr ) the L GAX is> AGX , hut BAG = BGA , BAC m 
> BGH| that IS, >EDF 


PBOPOSmON XXVI 


1 Let ABC be the A 

Eem — ^Let fall the JL AD on BC Novr (xkti ) the A-* ADB, 
, ADC, are e^ual , DB = DC Take any point E in AD Join 
BE, OE No\r {rr )the A»BDE, ODE, are cq^nal, BE~CE* 
Hence the point E is equally distant from the points B, 0 

2 Let AD bisect the vertical L BAG, and also the base BC 

2Denx — ^Produce AD to E, so that DE ::= AD Join EG Noxr 

(iv) the A* ADB, EDO, are cqnal, AB = CE, and the 
L BADsCED, but BAD = CAD (hyp), CAD = CED, 
hence (tx) CEr=CA, hutOE=iBA, OAeBA, Hence the 
A BAC IS isosceles 

3 Let AB, AO, be two fixed lines, and D a point equally dis- 
tant fiom them 

Dexm— Let fall DE, DP, on AB, AO Join EP, AD. 

Because DE=DP, the A DPL^DEP, but the L DFA=DEA; 

the L AFE = AEF, and AE = AF Now AE = AF, AD 
common, and the base DE=DF , the L EAD = FAD , the 
bisector of the L BAC is the locus of the point D In like 
m a n ner, if wo produce BA to G, the locus of a point equally dis- 
tant frean AC, AG, will he tho bisector of the L CAG 

4 Let AB be the given ngbt line, and CD, EP, the other 
lines 

Sol —Let CD, EF, intersect in Q, and meet AB in H, J 
Bisect the L HGJ by GX, meeting AB in X X is tho point 
required 


Dem -Let fall i» KM, KN, on CD, EP Because the 
L KCK = StGK, and GKK = GMK, and GK common, 
} KK =s KM There are evidently tivo solutions 
6 Let ABO, DEF, he two A*, nght-angled at A and D 
having the hase BO = EF, and the acute L ABC = DEP 
Dem —Tho A* ABC, DEP, have the L* BAC, ABC, eoual 
to the L* EDP, DEF, and the side BC «= EP , (xxvi ) they 
are equal in every respect ^ 
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6 Let the nght-angled A ■ AJ30, DEP, have the sides AB, BE, 
equalj and also their hypotenuses BO, EF cquaL It la required to 
prove that the A* ore equal in every respect 

X>eni — the point B in BO make, on the side remote from A, 
the L OBC = BEF (xxnr ), and m^o BGr » DE or AB Join 
OG,AG 

Now the A* GBO, BEF, have the sides GB, BO eBE, EF, 
and the L GBO « BEF , (iv ) OG = BF, and the L BGO 
B EBF , but EBF is a nght L , BGO is right, and = BAG* 
Now BG = AB , the L BAG «= BGA , but BAO = BGO , 
OAG = OGA , hence OG = OA , but OG = BF , AO = BP 

Hence the A” ABO, BEF, are equal in every respect 

7 Lot ABO be the A , and let the bisectors of the L ■ A^O, 
AOB, meet in 0 Join OA« It is required to prove that OA 
bisects the L BAO 

Eem — From 0 let fall OB, OE, OF, on AB, BO, OA 
Jom BF The A* OBD, QBE, are equal (xxvi ) , OB = OE 
Similarly OE=OP , OF«= OB, and (v ) the A OBF=OFB , 
but the L OBA ^ OFA (const ) , L ABF ts AFB , 

(vi ) AP « AB Now AlP = AB, AO common, and the base 
OP — OB , hence (vin ) the L OAF = OAB Therefore AO is 
the bisector of the L BAO 

8 Let ABO be the A , and lot BO, 00, bisecting the two ex-* 
temal L ■ meet m 0 Join OA It is required to prove that 
OA bisects the L BAO 

Dem— From 0 let fall !• OB, OE, OF, on AB, BO, OA 
Join BP Now, ns in the last exercise, OB = OF , ^e L OFB 
= OBF, but the L OFA = OBA, AFB = ABF, and AB 
es AP Now AB =s AF, AO common, and the base OB « OP , 
the L OAB = OAF Therefore AO bisects the L BAO 

9 Let A, B, C, be the given pomts It is required to draw a 
line through 0, such that the 1" on it from A, B, may be equal 

Sol — Join AB , bisect it in 0 Join 00, and produce it to B 
From A, B, let fall the .L* AB, BF, on OB 
Dem —Because AO«BO, and the L ■ AEO, AOEe=BrO BOF 
• (xxvr)AE = BP 

10 Let AB, AO, be the given Imes, and B the given point 
Sol —Bisect Ae L BAO by AE FromB let faU a J. BE on 

AE, and producfit both ways to meet AB, AO, in B, 0 
Bern —The A •ABE, AOE, have the AEB, EAB, equal to 
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the AEG, EAC, and tho ado AE common , the L ABE 
= ACE Hence the A ABC la iBoceles There are trro solu- 
tions For if Tre produce BA to F, hiscot tho L OAF hy AG, 



and from D let fall tho A DH on AG, and produce it to meet AF 
m F, TTc 'RiU hare another isosceles A 

PEOPOSITION XXIX 

1 (1) Eein^ — If AB, CD, are not H, let them meet m H 
Then \re have the exterior L EGX of the A GEH equal to the 
intenor L GHE , but this is impossible (xn } Therefore AB, 
CD, must he H 

(2) If AB, CD, ate not Oj let them meet in E Then \ro 
have tho ^*EGH, GHE, of tho A GHE, equal to two nght 
L\ which 18 impossible (xvn ) Hence AB, CD, must ho 0 

2 IiCt AB, CD, be the Q bnes, and AC, BD, tho A* intercepted 
between thenu 

Denu— Jom AD Now, the L ACD is nght (hyp ), and ABD, 
CDB, together equal two nght (kxix ) , hut CDB is nght , 
ABD 13 nght, and hence = ACD, and tho L BAD = ADC 
(XXIX ) Therefore the A» ABD, AOD, have two of one 
equal to two A • of the other, and tho ado AD common Hence 
(xxvi)BD=AO 

3 Let EF be Q to AB 

Dem -Bisect tho L • AOD, BCD, by CE, CP Now {xxix ) 



the L ACE «= DEC , hut ACE t= DOE , DEC = DCE, and 
DC = DE In liko manner DO = DP Therefore DE = DP. 

o 
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4 Let EF he the Ime whose middle point is 0, and terminated 
bytho II- AB, CD 

IDem — Through 0 draw a Ime meetmg AB^ CD m Gr, H 

The L GOB =HOF [xv ), and the L GEO = OPH (xxix ), and 
OB=sOF (hyp ) , thorrfore (kxvi ) OGn= OH 

6 Let AB, OD, he the ||S and 0 the pomt equidistant from 
them 

Dem — ^Through 0 drawEF, meetingAB, CD, mE, P, anddraw 
GH, JK, meeting them m G, H, J, K Because EF is bisected 
m 0, (4) GH, JH, are bisected m 0 , then the A - GOJ, HOX, 
have two sides GO, OJ, and the L GO J m one equal to the sides 
HO, OK, and the L HOK m the other Hence (iv ) GJ s= HE 

6 Let AEFD ho the iZi formed by drawing [| Imos FD, FE 
from a pomt F m BO to the sides AB, AG, of the equilateral 
A ABC 

Dem — The L EFB &= AOB (xxtx } , EFB is an of an equi- 
lateral A, and EBF is an ^ of on oqiulateral A (hyp ) , EBP 
is an equilateral A , EF = BF , but EF=AD , EF+ AD 
*= 2BF In like manner, AE + DF == 20F Hence AE + AD 
+ FE + FD «=2B0 

7 Let ABCDEF be the hexagon, and let its diagonals AD, BE 
mtcrsect m 0 Join CO, FO It is required to prove that 00, 
FO are m one straight Ime 

Dem — ^The L ABO « DEO (kkix ), and the L AOB = DOE 
(xv ), and the side AB es DE (hyp ) , (xxvi ) BO c= EO 
Agom (xxix ) the il CBO = FEO, and CB = EF (hyp ), and wo 
have Bho^m that BO = EO , (iv ) the L BOO = lEOF , to 
each add the L FOB, and we have BOO + FOB = EOF + FOB , 
but EOF + FOB = two nght (xm ) , BOO + FOB «a 
two n^ht L\ and (sxe ) 00, OP are m one straight 
line 


PEOPOSITION KYKT 

1 Let A, B, be the given L \ and H the altitude 
Sol —Draw any Ime CD, and make the L DOE = A, and the 
L ODE = B , let fall a 1 EF on CD If EF = H, the A is 
constructed If not, produce it, and cut off EG « H Through 
G draw JK y to CD, and produce EO, ED, to meet it m 
J,K 
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Dem —The L EJE = ECD (kxis ) = A Bi like manner 
EKJ = B, and EG= H G?herefore EJK is the A req^nired. 

2 Let AB he the given Ime, C the given point, and M the 
given L 

SoL— Thiougli 0 draw CE B to AB {xxs ) At tBe point C in 
CE the L ECE cs M Tbe L EOJ) = GDA ( xxrx ) 

CDA«M 

3 Uem —The L GAD = ADE (sxix ) , but CAD = EAD 
(const ) , ADE = EAD, and EA=EI) In like manner 
FB = PD Again, the L GAB = DEF (xxix ), but CAB is an 
L of an equilateral A , DEF is an 4 of on equilateral A 
Similarly DFE is on Z of an equilateral A , hence DEF is an 
equilateral A, DE a EF , but DE es AE , AE ==EF In 
like manner BF <= EF Hence AB is trisected. 

4 Let ABC be the equilateral A 

Sol — Let ^ a ± AD on BC Bisect the L BAD hy AE, 
meetmg BO m E Through E draw EF Q to AD, meetmg AB 
in F Through F draw FG fl to BO, and complete the □ EFGH 
EFGH 15 a square 

Dem— The L FEA«EAD (xxnc ), = FAE, FA = FE, 
but FAG IS an equilateral A, because FG is || to BO, AF 
= PG, bulAFr=EF, EF = GF, and EF = GH, and GF 
= EH , the four sides are equal, and (xxrs ) the L GFE 
= BEP, butBEFisanght GFEisnght Hence EFGH 
15 a square 

6 (1) Let ABC be the A 

Sol —Produce AB to G Bisect the L GBO by BF, meetmg AC 
produced m F Through P draw FG || to BO 

Dem.— The L CBF = BFQ (xxrx ) , hut CBP= GBP (const ) , 

GBF = BFG, and FG = BG If we bisect the L * BCF, 
ABO, or ACB we get m each case another solution 

(2) Sol — Produce AB, AO to E, P Bisect the OBE, 
BOP, and through D, where the bisectors meet, draw EF || to 
BO, meeting AE, AF, m E, F 

Dem — The iOBD^EDB (xxix ) , hutOBD =EBD (const.), 

EDB = EBD , and (vi ) EB = ED Simflarly, FO=FD 
Hence EB+ PC = EP 

If we bisect the L • ABO, ACB, we have another solution. 

(3) SoL— Produce the base BO to G Bisect the /.» ABO, 
AGG, by BD, CD Through D draw DF J to BC, meetmg AB, 
AC m P, B 


o2 



20 


EXERCISES ON EUCLID 


[dook t 


Dam — Tho L EDB as CBD (xxnc ) , hut OBD « FBD 
(const ) , PBD = PDB , and flieroforo FB » FD In like 
manner CE = DE Hence BP - CE = FD - DE = PE If vre 
produce CB to H, and bisect tho L* ACB^ ABH, iro -vnll have 
another solution 

6 Let AB| DC bo tho {| lines, and B, D the gi\on points 

SoL — Join BD, bisect it in E At E erect EA A to BD 

produce it to meet CD in C Jom AD, BC 

Dem — Because EB c: ED, EA common, and tho L AEB 
a=AED, (iv)ABs=AD In liko manner BC s DC, and tho 
four sides ore equal to each other Henco (Dof xxix ) ^VBCD is 
a lozenge 

7 Let AB, AC bo tho lines given in position, M tho line of 
given length, and FG tho Lno to \rhich tho required lino is to 
bell 

Sol — (1) In FG take a part ED eM , through D dmvr DB [[ 
to AC, and through B draw BO || to DE BC fuldls the required 
conditions « 





Dem —Because DBCE is a □, BO = DE, hut DE = M 
BO = M. 

Sol — (2) In FG take FH *= M Through P draw PJ || to 
AB, meeting OA produced m J, and through J draw JK 
II to FH JK fulfils the required conditions 
Dem —Because FJKH is a □, FH « JK, but FH «= M 

TT7- _ Tir ' • 
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1 Let ABC bo fho nght L 

SoL — ^i\rako tbo L ABD c^uol an Z of an equilateral A (xxm ), 
and draw BE bisecting it. 

Dem — Bccaiiso tbo L ABD ifl an L of an equilateral A i it is 
bro-thirds of a ngbtZ , CDB is one-tiurd, and half ABD is 
ono-thirtl Henco ABC is tnacclcd 

2 (1) Let ABO bo the A 

Dem —Draw tbo median AD Now if BD bo greater than 
AD, tbo L BAD will bo greater tliim ABD (xtju ) Simflarly tbo 
ZCAD will bo greater than ACD Hence tbo L BAG will bo 
greater tlmn ABC + BOA, and will bo obtuse, when tbo side 
BC 15 greater than 2AD 

(2) Dem —If BD t= AD, Ibo L BAD = ABD , and if CB = -VD, 
the L CAD =5 ACD Hence tbo L BAG xs= ABC+BCA, and is 

ngbt when BO *= 2AD 

(3) In hko manner it can bo ehown that tho L BAC is acute, 
when BC is less than 2AD 

S Lot ABODE bo tho polygon. 

Dem — ^Pxoduco AB, DO to meet in A* , BC, ED to moot 
in B, Ao 

Now the Bum of tho A* of tho A BA*G is two ngbt A«, 
sunilarly tho sum of tho A ■ of each of tho cxlerool A * is two ngbt 
A» Henco if there be ft external A", tho sum of their A* will 
be 2ft ngbt A*, but tho sum of tho extenor A* BOA^ CDB', 
Ac , IB four Tight A", and tho sum of tho extenor A» CBA , 
DCB', Ac , is four ngbt A* Henco tbo sum of tbo temnuung 
A •must bo (2ft -8) Tight A*, that is, 2 (ft - 4) ngbt A* 

4 Let BAC bo the A 

^ Dem —Produce BA to D, and bisect tbo L CAD by tbo line 
AE ]) to BC 

The A EAC ACB (xxxx.) , but EAC s EAD, and EAD 
cs ABC , ACB « ABC And hence AB ^ AO 

5 Let £ be ibo point where CD cuts AB 

Dem. — Bisect AB in F Join CF, DF Now llio lines AF, 
BF, CP, DP are equal (xir , Ex. 2) And because FD « FB, tbo 
A FBD rz FBB ts: FDE 4- EDB , to each add tho A EDB , 
then tho A*EBD + EDB *= FDE + 2EDB, but tho A CEB 
s=EBD + EDB{xxxir), CEB « PDE-f 2EDB, but CEB 
*=* FCE + OFE, and FCD « FDE , OFE « 2EDB Agom, 
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CEE = AGP + CAP , but AGP CAP (v ) GPE = 2GAP, 
2GAP c= 2EDB And hence CAP = EDB 

6 Let ABC be the A 

Prom B, G dra'w ±* BBi GE to the sides AO, AB, and let them 
meet m Gr , ]om AG, and produce it to meet BC in P It is 
required to prove that AF is X to BC 

Bern — Join BE, Now wo have two nght-angled A* BEG, 
BBC, and we have joined their vertices E, B , hence (6) the L 
EBB s ECB Similarly from the A* AEG, ^G, the L EAG 
= EBG (6) , EAG « FOG, and AGE « GGP (xv ) , hence 
(Cor 2) &e L AEG = GPC , but AEG is a nght L , CFG is 
right, and hence AP is X to BO 

7 Let ABGB be the O, and BE, OE the bisectors of the 
adjacent Z.* B, 0 It is required to prove that the L BEC is 
nght 

Bern — The A* ABO, BOB equal two nght /.■ (kkik ) , 
EBG + EGB equal a nght L , and hence the L BEG is nght 

8 Let ABGB he the quad Bisect the external A* A, B, 0, 
B , let the bisectors meet in E, P, G, H It is required to prove 
that the L * EHG, EPG, of the quad EFGH, ore together equal 
to two nght L ■ 

Bern — ^Produce BA, CB to J, K Now the /.“ABO, ABK, 
BAB, B AJ equal four nght L ■ , and the L ■ BHA, HAB, ABH 
equal two nght A ■ , the A • of the A HAB equal half sum of 
the A» ABC, ABK, BAB, BAJ , but the A« HAB, ABH ore 
the halves of JAD, ABK , hence the L BHA is half sum of 
BAB, ABO , in like manner BPO is half sum of ABO, BOB 
Hence the sum of the A» BHA, BFC is half sum of the four A* 
of the quad ABGB, and equal to two nght A ■ 

9 Let the sides of the A BEP be X to the aides of ABO It 



required to prove that the A« BEP, ABO are equiangular 



EXEBOISES ON EUCLID 


23 


BOOK I ] 


Dem —Since tho L * CHE, EGO nro nglit, tho sum of the / • 
HCG + HEG = two nght L • (Cor 3), and HED + HEG *= two 
ngbt Z” Sejeot tho common L HEG, andwohavotljo L HCG 
*= DEF, that IS, tho L ACE « DEP In like manner tho L 
EAC»EFD, and AEOesEDF 
1 0 (1) M equal sum of sides, and N tho hvpotonuso 
Sol — ^Drawony lino AO, and moko it equal to H In AC take 
a part AD » N At tho point C in AC make tho L ACB equal 
half a nght L 'With A os contrO) and AD as radius, dosertbo 
tho O DEF, cutting CB in E Join AB, and at tho point B in 
BC mako tho L EBO^ ACB AEB is tho required A 
Bern — ^Bccauso tho L EBO = ACB, EC = £B (vi ) To each 
add AE, and wo Imro AO ~ AE + £B , but AC >= U (const } , 



AE + EB ns HI Again, tho L AEB « EBC + ECB (kkkxi ) , 
but EBC o EOB , AEB 2ECB, ond is a nght L 
(2) Let M equal diifcronco of sides, and N tho hypotcouFO 
Sol —Draw any hno AC » N In AC toko iVD » Jf At tho 
point D in AO make iho L ODB » half a nght L "With A as 
centre, and AC os radius, desenbo tho O CBP, culling DB in 
B From B lot fall tho 1 BE on AC Join AB AEB is the 
required A* 



Dem —Becttnso the L AEB is nght, nnd EDB hnlf nght, 
♦ EBB u half nght^ and (vi ) ED = EB Hence AD u tho 
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Now, because AJ, OE arc each H to EF, they oro || to one 
another, and AB is 0 to CD , henoo (xxrc , Ex 8) tho I BAJ 
= DCX, also the L AJB CED, hcoause each is nght, and 
the side AB = CD , (xxvi ) AJ *= OE , hut AJ = E&^ 
and CE = FH Hence EG = FH 

(2) As m (I) tho Z*BAJ, AJB are respectively e^unl to the 
L* DOE, CKD, and tho side AJ =? CE Hence AB = CD 

3 Dem --Since AB=CD, and AJ=CK, and the L AJB = OED, 
each being nght , (xxvi , Ex 6) tho A* ABJ, ODE, are equal 
in every respect, hence tho I ABJ « ODE, hut ODE = CMG 
(xxrx ) , ABJ as CMG Hence AB is 1| to CD 

4 Let AB, CD ho tho equiQ and || lines Join AD, BO, 
intersecting in E It is required to prove that AD, BO bisect 
eeok other in E 

Dem — ^The I ■ ABE, BAE are respechvely equal to the 
^ • DOE, EDO, and the side AB = CD (hyp ) Hence (xxvi ) 
BE = CE, and AE = DE 


PROPOSITION XXXIV 

1 See last CKorciso to Prop xKKjn 

2 Let ABCD he the O, AO, BD its diagonals, whioh are- 
equal It IB required to prove that the A* of ABOD are 
nght A* 

Dem — Bpcauso AD = BC, and AB common, and the bases- 
BD, AC equal, (vui ) the A BAD « ABC , hut (xxix ) BAD 
+ ABO equal two nght A* , hence each is nght, and (xxxiv > 
the A BAD as BCD, and ABC = ADO Therefore all the A*- 
are nght A» 

3 See Sequel to Eudid,” Prop xv , p 11, 6th Edition 
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4 Let AB, CD Le two [| lines, of which AB is the greater 
Join AC, BD It IS required to prove that AC, BD produced 
will meet 

Dexn — From BA cut o£E EB ss CD Join EC Because EB 
is equal and || to CD , (sxxni ) EC is equal and || to BD , 
and (xKix } the L AEC =» ABD To each add the L CAE , 
then CAE + AEG c= CAE + ABD , hut CAE and AEC are less 
than two right L ■ (acvii ) , hence CAE and ABD ore less than 
two nght L • And AC, BD, if produced, will meet 

6 Let ABOD ho a quad , having AB, CD j|, hut not equal , 
and AC, BD equal, hut not || It is required to prove that the 
4* CAB, CBD ore supplemental 

Dem ^In CD take CE = AB Jom BE Now (xxxin ) 
AO is =; and || to BE , hut AG = BD (hyp ) , BE BD , 
and (v ) the L BDE = BED, and (xxxiv ) the 4 CAB 
s CEB , hence the 4 * CAB + BDE ^ CEB + BED But CEB 
and BED are supplemental, hence CAB and BDE are sup- 
plemental 

6 Let A, B, C he the middle points of the sides 

Sol — Join AB, BC, CA , and through the pomts A, B, C draw 
DE, EF, FD n to BO, AO, AB DEF is the required A 

Dem — ^AB^ CD (xxxiv ), and AB = CF , hence CD = CF 
In like manner AD = AE, and BF 5= BE 

7 Let ABOD be a quad , whose diagonals are AC, BD 
Through B, D, dmw FG, EH J to AC, and through 0, A, draw 
GH, EF n to BD Jom FH It is required to prove that the 
area of the A EFH is equal to the area of ABOD 

Dem — ^The area of the A EFH is half the area of the □ EFGH 
(xxxiv ), and the area of ABCD is half the area of EFGH , 
EFH = ABCD , and the sides EF, EH are equal to BD, AO , 
and the 4 FEH = AJD, which is the 4 between AC, BD 


PEOPOSITION XXXVI 

Dem —Produce AB, EF to meet in J Through J draw 
JK J to AH or BG, and produce DC to meet it in X Jom KG 
Now JK =B0 (xxxiv ) , but BO = FG (hyp ) , JK = FG, 
and it IS il to it, hence JFGK is a a , JF is fl to KG , hut 
JE 18 H to GH Hence KG, GH are in one straight line , JEHK 
IS a a and it is equal to JADK (xxxv ) , hut JBCK e= JFGK 
Hence ABCD = EFGH 
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PROPOSITION XXXVII 

1 Seo Sequel toEnclidi*^ Prop vr , p 4, Cth Edition 

2 Lot AROD bo a given q^uad It u requited to construct a 
A equal in area to ABCD 

Sol —Join AC Produce DC to E , and through B draw BE 
]] to AC Join AE AD£ is the A required 

3>om —The A* ABC, AEG are equal (xxxvn ) To each ndd 
the A AOD, and wo have tho A ADE equal to tho quad ABCD 

3 Let tho pentagon ABODE he tho gii cn rectilineal figure It 
IS required to construct a A equal m area to ABODE 

Sol —Join AO, AD Through B, E dmu BF, EG |1 to AO, 
AD, and meeting DC produced both ways in F, G Join AF, 
AG A6F IB tho A required 

Dem — Tho A* ABC, AFC are equal (vvxvn) , to each add 
ACDE, and wo havo tho pentagon ABODE equal to tho quad 
AFDE Again (xxxvir ), tho A AGD = AED To each add 
Iho A ADF, and wo have tho A AGF equal to the quncL AFDE, 
hut AFDE = ABODE Henco AGF = ABODE 

4 Let ABCD bo a given O It is required to construct a 
lozenge equal to ABCD, and hanng CD as base. 

Sol — ADcsDC, the thing required is done If not, lot DC 
be tho greater *WIth D os centre, and DC os ntdius, desenbo 
n O ECG, cutting AB in E Join BE Through 0 draw CF || 
to D£, meeting AB produced in F DEFC is tho required 
lozenge 

Dem — DE = DO , but DC = EF (vxvtr ) , DE = EF 
Hence tho four sides are equal , DEFC is a lozenge, and 
{vxrv ) 18 equal to ABCD 

5 Let ABO bo a A, whoso base BO is given, and whoso area 
is givom It 16 required to find tho locus of its vortex A 

Sol — Through A draw DE || to BO DE is tho required locus 

Dem — Taho any other pomt P in DE Join BP, OF Now 
(xxxvir } tho A* ABO, FBC aro cquaL Hence DE is the locus 
of tho vertox of all A* having BO as hoso, and whoso area is 
equal to tho area of the A ABC 

6 Dem — Through E draw EG {1 to FD, and meeting AD 
m G Jom 6P, GO Now (xxxvu ) tho A EFD = GFD , hut 
GrD=GCD, and GOD isloss'thon AOD , EFD is less than 
AiGD, that 15, IS less than half ABCD 
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PEOPOSITION XXXYin. 

1 Let ABC be the and AD one of its medians It is 
required to pro\e that AD bisects the A 

Dem — BD=CD (Def Pxop k3l), (xxxvin ) the A ABD 
=ACD 

2 Let ABC, DEF be two A'l having the sides AB, BO oqoal 
to the sides DE^ EF, and the contained supplemental It is 
required to prove that the A* are equal 

Dem — Produce CB to G, and make BG=BC or EF Join 
AG Now the -Z. • ABC, DEF are supplements (hyp ), and ABC, 
ABG are supplements (xm.) Eeject ABC, and we have ABG 
= DEF , hence (iv ) the A ABG = DEF , but ABG ABC 
(xxxvm ) Hence DEF = ABO 

3 Dem — Divide the base BC of the A ABC into any number, 
such os four equal parts, in the points D, E, F Jom AD, AE, 
AF It 18 reqmred to prove that the four A* into which ABC is 
divided are equal 

The A BAD = EAD (xxxvni ) Similarly EAD = EAF, and 
EAF=CAF Hence the four A* ore equal 

4 Let ABOD be a d whose diagonalB AO, BD mtersect m F 
In BD take a point E Jom EA, EC It is required to prove 
that the A ABE=CBE, and that ADE =CDE 

Bern — AF=CF (wxrv , Ex 1) , henre (xxxviii ) the A AFB 
« CFB, and AFE=CFE , hence AEB=CEB , but ABD = CBD , 
AED = CED 

5 Let ABOD be a quad, , and let AC, one of its diagonals, 
bisect the other, BD m E It is required to prove that AG 
bisects ABOD 

Dem —The A AEB==AED (xxxvm ), and the ACEB=sOED 
Hence ABG = ADC 

6 See “Sequel to Euchd,” Prop xni , p 10, 6th Edition 

7 See “Sequel to Euchd,” Prop xni , p 10, Cor 1 

8 See “ Sequel to Eudid,** Prop in , Cor 1, p 2 

9 Let ABC be a A , D, E the nuddle points of AB, AC , 
F any point in BC Jom DE, EF, hD It is required to prove 
that DEF=J ABG 

Dem ^Bisect BC m G Jom DG, EG Now (vxxvn ) the 
ADEF^DEG , but DEG=s J ABO (8) Hence DEF= J ABC 

10 LetABCbeagiven A,andDagivenpomt mBC Itis 

required to draw a hne through D, bisectmg the A ABC 



book 1 3 EXERCISES ON EUCLID 29 

SoL — Join AD Buoct BC in E Through E dra^rEF || to 
AD, and mocUng AB in F Join DP DP is the required bnc 

Dem — Join AE Noir (xxxrn ) the A* EFD, EFA aro equal. 
To each add fho A BEF, and wchavo the A BFD =:BA£ , but BAE 

BAG Hcnco BFD BAG 

11 Let \BC bo a given A, and D a given point mthin it It 
isreqmrcd to Insect ABC by three lines dra\ni from D 

SoL — ^Tnscct BO inE, F (xxxrv , Ex 3) Join AD, DE, DF 
Through A dnnr AG, AH D to DE, DF Join DG, DH AD, 
DG, DH tnscct ABC 

Dexn. — Join AE, AP Notr (xxxvix ) the A» ADG, AEG arc 
equal To each add tho A AGB, and we havo the quad 
ADGB equal to tho A AEB, but AEB ABC (3), henco 
ADGB =: ^ABC In like manner ADHC s: ^ABC, tho 
A DGHs:^ I ABC Hcnco the A ABO is tnsected by tho lines 
AD, GD, HD 

12 Let ABGD bo a mi wboso diagonals AC, BD mtorecct 
in E Through E draw any lino EG, meeting AB, CD in P, G 
It IB xequircd to prove that PG hiBCets ABOD 

Dem — ^Tho L BEF = GED (xv ), and tho L FBE = GDE 
(xxxx ), and tho sido EB « ED (xxxrv , Ex 1) , hence “(xxvi , 
tho A* BEP, DEG arc equal Similarly, AEF = CEG, and 
AED £= CEB Henco PG bisects ABCD 

13 Let ABCD bo airapesnnm Bisect AD in E Join EB, 
JEO Itisrcquirc^to prove that the A BEG=iABCD 

Dem —Produce ^E, CD to meet in P Now {xxn ) tho 
A AEB DEF, EB c= EF And sinco AEB DEF, 
AEB + CED ss CE^PTvbut (xxsvni) CEF = BEG Henco 
BEC=:AEB + CED '\ 

. \ 

PROPOSITION XL 

1 Let ABO, DEP ho two A* whoso bases and altitudes aro 
equal It is required to prove that the A* aro equal 

Dem — ^Produce BO , and in BO pToduced cut off GH = EP 
-or BO, and construct the A JGH, Laving its sides JG, GH, HJ 
respectively equal to tbo sides DE, EF, PD of tbo A DEF 
J oin AJ , and from A, J let fall X * AL, JE on BH Because 
tbo A DEPcs JGH, their altitudes aro equal, hut tho altitudes 
of DEF and ABO are equal (hyp ) , bence tho altitudes of JGH 
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and ARC are equal, that is, JK == AL, and they are parallel^ 
hence (K\xin ) AJ, RH are parallel , (xxxrni ) the A ARC 
= JGH , hut JGH = DEF Hence AEC = DEP 

3 See ** Sequel to Euclid,” Prop n , p 2, Otli Edition 

4 See ” Sequel to Euclid,” Prop ni , Cor 1, p 2 

6 See ” Sequel to Euclid,” Prop n , Cor , p 2 

6 See ” Sequel to Euclid,” Prop t , p 3 

7 Let ARCD he a trapezium, 'irhose opposite sides AD, RC 
are O , E, F the middle points of AR, DO Join EF It is 
required to prove that AD + RC = 2EF 

Dem — ^Through A draw AH || to DO, meeting EF, BC 
in G, H 

Now (vxxiY ) AD s= GF, and HC = GP, AD+HO = 2GF,. 

and (5) BH = 2EG Hence AD + BC = 2EF 

8 See “ Sequel to Euchd,” Prop iii , Cor 2, p 3 

9 Let ARCD he a quad , AC, BD its diagonals Risoot AC, 
BD m E, F Jom EF Bisect AB, CD, BC, AD in G, H, J, K. 
J om GH, JX It IS required to prove that the lines EF, GH, JK 
ore eoncurrent 

Dem —Join EG, EH, FG, FH, GJ, GK, HJ, HK 


B 



Now ((2) and (o)) 6P is 0 to AD, and « JAD Similarly, EH is 
n to AD, and = J AD , hence GP is = and || to EH , (xxxni ) 
GFHE IS a □, hence (xxkiv , 1) the diagonal EF hiseots GH 
m L In like manner GJHK is a □, and the diagonal JK 
hiaects GH Hence the Imes EF, GH, JK are ernourrent 
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PROPOSITION XLT 

1 Lot A and B be two rectilmcal figures It is required to 
construct a rectangle equal to the sum of A and B 

Sol — Construct a rectangular □ EFGH equal to A (xlv ), 
and to tbo straight Lno GU apply a O GHIK equal to and 
having the L GUI a nght L FI is the required rectangle 

Eem — ^The figure FI is equal to the sum of A and B^ and it 
1 $ evidently a rectangle 

2 If wo apply the rectangular O GHIE to the left of GH, it 
IS evident that EFKI will ho the required rectangle 


PROPOSITION XLTI 

1 (1) Let AB, CD bo equal lines Upon AB» CD desenbo 
squares ABEF, CDGH It is requu*cd to prove that ABEF 
= CDGH 

Bern — Join AE, CG Now AB = BE, and CD = DG , hut 
AB =5 CD , hence AB and BE = CD and DG, and the L ABE 
= CDG, (rr) tho A ABE = CDG, but ABEF s= 2ABE, 
and CDGH = 2CDG Hence ABEF = CDGH 

(2) Let ABEF = CDGH It is required to prove that 
AB = CD 

Dem — If not* from AB cut off A J = CD , and on A J desenbo 
Ibe square AJEL Now since AJ = CD, A JKL = CDGH , but 
CDGH =r ABEF (byp ) , AJEL == ABEF, which is absurd 
Hence AB ==: CD 

2 I>t ABCD bo a square, and BD one of its diagonals In 
BD tahe a point E, and through E draw FG, H J 1| to AB, AD 
It is required to prove that HG, PJ are squares 

Dem —Tho ^ ADB == ABD (v) , but ADB = HEB (xxtx ) 

ABD H£B , hence tbo side HE IIB, butHB=EG, and 
HE = BG , HB, HE, 6B, EG, arc all equal Again, tbo 
/. *EHB, GBH equal two ngbt A ■ but GBH is ngbt , EHB 
is ngbt, and (xxxir ) the opposite A • ore equal Hence EGBH 
IS a square Jn like manner EJDF is a square 

3 Let ABOD be a square, and E, F, G, H points in the ados 
AB, BC, CD, DArcspcctivoly cqmdifilant from A, B, C, D Join 
EF, FG, GH, HJ It is required to pror o that EFGJI is a square- 
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Dom — ^TLo A*AnE, BEF nro equnl in every rc«jpca (rv ) , 
the Bido EH = EF Simihrlv, EF « GF, and EH « GH 
Ilunco Iho four sides nro equal Again, tlio I AIIE « BEF 
To each nddtlio L AEH, and mo lm\o the /!■ AIIE, AEII equai 
totbc ^»BFF, AEII butAHE + ALH^anglit Z, since llio L 
at A IB ngbt , BEF + AEII es n nglit L Ilcnco tho L 
PETI 19 nght In lilo manner tho ollior 4" are right, 
EFGII 18 a square Similar proof for other figures 
4 Let A BCD bo a square It is required to dirid<« it into five 
equal pails, namely, four ngbl angled A* and a square 

Sol — Dnido AC into five equal parts, and let A£ »^AC 
Through E draw EF fl to AB Upon AB dr^enbe the semicircle 
AGIIB, cutbng EF in tbo points G, IE Join AO, and produce 



U 


It Prom C lot fall a ± CK on AK, and produf*ft it Join BO 
Prom D let fall DM X to BG, meeting CK produced in L 
ABCD is divided into five equal parts 
Dom — Join OG Because 0 is tho centre of AGITB, OG *= OA , 
(v }tho40AGE=OGA Similarly, tho 4 OBGts 0GB Hence 
{xx\ix , Cor 7) tbo 4 AGB is right Again, since the 4 AKC Is 
nght, tlio 4 * ECA, KAC nro together equal to a nght 4 , and 
therefore equal to tho 4 CAB, winch is nght Reject tho 4 
KAC, and wo hare tho 4 KCA t= KAB, and tlio 4 CKAc= AGB, 
because each is nght, and tho side AC ez AB , honco (xxvi ) the 
A AKC s AGB , AKer BG, and CK ^ AG In IHo manner it 
can bo shown that tho A* OLD, BMD are each equal to AGB 
Hence tho four A* aro equal, and tho lines AK, BG, CL, DM 
aro equal, and also tho lines AG, BM, CK, DL , hcnco tho ro* 
muinders GK, GM, LK, LH, nro equal Again, tho rectangle 
ABEF u i ABCD, and tho A AGB is } ABEF, AGB is i 
ABCD , AKC, OLD, BMD aro each i ABCD Iloneo KGML 
must ho i ABCD, and it la a square, for wo have proved iho sides 
equal, and tho 4 • nro nght 4 • 
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PEOPOSITION ZLYH 

1 Dem — ACHK=AOLG, ImtAOLG is the rectangle AG AO, 
that 15, AB AO, and ACHE is AC^ Hence AC^ ^ AB AO 
Similarl 7 ,B{P=AB BO 

2 J>em — ^From GAcnitoffGM = GL, and draw MNH toGL 

Now the figure AL =: AH (am ) , but AH=i AC^ = AO*+ OC* , 
and GN = = AO^ , henco OM = 00", but OM = AO OB, 

4sinco ON ^ OB Hence 00*= AO OB 

3 Dem --AC* = AO* + OC*, and BC* = BO* + 00* Sub- 

tracting, wo get AC* — BC* = AO* - BO* 

4 Let AB, CD bo the lines whose squares ore given It is 
required to find a lino whoso square shall bo equal to the sum of 
tho squares on AB and CD 

Sol — ^Ercct AE X to AB, and mahoit equal to CD JTom BE 
Now (am ) BE* = AB*+AE*=AB*+ CD* 

6 I^t ACBbo a A whoso baso AB is given, and tho difitcrcnco 
of tho squares of its sides It is required to provo that tho locus 
of C IS a nght lino X to AB 

Dem —From 0 let fall a X CO on AB Now (3) AC* - BC* 
= AO* — BO* , but AC* — BC* is given , AO* — BO* is given, 
and 0 IS a given point , the line 00 is given in position 
Hence OC is tho locus of C 

6 Bern — Let P, Q bo tho points in which AC, 6C mtersect 
BE Now (rv ) tho A* CA6, BAE arc equal in every respect , 

tho L ACG= AEB, and tho Z CPQ=:APE (xv ) , (xxxu , 
Cor 7) the Z CQP = EAP, CQP is a right Z, and CG 13 X 
to BE 

7 Sco ‘‘Sequel to Euclid,** Book I , Prop xxizi (3) 

8 Bom — Smeo EB = AH, AB = AE + AH, and AC is tho 
square on AB , • AO os equal to the square on tho sum of AE 
and AH , but AC exceeds EG by four tunes tbc A AEH, and EG 
13 tho square on EH , bonce tho square on tbo sum of AE and AH 
exceeds tbo square on EH by four tunes tho A AEH 

9 Bern — Jom PH, QC Now (x xx r n ) tho A PCQ=PBQ 
To each add APQ, and wo have tho A ACQ = APB Again, tho 
sum of tho A* EAP, HOP equals J EC, and tho A NATi = J EC 
(xLi ) , • EAB s= EAP and HCP Eejeot tho A EAP, and wo 
have tho A APB.= HCP , hut APB = AQC , hence HCP = AQC, 
and their bases HO, AC aro equal Hence (xL ) their alfatudes 
PQ, PC are equal 
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10 See Sequel to Euolid,*' Book I f Prop xxin (2) 

11 Let M| N be two lines It is required to finda line whose- 
square shall be equal to hP N^> 

Sol — ^Draw a line AB = and in it take AOs N Erect 
OE JL to AB W'lth A os oontro^ and AB as radius, describe 
a O cutting OE in D CD is the required line 

Dem — Join AD Now AD* = AO* + OD* , • CD* = AD* 

A0> = AB* - AO* = M* - N* 

12 Bern — From AO cut off AD ^ BO , then, eyidently, OD is 
the difference between AO and OB* On AB desenbe a square 
ABFO, and on OD describe a equoro ODEH , and produce DEr 
EH to meet ABFGr in 0, F (hguro similar to that on p 89, 
** Elements”) 

Now OE IS less than AF by the sum of the four A* , that is, 
by four tunes the A ABO Hence OD* + 4AB0 AB* 

13 Dem — Jom OF, CO, cutting AE, BE m P, Q Through 
A draw AM || to GO, cutting BE in B, and meeting LO produced 
m M Jom BM, cutting AE m N Now, because AM is || to 
GO, and AG to ML, AGCM is a O , AG s OM , but AG e=BF, 

BF =: OM , 4 FOMB is a CD , * OF is || to BM , hence 

(xxnc ) the I ANM=APO , but APO is a nght I (6) , ANM 
IS nght, and AN is ± to BM In like manner BE is ± to AM , 
and OM bemg ± to AB, AN, BE, OM ore the J.* of the 
A AMB , (xKxn , Ex 6) these hues ore concuirent , that is, 
the lines AE, BE, CL are concurrent 

14 Let ABC be on equilateral A Let fall a ± AD on BO 

Dem— AB'*=AD* + BD'* (xLvn), 4AB*=4AD*+ 4BD*, 

but AB*e= 4BD*, smee AB s BO = 2BD Subtraotmg, we get 
3AB*=:4AD* 

16 Sol — In AB take AHbBG Jom DH, FH Theselmes 



divide the figure mto the parts required 
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Dexn — Tot li vrc take tko A ADD and place it in Cie position 
DCE» and pbee tho A FUG in tho position F£E^ tbo dgnro 
mil be c^ual to tbo £gan> AGFECD , and it is evidently 
a eqnoTC 

16 Let AB be tbc bypotennso of tbo ngbt«&ngled A ACB. 
Bisect BC, AG in B, E Join AJ>^ BE It is required to prove 
that 4AD- + ^ BE =s 5AB« 

Bom— 4AD5==4 AC2 + 4CD’; but BC2 = 4CD*. • 4AD2 
=r4AC2 + BC^ Similarly, 4 BE^ = 4BC2+ AC». Adding, vo 
get 4 (AD* 4 BE*) = 6 (AC* 4 BC*) = 5 AB=. 

17 Let ABC be a A, and 0 a point vntbin iL Througb 0 
dravr A* CD, OE, OP to BC, CA, AB It is required to prove 
that AF* J- BD* 4 CE> = BF*4 DC* -^EA* Now (2) AF*-BF- 
= AO*-BO\ BD*-CD*=:BO*-CO*, and CE* - AE* == CO* 
- OA* Adding, wo get AF* 4 BD* 4 CE* - (BF* 4 DC* J- EA*) 
« 0 , and hence AF* 4 BD* 4 CE* = BF* 4 DC* 4 FA*, Suni- 
Isrly for a figure of any number of ndcs, 

18 Let ABCD be a rectangle and 0 any point Join OA, OB, 
OC, CD It IS required to prove that OA* 4 OC* = OB*’ 4 OD* 



Bern — Produce DA, CB to P, G, and let fall X* OP, OG 
on DF, CG 

Now, OD*«DF* 4 OF*, and OA* = AF* 4 OF*, OD* 
- OA* « DF*- AF* Similarly, OC* - OB* « CG* - GB*, but 
DF* = CG* andAF*=rGB*, OD* - OA*«OC»-OB*, and, 
by transpontion, wo have CD* 4 OB* = OC* 4 OA*. 

19 L^t AB be the bypotemue of a ngbt-angled A ABC It 
IS required to dinde it in(o two parts, such that tho diifcrcnco of 
tbcir squares shall equal AC*. 

Sol — Bisect BC in D Join AD, and let fall tbo ± DE on 
AB AE*-BE*«AC*. 

Bern.— AD*-BD*=AE*-BE* (3) tbatis, AC*4CD'’-BD* 
«AE*-BE*, but CD*«BD* (const), AC* «AE*- BE*. 

v2 
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20 Let ABC ho the A From B, C let fall 1* BE, CD on 
AC, AB It 18 required to prove that AB BD + AC CE= BCP 

Pern On BO desenbo a square BOrO Produce BE, CD to 

H, J, and through B, 0 dra\v BL, CK H to DJ, Eli and mako 
EL = AB, and CK = AO Comploio the CT BUD, CKHE 
Draw AM || to OF, meeting OF in M Now it can be shown, ns 
in Klvii ), that BM= BJ, and CM CH , BF 31 BJ + CH , 
hut BP = BC3, BJ == AB BD, and CH = AO CE Hence B(P 
= AB BD+AO CB 

MIsoellaneous Exercises on Book I 

1 Soo Sequel to Euolid," Book I , Prop nr , Cor 1. 

2 Lot DEF ho Uio onginal A , ABO the A formed by dnwing 
through each vertex a H to the opposite side Let fall a X FG on 
DB It IS required (0 prove that GF hi*;ccts BC pcrpcndiculaily 

Pern — Tho I CFO = DOF (xxix ) , hut DGF is right , CFG 
IB right Again, BF = DE (xxxn ), and CF = DE , BF =3 CF 
Hence GF bisects BC perpendicularly Similarly, the X* from 
D, E on EP, DF bi'^cct ji, AO perpendicularly 

5 Let ABC ho a given I , and D a given point It 10 required 
to draw a lino through D, so that the parts DA, DC, intorcoplcd 
by AB, BC, may ho equal 

Sol — rhrough D draw DE || to AB, meeting BC m E, and 
mako EC 3: BE Join CD, and produce it to meet AB in A 
Dom — AC IS bisected in D (xl , Ex 3) 

4 Lot BD, CE, two of tho medians of tho A ABC, intcrsoct 
in H Join AH, and produce it to meet BC in F It is required 
to prove that AF is tho third median 
Hem — Produce AF to G , draw BG || to EH, and jom GC 
Now (xx. , Ex 3) AG is bisected in H , and in tho A AGC, HD is 
Q to GC (xii , Ex 2) , honce BHCG is a O, and (xxxii , Ex 1) 
BC IS bisected by HG, in F Henco AJP is a median of tho A ABC 

6 See ** Sequel to Euclid,’* Book I , Prop n , Cor 

0 Lot Cf b ho tho two sides, and c tho median of tho third sido 
It IS required to construct a A liaving two sides rcspocln oly equal 
to a and b, and tho median of the third side equal to c 
Sol — Construct tho A ABO, having AB s=a, AC s= bf and BO 
2c Bisect BC in D Join AD, and produce it until DE s= AD 
Jom EC ACE is tho requm^d A 
Bem —Tho A* ADB, ODE aro equal (rv ) m every respect | 
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AB=OE, butAB=::a, CE=:o, and andBO:=2c, 

‘ CDs=c 

7 (1) Sco ss , Ex 0 

(2) Lot (t, h, c bo tbo sides of tho Aj and a, p, y tho medians 

Dom — 5j9 + sr>ff{Ex 6) Inhko maniior§ 7 +§a>i^, and 
§a + 5/5>c Addingj wchayo J(a + )3+7)>(a + ^ + a), and 
thcroforo (o+fl+ 7 )>S (rt+^ + tf) 

8 Let a bo tbo side, and by tho medians It is required to 
constmet a A , haMiig a side oqual to and tbo medians of tbo 
Tomaimng sides equal to by e 

Sol, — Construct a A ABO (xxn }| having BO (tbo boso) ^ 
ABs= 3 ^, and AC = 5<? Bisect BO in D Join DA, and pioduco 
to E, so that AE = 2AD BEG is tbo required A 

Dom — Produco BA, CA to meet CE, BE m F, G Now 
ED IS a median of the A EBO (const ), « (4) BF, CG are 

medians, bonco (5) BA = § BF, but BA = , BF = 1 

Similarly, CG=sc 

9 Let a, by c bo tbo medians of a A It is required to con- 
stnict It 

SoL— Constnict a A ABC, having AB = 5^, BO ==§3, and CA 
= Bisect BO in D Join AD, and produce it to E, so that 
DE=sAD Produce CB to F, and male BP = BO Join AF, 
£F AFE IS tbo A required 

Bern — *Join EB, and produce it to meet AF in H Produce 
AB to mectEF m G Jem CE Now since AD = DE, and BO 
crCD, ABEC 13 a CD , BII is {| to AC Hence (xn , Ex 3} 
AF IS bisected m H Similnrl>, PE is bisected m G, and (const } 
AE is bisected in D , (Def } AG, DF, EH aro tbo medians , 

bcnco (Ex 6) AB = 2BG bnt AB = ~ , AG = a In like 

3 

mozmer it can bo shown that FD ^ by and EH = e 

10 Lot ABO bo tho A having AC > AB, and from AO cut off 
AD = AB, and ]om BD Lot fall AE JL to BO, meeting BD in 
G, and bisect tbo ^ BAO by AF mceung BD in F 

Bom — ^Tbo L AFG is ngbt (iv , Ex 1), and GEB is nght, 
and tbo 4 AGF *= BGE (xr ) , ^ tho 4 GAP = GBE , but 
GBE = \ (ABC - ACB) (xxxu , Ex 13) , GAF« J (ABC - 
AOB) 
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11 Let AM, BN bo tbo Ik'd U lines, and P tho given point 
It IB required to find in AM, BN two points equidistant from P, 
and wboso line of connexion sball bo 0 to a gnen lino MN 
Sol -—From P let fall a J. PQ on MN Bisect tbo port CD 



between AM, BN in E Througb E draw AB to MN A, B 
arc tbo required points 

Dem — ^om AP, BP Now tbo L PEB *= PQN (xxix ) , but 
PQN 18 a ngbt L , PEB is ngbt , and sinco CD is bisected in 
E, (\xix , Es 4) AB is bisected m E Now AE ta BE, and 
EP common, and tbo L AEP = BEP , (i\ ) AP = BP 

12 Lot a bo tbo side, and b, c tbo two diagonals 

Sol — Constniot tbo A AEB, having ABcsa, AE«^6, and 
BE Produce AE, BE to 0, D, so that CE s AE, and DE 
K BE Join CD, AD, BC ABCD is tbo required CD 

Bern — ^Tho sidoABcs^r, and AO, BD = 5,c 

13 Lot ABO bo a A, baling tbo side AB greaUr than AC 
It IB required to prove that BE, tbo median of AC, ib greater 
than CF, tbo median of AB 

Bern — Let BE, GF intersect in G Join AG, and produce it 
to meet BC in D^ AD is tbo median of BC Now because BD 
ta CD, AD common, and tbo base AB groalOr than AO, (xxr ) 
tbe L ADB is greater than ADO Again, BD «= CD, GD com* 
mon, and tbo L BDG greater than CDG , (xxiv ) BG is 
greator than CG , but BG ^ j BE, and CG ss 5 CF (5) Htneo 
BE IB greater than CF 

14 Lot AB, CD bo two J lines, and E a given point. It la 
reqmrcd to find in AB, CD two points that BboU subtend a ngbt 
angle at E, and bo equally distant from it. 

Sol —From E let fall a 1 EP on AD Draw EG B to AB, and 
^xnabo it equal to EF From G draw GH L to CD In AB lake 
' *= GH H, J are the required points 
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Dexn — Join EH, EJ Bccanso EPc=EG, and PJ s=GH, and 
tlio4 EFJ=:EGH, (rr)EJ = EH, andtho L FEJ = GPH. 
To cacli add tho L FEE, and bo have the L JEH=FEG, but 
PEG 18 a right L Hcnco JEE is nght 



15 Let ABO be an uoscclcs A, and D a point m tbo base BG 
From D lot fall 1* DE, DF on AB, AO I rom B let fall a L BG 
on AO It 19 required to prove that BG=DE + DF 
Dom — From D draw DE Q to AC, incoting BG in E Now 
(vxir ) the A EDB = AOD , but ACD = ABD (hyp ) , EDB 
sEBD, and tho L BED <= BED, each being right, 

BH = DE, butEGrsDF (xxxiv ) EcncoBGs=DB-i-DP 
1C Let ABC bo the A At tho middle points G, F of AB, 
AC erect 1* to those sides jneoting at 0 Join 0 to E tho 
middle point of BO It is required to prove that OE is JL to BO 
BO =s 00, since each la =3 OA (rr ) , * A OBE OCE (r ), and 

(nr } L OEB ^ OEO, and « OE is X to BC Eenco prop is 
proved For second part 800 ** Elements/’ llth Edition, BooklY , 
Prop t,Ex I 

17 Let ABC ho tho A Bisect tho L BAG by AD, meeting 
BO m D Prom D draw DE, DP 0 to AB, AC AEDF is an 
inscnbed lozcngo 

Eom — Tho£EAD«ADr(xxiv ), butEADs=FAD (const), 
ADF = FAD, and AP=sDF Similarly, AE=I)E, but 
(xxnv ) AF = DE, and AE = DP* Eenco tbo four Bides AF, 
DF, AE, DE arc equal, AEDF is a lozcngo 

18 See Sequel to Euchd,** Book I , Prop xir , 6th Edition 
10 (1) Let AB, AC bo t^ro fixed lines, and P (ho pomt Lot 

fall !• PD, PE on AB, AO , then, being given iho sum of PD 
and PE, it is required to find the locus of P 
Pcim— Produce EP to F, and make PF = PD Through F 
draw GF || to AO, meeting AB m G Join GP, and prodtico it 
both ways , GP is tho required locus Because PF s= PD, to 
each add PE, and we have EF = PD + PE , EP is given , 



OLID 
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•om AO, GrF 18 given in 
• PFGtj PDQ 18 right, PF* 
const), GF^ = GDH 
nmon, and tlio hose PF 
Then, Binco AB, GF are 
between thorn, GF is 

/ 


id P any point withm it 
0, OA, ondfrom A letfall 
iatPD + PE + PF=5 AK 
Dem — Through P draw GH || to BO, meeting AB, AO, AH in 
G, H, L , andfrom G let falla I. GJ on AO Nourthe L AGH 
= ABO (xxix ) , • AGH IS an A of an equilateral A Similarly, 



AHG IS an ^ of an equilateral A Hence AGH is an equilateral 
A , AL e= GJ , hut GJ = PD + PF (Ex 15) , AL ^ PD 
+ PF, and PE = LK Hence AH = PD + PE + ]?F j 
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21 See Sequel to Endicl,'^ Book I , Prop 3Ci “GUi Edition 

22 See Sequel to Euclid, ” Book I , Prop xr.Cor 1 

23 Let ABO l)o a A, nnd L a giron IcngUi It is requited to 
find a point E in BC, sucli that if FE, FGr, bo dni\ni|| to AB, AC, 
the sum of AO, AK sball bo equal to L 

Sol —From B dtair BD fl to AC, and make it = L From D 
<iraw DE |{ to AB, and produce AO to meet it m E Bisect 
the L AED by EP, meeting BC m P F is tho point required 

Dem — Through P drav GH U toBD, nnd FK (J to AB Jffonr 
tho L HEF = KEF (const ), and (xxix ) tho L KEF e EFH, 
. EFH » UEF, and IIE = nP, but HE = FK, FK 
= FH To each add FG, and \ro have FK + FG = GII , that is, 
AG 4* AK « GH , but GH =: BD e L Hence AG + AK = L 

24 (1) Let BAC, EDF bo two L ■ whoso logs AB, DE, AC, 
DF are lespcctively 0 Bisect BAC, EDF by AG, DH It is 
required to prove that AG, DH nro B 

3>om — Join AD, and produce it to J Kon (xxi v ) tho Z JDE 
c: JAB, and Jl)Fe= JAO , FDE » CAB , hence PDH <= GAG 



And it has bcon shown that JDF a JAO , JDH » JAG 

*IIcnco (xxviii ) DH is parallel to AO 
(2) Let BAC, EDF bo tho Z* Bisect BAC, EDF by AG, DH 
Produce GA, HD to meet m L It is required to provo that Hi , 
is Lto GL 

Bern —Produce FD to J, and bisect tho Z JDE hy DK Now 



fhe Z PDH e EDH, and JDK « EDK , hcnco HDK « ha lf stun 
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of JDE and EDF , but JDE and EDF « two ngbt L • , HDK 
ifl n ngbt L , and HDK = HLG , HLG is ngbt And hcnco 
HL IB X to GL 

25 Lot ABO be the A of wbiob A is tho vortex « prodnco BA, 
CA to D, E Bisoct tbo CAD, BAE, by lino FAG 
From B, 0 let fall !• BG, OF, on GF Bisect tbo L DAO by 
AH Jom BF, CG It is required to prove that BF, CG moot 
on AH 

3Dem — Prodnco OF to meet AD in D Now tbo L OAF 
« DAP, and OFA » DFA, and AF is common , (xxvi ) OF 
« DF , and bocauBo tbo L DFA = HAP, each bemg ngbt, AH 
18 0 to CD Now, Binco F is tbo middlo point of tbo boso CD 
of tbo A OBD, and BP joined, and AH fl to CD, (xxnxi , 
Ex« 7), BF bisects AH In libo manner CG bisects AH Honco 
BF, CG moot on AH 

26 Hem — From tbo vcrticos A, B, 0, of tbo A ABC, lot fall 
X* AD, BE, CF on tbo opposite sides, lot tbom intorsoct in G 
Jom DE, EF, FD It is rcq,iurcd to prove that tho X* AD, BE, 
OF bisect tbo EDF, DBF, and EFD 

Now tbo L ODE « CGE (xxxn , Ex 6), and BDF *= BGF , 
but (xT ) CGE = BGF , CDE » BDF , and ODA « BDA, 
since each is ngbt , EDA &= FDA , bonco tbo L EDF is 
bisected by AD In like manner tbo L ■ DEF, EFD aro bisected 
by BE and OF 

2? Let ABO bo a givon A , and D a given pomt witbin it» 
It IB required to inscnbo, in ABO, a Q whose diagonals shall 
intoTseot m D 



Sob— Through D draw DE || to AO, and from EB cut oil 
EP =r EC Jom PD, and produce it to meet AO in G Draw 
DHOtoAB, audfromHCcut off HK*:;BH Jom KD, and 
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'produce it to meet AB in L Join GL| FL, (xK QJjF'K is 
the required O 

Bern — EG- is bisected m D (kIi , Ek 3) Similarly, EL is 
bisected in 1) Hence (kkxit , Cor 6) 6LFE is a Q 

28 Let 8 if 83 f S 3 , 8 i be the sides of the quadrilateral , and A, B 
the middle points of two opposite sides It is required to con« 
^struct it« 

SoL — J Din AB, and on it desenbe the A AGB, having BC 
andOAes^ts Complete the CUADBO Join DO, and desenbe 
the A ODE, having BE =: } ss, and G£ « ^ 54 Complete the 

^ 

s. 



a DEOP Through A, E, B, F ara-sr HO, GK, KJ, JH ]) re- 
flectively to BC, CE, CA GHJH is the required quadri- 
lateral 


Dem —HP & AO (xxsrv ), and JP s= BD , hut AO + BD 
= 2 AO , hence HJ = si In liie manner QH=s * 2 , GK «= si, and 

JKcsj 


29 See “ Sequed to Euchd,” Book I , Prop vni 

30 Let ABO he the given rectilineal figure, and 0 the given 
point. Prom 0 let lidl J.» on BC, CA, AB, and let them ho 
denoted hy p, pi, pz , then, if J> + pi + jp 2 he given, it is required 
to prove that the locus of 0 is a right Ime 

^ "“y SiTen lino Jom 
equal to EP Jom OG, 
•OBC, OJ, OK. Now let EF ho denoted hy J, and wo have 
^ = 2 a OEF(n I Cor 1), and, sumlarly, for the A»OGH, 
OJK Therefore 6 (p + jn + 112 ) is equal to twice the sum of the 
areas of those A* , hut the hoses, and sum of the areas, are 
given Hence (Ex 29) the locus of 0 is a right Imo 

31 pom —Through 0 and B' draw CD, B D « to BB' and 

f ’ ® = CD , 

but BB = CO (hyp ) , CD = CO', and OE is common , and 
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the L AOB — DCB, because each is equal to ABC , hence (tv ) 
the I CEO" e= CED , each is a right Ji , (kxik,) B'DE is 
right, hence B C'D is acute , and (xik ) B O' is greater than 
B D , that 18 , greater than BC 

32 (1) Deiu — From B let fall a 1 BG on L, and prodnceit 
to meet AP in Q In L toko any other point S Jom AS, BS, 
QS Now, because BOP = QCP, and the JL BPO = QPC, and 
CP common, (xsn ) BP = QP Similarly, BS = QS Hence 
AS - SQ = AS - SB, but AS SQ is less than AQ, AS 

SB IS less than AQ , that is, less than AP - BP 

(2) See “ Sequel to Euchd,” Book I , Prop xxi 

33 Let ABCD be a quadrilateral It is required to bisect it 
by a line drawn from A, one of its angular points 

Dem —Join AC Produce DO to E Through B draw BE H to 
AO JomAE Bisect DEinF JomAF AP bisects ABCD 
Now the A AEC =s ABO (xxxvn ) To each add the A AOD, 
and we have the A A£D =; the q^dnlateial ABCD , but AED 
=s 2 ADP (xxxvin ) , ABCD = 2 ADP 

34 Dem — ^Bisect ED in P Jom AP Now (xn , Ex 2), 
the lines EF, AP, DP are equal , hence the 1. PAD = PDA , 



(xxxx ) = 2 DBC , but AP = AB, because each is equal to 
JED, the L ABF = APB, but APB e= 2DBO, ABP = 
2 DBG Hence DBC = J ABC 


36 Dem — ^The three Z.” ABC, BCA, CAB ore equal to two 
right JL*, ABO, BAO, BCO are equal to a nght L, but BOD 
ABO + BAO , BOD and BCO equal a nght L , and EOO 
+ BCO equal a nght L , hence BOD + BCO = EOO + BCO , 
the L BOD = EOC 

36 The angles of each external A are respectively equal to 
J(B + 0), J(0 + A), J(A + B) See xxxn , Ex 14 Hence 
the three external A* are equiangular 

37 (1) Dem — Let ABCD be the quadrilateral Bisect the L • 
BOD, ODA by OE, DE It is required to prove that the L CED 
= J(DAB + ABC) 
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Now the DAB, ABC, BCD, “CDA are together equal to 
four Tight Z*, oud the CED, EDO, DCE ore equal to two 
light hence (OED+EDO + DOE)=i (DAB+ ABC + BCD 
+ CDA), but EDO =J ADC, and DCE DOB Hence CED 
= J(DA3B + AB0) 

(2) Bisect the 4* ABD, ACD by BE, CE Produce BE, OB 
to meet AG, BD m P, O It is required to prove that the 4 CEP 
= J(BAC-BDC) 

Bern -*Join AE Now the 4 * of the figure ABEC are equal to 



four nght 4*, and the 4 > of the figure BEOD are equal to four 
light 4 • , hence the 4 » (BAC + ABE + BEG + ACE) = (BEO + 
OEP + PEC + EOD + ODB + DBE) , but ABE = DBE, and 
AGE = ECD, and BEG = GEP Beject these, and we have 
BAG=CDB+GEB + CEP=GDB+2CEP Hence the 4 BAG 
exceeds ODB by 2 CEP , that is, CEP = J (BAG - CDB) 

38 Bern — bos been proved (m.vii , Ex 7) that EF®= AC* 
+ 4 BO* Sunflarly, KG* = BO* -f 4 AC* Adding, we got EP* 
+ KG* = 6 (AO* + BC*) = 6 AB* 

89 Let A, B, 0, D, E bo the middle points of the aides of a 
convex polygon of on odd number of sides It is requn-ed to 
construct it 

Sol — Join CD, DE, and through 0, E draw CP, EFH to DE, 
CD , and (xxsiv , Ex 6) construct the A GHJ, having A, P, B 
for the middle points of its sides, GH, HJ, JG Join JC, and 
produce JO to K, so that CK = CJ Join KD, HE, and pro- 
duce them ta meet m L GHLK J is the required polygon 
Bern —Join HK Now in the A HJK, HJ, JK are bisected 
in P, 0, hence (xn , Exercises 2 and 6} PC is || to HK, and 
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equal to lialf of it, hut FO « ED , ED is || to HE, oud 



equal to half HE And hence (xl , Ez 3) HL, LE are bisected 
in E, D 

40 Let AEDO be a quadrilateral It is required to tnseot it 
by lines drawn from C, one of its ongolar points 

Sol — Join BO Produce DB to E, and draw AE || to BC 
Join CE Trisect ED in F, G- (sxxrv , Ex 3) Join OF, OG- 
OF, OG trisect the quadrilateral 



Bern — The A CEB = OAB (xxxvn ) To each add OBD,. 
and we have the A OED = the quadrilateral OABD , but the 
A OGD == § OED , CGD = i OABD In like manner OFG 
OABD If F falls between B and E we can (Ex 33), by a 
line drawn from 0, bisect the quad AOGB, each h^tlf of which 
will be i OABD 

41 Let ABO be a A whose base BO is given in magnitude and 
position / and the sum of its sides BA, AO also given. Produce 
BA to D, and make AD = AO Bisect the L CAD by AE 
Erect OE JL to AO Jom BE, DE , and from E let fall a X EF 
on BO produced It is required to prove that the locus of E is 
the X EF 

^ Bern. — ^Because AO « AD, and AE common, and the L OAE 
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esDAE, % (it) CE=rDE, and the L ACEs=ADE, hut ACE 
23 a n^t L (const } , * ABE is tight , hence (xlth ) BE^ 
-ED^sBD^y hut BD is given, since it is c^ual to BA + AO, 
and ED ^EC , BE^ - EC^ la given, and the hasc BC is given 
Hence (xLvn , Ex 5} the locus of E is EF, the ± from E 
onBC 

42 (1) See xiaui , Ex 8 

(2) Let ABCD he a C7 It is required to prove that EFGH 
15 a rectangle 



Dem — The Z • ABC, BAD are together equal to two nght L » 
(xxix ) , the Z* EBA, EAB together mate a nght Z, hence 
the Z AEB IS nght Similarljr, the Z * at F, G, H are nght 
Hence EFGH is a rectangle 

(3) Let ABCD bo a rectangle It is required to prove that 
EFGH IS a square 

Dem*— Because the Z BAD = CDA, the Z BAE = CDG 
In like manner the L ABE = DCG, and the side AB =: CD , 
(xm ) AE==DG , hnt AH«DH, since the Z ADH«DAH , 
B-B ^ HG In lOuo manner all the sides are equal, and 
the Z • are nght Z • Hence EFGH is a square 

43 Dem.— Jom AE Now (xn. Ex 6) EF=iAB«BD, 
and FG=BD , EF=:FG, and AP=CF (hyp ) , CF and 
FG=:AF, FE, and the Z CFG = APE (xr ) , hence (rv ) CG 
==AE , hnt AE os a median cf the A ABC , also CD, a ado of 
the A CDG, is one of the medians of ABC , and BP, the remaining 
median, is equal toDG (xxxiv ) Honco the ndcs of the A CDG 
are cq^nal to tbo medians of ABC 


44 Let ABCD “be the billiard table, E the point from irlacli 
tbe ball starts, and P tie point tbrongb Tvlucb it will pass 
Sol —From E let fall a X EG on AB , produce EG to "E. so 
that GH « EG From H let fall a X H J on CB produced : and 
produce HJ to so that JK= HJ From. F let fall a X FL on 
AD, and produce to 21, so that LST^LF , and from II let a 


48 


EXEECISES ON EUCLID 


[book 1 


J_ MN on CD producedi and produce to P, 60 that NP = 5IN Join 
EP, intersecting BG in Q and CD in B Join HQ^ MB^ inter- 



be the path of the ball 

Bern — ^Because EG = HQ} GS common, andthe ZEGS==HGS, 
the L ESG=HSG, but HSG=BSG (sv), ESG=BSQ, 
hence the boll Tnllhe reflected m the direction SQ In like man- 
ner it can be idiown that the L HQJ^BQC, and therefore the 
ball^wiU be reflected from Q in the direction QB Similarly, it 
Tnll be reflected from B along BT, and from T along TP 
45 Let ABO be the AJ), BE the bisectors of the Z * A, B 
It 16 required to prove, if AD=BE, that the Z CAB = ABC 
Bern — If the angle CAB be not equal to ABC, let CAB 
be the greater , then, since the Z CAB is greater than ABC, its 

C 



half, the Z DAC, is greater than EBO, the holf of ABO , then 
make DAP equal to EBC Now, since the Z DAB is greater 
than ABE, the whole Z FAB is greater than FB A , the side 
FB is greater than FA Cut off BG = FA, and draw GH Q to FA , 
then the A ■ GBH, FAD have evidently two Z • in one respectively* 
equal to two Z • in the other, and the side BG— AF Hence BH 
is equal to AD, but BE is=AD (hyp) Hence BH=B^ 
which IS absurd Hence the Z CAB is not unequal to ABC , that 
IS, it is equal to it, and (vi ) the A ABO is isosceles 
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46 Lot ABO bo a A , \rlioso base and difference of Bides are 
given Biecct tbo JL BAO by AD Erect CD X to AO Tho 
locus of D 18 a ngbt lino 

Dorn— Lot fall a IDE on AB JoinBD Kow (I xxTi)tbo 
A* ACD, AED aro equal in every rcspcoti DO==DE, and 
AC=AE, AB -AC=BE, but AB- AO is ^ven, BE is 
given Again, BD^ - Di?= BE* , that is, BD» - CD* = BE* , 



bonce BD* - CD* is given, and tho base BO is given No^ wo 
aro given the base, and tho difference of tho squares of tho sides 
of tho A BCD Hcnco (xBvn , Ex 5) tbo locus of tbo vertov 
D 18 a ngbt bno X to BO 

47 Lot EF6H bo a square inscribed in tho A ABO It is 
required to prove that {BC + AD) s— 2 A ABO, whero s denotes 
the side of the square 

Dem --Lei fall n X AD on BO Join DF, DG Now BD EP 
«2 A BFD (II I , Cor 1), that is, BD s *=2 A BFD Suni- 
larly, DC s = 2 A DGC , BO , s == 2 A BFD + 2 A DGC 



Again, AD FK=2 A AFD, and AD GK«=:2 A AGD, 
=2AFDG Adding, we got (B0+AD)4«2 A ABO 
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48 Dem — ^Let fall a ± OE on AB Notv (xLTn ^ Ex 20) 
= A3 BE + AC CD » but (xm ) the A* BEO, BDO ore 

equal , since the A ABO is isosceles , BEesDO, and AB = AO 
Hence BC*=2 AO CD 

49 Let ABO be a nght-angled A, and let equilateral A* be 
described on its three sides It is required to prove that the 
A ABD IB equal to the sum of the A* AOF, BOE 

Bern — ^Bisect AO in G Join EG, BG, FB, OD Now the 
L CAP = BAD , to each add OAB^ and we have the L FAB 
= OAD, and AF«AO, and AB =sAJ), (xv ) the A* APB, 
ACD are equal Again, because each of the FGO, AOB is 
nght, BO, FG are || , (xxxvn ) the A FGC= FGB To 



each add the A FGA, and we have APC*=to the quadnlatei^al 
AFBG Again, to each add the A AGB, which is ^AOB, and 
we have AFO + JACB=AFB Hence AOD=AFC + JACB 
Similarly BCD = BEO + } AOB Add, and we have ACBD 
=AFC + AOB + BEO Beject the nght-ang^ed A AOB, which 
IS common, and the A ABD = AFC + BEO 
60 (1) Let AB be the base, X the dilTerence of the base Z*, 
and S the sum of the sides It is required to construct the 
A 

Sol— Draw BD, making the L ABD ~ ^X, and draw BO 
L to BD ‘W‘ith A as centre, and a radius equal to S, describe a 
O, cutting BO in 0 Jom AO, outtmg BD in E Bisect OB 
in F J om Bp APB is the required A 
Dem —The lines BP, OP, EF are equal (xn , Ex 2) , FB 



EXESCISES OX EUCLID 


51 


BOOK I ] 


c= FB , tho Z. FBE=FEB , but FEB 5 * FAB + ABE ) , 

. FBE= FAB + ABE, bencothe A FBA = FAB + 2ABE, 



and bcnco thoZABE is half tbo diiTcrenco of thobose Z*, but 
AB£»^X Hence tho difference of the baso Z»=X, nndamco 
FB=FC, AF + FB=AC=S, the sum of the sides =*S 
(2) Let AB bo the base, X the difference of the base Z % and D 
the difference of the sides 

SoL— DrawBE, malnngthe Z ABE—JX With A os centre, 
and a radius equal to B, describe a O, cuttingBEinE JoinAE, 



and produce it Draw BC, maldng the Z CBEs=CEB, and meet- 
ing AE produced in C AOB is the required A 
Bern — CB = CE (vi ) , AE « AC - CB, but AE = D, 

AC — CB=D, and, os before, the difference of the base Z* 
«X 

61 Sol —Let AB bo the base, and M the median that bisects 
the base To AB apply a O ABCD, Trhoso area is equal to lu^co 
the given area {xl\ ) Bisect AB in E TTith E os centre, 
and a radius equal lo M, describe a O , cutting CD in F Join 
AP, BP AFB IS the required A 
52 Bern —Join AG, CG, PG The A CED « CGD +OEG, 
and tbo A EBCs^BGC - CEG Subtracting, wo got CED ^ EBC 

s2 
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=2 CEO Similarly AED-AEB— 2 AEGr Subtracting, wehavo 
AEB + CED ~ (AED + EBO) ^ 2 (CEO ~ AEG) Again, CEG 
= CFG + EFG, and AEG = AEG - EFG , CEG - AEG 
ss 2 EFG And hence 4EFG=AEB + CED - (AED + EBO) 
53 (1) Let ACB be the A Descnbe squares AH, AF, CE 
on the sides AC, AB, BO respectively Bisect AC in J Join 
BJ, EF It 18 required to prove that EF=2BJ 
Dem — Produce BJ to M, so that JM= JB, and jom MO 
Now (iv ) the A* MJC, AJB are equal in every respect, 
MO == AB = BF, and OB ^ BE , hence MO, OB cquol 
BF, BE And because AO and BM bisect each other in J, MO 
and AB are [| , the MOB and ABO are together equal to 
two right and the EBF, ABC are equal to two nght L^j 
since ABF and CBE are right, the L MOB = EBF , hence 
(iv ) MB=EF , but MB=^2 BJ , EF=2 BJ 

(2) Produce MB to meet EF in N MN is ± to EF 
Dem — ^From the equal A» OMB, BFE we have the L CMB 
= BFE, but OMB= ABM , BFE= ABM To each add NBF » 

and we have BFN + NBF — ABM + NBF , but smce ABF is 
nght, ABM + NBF equal a nght L , BFN + NBF equal a 
nght L , and hence the L BNF is nght 



book n 3 


EXEECISES ON ETTCLID 


63 


BOOK n 

PROPOSITION IT 

1 Dem— AB*=AB AC + AB BC(n), 

but AB AC=AC*+AC CB (m), 

And AB BC— BC+AC CB (nx«)i 

ThereforoAB AC+AB BG=AC’ + BC=+2A0 OB, 
thati!^ AB’=ACs+BCr + 2AC CB 

2 Let C bo the vertical L of the nght-anglcd A ABC From 
C let fall a JL CD on AB It is rcqiured to prove that DC* 
=AD DB 

Dem — AB‘’=AC* + CB* (I XLvn ) , bnt AC* = AD* + DC* , 
and CB* = BD* + DC* , AB* «= AD* + BD* + 2 DC* Again, 
AB»=AD* + DB*+2AD DB(iv) Hence DC = AD DB 

3 Let ABC be the nght>angled A In the base AB cut off 
AD *= AC, and BE = BC It is required to prove that ED* 
=2AE DB 

Dem — AB = ACT + CB* (I xtvix ) = AD* + BE* , bnt AD* 
= AH' + ED* + 2 AE ED (iv ) , and BE* = BD* + DE* 
+ 2BD DE, . AB' = AE* + ED* + 2 AE ED + BD' + DE* 
+ 2BD DE, alsoAB’«=AE*+ED*+DB»+2AE ED+2ED DB 
+ 2AE DB{iv,Cor 3) Hence ED* =2 AE DB 

4 Let ABC bo the nght-anglcd A, CD the X from the nght 
angle on the base It is required to prove that (AB J- CD)* ex- 
ceeds (AC + CB)*b 7 CD* 

Bern —AC CB is equal to tvnee the A ACB, and AB CD 
IS equal to twice the A ACB, AC CB=AB CD 

Now (AB + CD)* = AB' + CD* + 2 AB CD , 

and (AC + CB)* = AC*-«-CB*+2AC OB 

Subtracting, wo have (AB + CD)* - (AC + OB)* = AB* - BC* 
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^ CAHDC3 , Lut AB2 . BC^ =: AC* , (AB + CD)*-(AC + OB)* 

*AO*-AC*+DCa«DC* 

6 Iict the Bides of the A he denoted hy Of hf c, o being the 
hypotenuse It is required to prove that (a+6+c)*=2 (c+o)(tf+ 6) 
"Dem — (o + 6+<?)*==tf'* + 6® + c* + 2a6 + 2ff^ + 26tf, buto** +6* 
=e3 (I 3 XTXI ) , a* + 6^ + c** = 2ci* Hence (a + ^ + «)* 
= 2(c*+ac + 6iJ+a6)=2 (c+a) (o + 6) 


PEOPOSITION V 

1 Let AB bo the given straight lino Bisect it in 0 It is 
required to prove that AC GB is a moxunuin 

Dem — Take any other point D in AB , then. AD DB + CD* 
= CB (V), butOB**AC GB, AO CB = AD DB + ODS 
that 18 , AC CB IS greater than AD DB by CD* Hence, when 
a line is bisected, the rectangle contained by the parts is a maxi- 
mum 

2 Let AB bo the given straight line> and L the line whose 
square is given It is required to divide AB, so that the reot- 
angle contamed by its segments will be equal to L* 



Sol — ^Bisect AB m C , with C as centre, and OB os radius, 
desenbe a semicircle Draw BD X to AB, ands=to L Through 
D draw DE |{ to AB, cutting the semicircle m E , let fall a X EF 
onAB The rectangle AF FB=L* 

Bern — Join CE Kow AT FB + OF* == CB* (v ) e= CE* 
= CF* + FE^ (I xLvn ) Take away OF*, which is common, 
andAF FB:^FE*==BD*=L* 

3 Let ABC he the A From 0 letfdll a X CD on AB It is 
required to prove that (AC +BC) (AC — BO) =AB (AD - DB) 
Dem —AC* « AD* + DC* (I xlvii ) , and BC* = BD* 
•f DO* Subtraotmg, wo get AC* - BO* f= AD** - DB* , that is 
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(AO + BO) (AO - BO) = (AD + DB) (AD - DB) = AB (AD 
-DB) 

4 Dexn— (AO + BC)(AO-BO)=AB(AD-DB){Ek 3), 
but (AO +BC} IS greater than AB (I xx } , (AO — BO) is less 
than (AD — DB) 

6 See Sequel to Eudid/' Book II , Prop i , Cor 

6 Let ABC be the A It is required to prove that A(P 
= (AB + BO)(AB-BC) 

Bern— AC* + BC* = AB* , AC* = AB* -- BO» « (AB 
+ BC) (AB-BO) 

PROPOSITION YI 

1 Let AB be the straight hue which is bisected in C, and 
divided extemallj' in D It is required to prove Prop vi bj 
Prop T , by producing the line DA in the opposite direction 

Bern —Produce DA to 0, and make OA &= BD 

Now OB BD + OB* = CD* (v ) , but since OA = BD, OB 
= AD Therefore AD DB + CB* « CD* 

2 Let AB be the given line It is Tcquired to dmde it exter- 
nally in E, 60 that AE EB L being a given luxe 

Sol — ^Bisect AB in C Erect BD ± to AB, and make it 
equal to L Join CD TTith 0 as centre, and CD as radios, 
descnhe a circle, meeting AB in E E is the point required 

Bern —Now AE EB + OB* = OE* = CD* = CB* + BD* 
Reject OB*, which is common, and AE EB = BD* » L* 

3 In Ex 2 AB=:AE ->EB, and is given, L*=AE EB, 

we find the point E and AE, EB ore then the lines required 

4 Let AD, DB be two lines Bisect AB in 0 

Bern — ^Because AB is the sum, CB is half sum , and AD AO 
+ CD, and DB = OB — CD , AD — DB 2 CD , hence CD is 
half difference Now AD DB + CD* = CB* (v ) , AD DB 
e OB*— CD* =r square on half sum — square on hdf difference 

5 Bern — ^Let AB he the sum, and D* the difference of their 
squares To AB apply the rectangular □ ABOE = D* Now, 
since the sum multiplied by the difference is equal to the differ- 
ence of the squares, and that AB is the sum, therefore AE must be 
the difference Produce BA to P, and make AP = AE Therefore, 
since the sum together with the difference is equal to twice the 
greater, if we bisect BF in Gr, BG will be the greater, and AG 
the less 
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If TTO talce AE equal to the difference, and apply the rect- 
angular O ABCE = D^, we have the second case 


P 


E C 


AG B 




6 See Sequel to Eudid/' Book II , Prop i , Oor 

7 The rectangle contained hy two straight Imcs^ together \nth 
the square described on half their difference, is equal to the square 
on half their sum 


PROPOSITION Tin 

1 Dem — By the third proof of Prop viii (AB + BO)® 
= 4 AB BO + AO® , but AB BO = BO® (I 3ULvn , Ex 1), and 
AO® 5 = AC® - CO® , (AB 4 - BO)® == 4BC® 4 - AC® - CO®, 
hut 4 BC» 4- AC® «= EF® (I xnni , Ex 7) , (AB 4- BO)® 
= EF®-CO* 

2 Eem — GK® = 4 AO® + BC® (T XLvn , Ex 7), and EF® 
= 4 BG»4‘ AC* , GK®- EF® = 3 AC® - 3 BO® , but (I xnvn , 
Ex 1) AC®« AB AO, and BC® = AB BO , GK® - EF® 
= 3(AB AO-AB BO) = SAB (AO -BO) 

3 SoL — Let AB be tbe difference of the lines Bisect AB 
in 0 , erect BE ± to AB, and make it equal 2 AB = 2 E Join 
CE, and produce OB to D Out off CD = OE. AD, DB are the 
required lines 



Bern —AD DB 4- OB* = CD® (vi ) = CE® » OB® 4- BE® 
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Rqect OB-, \rluch is common, and tto bavo AD DB = BE® 
sr 4 R® Hence AD, BD arc tbe required Imcs , for tbcir diffe- 
rence IS AB, that IS, B, and tbcir rectangle is equal to 4 R® 


PROPOSITION IX 

1 LetAB bo fbo givcnlino Bisect it in C It is required to 
^roTO that AC® -i- OB® is a minimum 

Dem — TaLo any other point D in AB Now AD® + DB® 
= 2AC® + 2 CD® (ix) = AC® + CB® + 2 CD® , therefore 
AC® -1- CB® IS less than AD® + DB® by 2 CD® Hence, when 
a bno IS bisected, the sum of the squares on its segments is a 
imnimunL 

2 Let AB be a given line It is required to divide it inter- 
nally, 80 that the sum of the squares on the parts may bo 
equal to L® 

SoL — ^Draw BO, making the ABC half a right A With A 
41S centre, and a radius equal to L, desenbo a O, cutting BC in D 
From D let fall a Jl D£ on AB £ is the point required 



Dem —Because the A EBDis half a right A, and the A BED 
Tight, the A BDE is half a nght A , EB = ED , EB® 
= ED® , AE® + ED®, that is, AD®, that is L® = AE® + EB® 
If the O does not meet tbe line BC, tho question is impod« 
Bible 

3 Dem — ^Ftom AC cut off AE = DB Now AD® + AE® 
= 2 AD AE ED® (vn ), that is, AD® + DB® « 2 AD DB 
+ 4 CD® 
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4 Lot ABO bo the A In AB taho any point D Join OD, 
It IB required to prove that 2 OD® = AD® + DB® From 0 let 
fall a 1 CE on AB Now AD® + DB® «= 2 AE® + 2ED® (ix ) , 
but AE = EC Therefore AD® + DB® = 2 EC® + 2 ED® = 2 CD® 
6 Soo ‘^Soqud to Euclid/’ Book II , Prop xn 


PE0P05ITI0N X 

1 (1) Let AB be the Bum of the linosi and 2:t;® tho sum of the 
squares 

Sol — ^Bisect AB in C Eroct CD ± to AB, and make it equal 
to AC or CB Produce DO to E Cut off DE « a li7ith D as 
centre and DE as radius, dosenbo a O, cutting AB in F AF 
and FB are tho required linos 

Dem — Join DF, DB Now AF® + FB® = 2 AC® + 2 OF® 
(IX ) = 2DC® + 2 OF® = 2 DF® = 2DE® = 2a:® 


D 



(2) Let AB be tho difference, and 2^® the sum of the squares 
Sol — Bisect AB m 0, and erect CD ± to AB, and make it 
equal to AO or GB Produce DO to E Cut off DE =: z With 
D as centre, and DE as radius, desenbo a O, cutting AB pro 
ducod in F AF and FB are the required lines 
Dem -^om DB, DF Now AF® + FB® 5 = 2 AO® + 2 CF® 
= 2 DC® + 2 OP® = 2 DF® « 2 DE® == 2*® 

2 Let CE be tho median which bisects tho base AB It is 
required to prove that AO® + CB® = 2 AE® + 2 CE® 

Dem — From 0 let fall a X CD On AB Now AD® + DB® 
= 2 AE® + 2 ED® (IX ), and CD® + CD® := 2 CD® Add, and wo 
got AC® + CB® 5= 2 AE® + 2 CE® Or apply Props xii. and xnr 
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3 Lot EC be ibo given base of a A ABCf tbo 6uxn of the 
equates of Trboso sides AE, AC, is equal to a gi\cn square It 
IS required to prove that the locus of the vertex A is a O 

Dcm —Bisect EG m D Join AD Now (Ex 2), BA- 
J- AC® = 2 BD® + 2 DA-, but BA^ + AC® is given (hyp ), 
2 BD® 4* 2 DA® IS given, and 2 BD® is given, since BD is 
half of the given base EC, 2 DA® is given , DA is given, 
and the point D is given Hence ihc locus of A is a O, having 
D ns centre, and DA as radius 

4 Dem — ^Bisect AD in E Join BE, CE Now (Ex 2) 
AB® ^ BD® = 2 AE® -»• 2 BE®, and AC® + CD" = 2 AE® + 2 OE®, 
bnt AB® + BD® = AC® 4 CD® (hvp ) , benco 2 AE® + 2 BE® 
=r 2 AE® + 2 CE®, and tbercfoio 2 BE® = 2 CE®, BE = CE 

6 Seo ‘‘Sequd to Euclid/^ Book II , Prop in 


PEOPOSITION XI 

1 Let AB be the line It is required to cut it oxtcniallj in 
extreme and mnn ratio 

6ol —Erect BC X to and equal toAB Bisect AB in D Join 
DC* Produce *VB to E Cut off DE e= DC AB is cut in E in 
extreme and mean ratio 

Dcm.— AB EB + DB® = DE® (n ) = DC® = DB® + BC® 
Bcject DB®, which is common, and AE LB = BC® = AB® 

2 Let AB be a lino divided m extreme and mean ratio at C 
It IS required to prove that AC® — CB® vs AC CB 

Dem — AB BC = AC® (hvp ) , but AB ^ AC 4 CB , • 
(AC ^ CB) CB = AC® , that is' AC CB 4 OB® = AC® , and 
AC CB = AC®~.CB® 

3 Let ACB bo a ngbt-angled A, having AC® =: AB BC 
From C let tall a X CD on AB It is required to prove that 
AB BD=:AD® 

Dem* — AC® = AB BC (hyp ), nnd ACT =? AB AD (I XLvir ^ 
Ex 1), AD « BC, AD® = BC®, but BC® == AB BD 
(I vtvn,Ex 1) Hence AB BD^AD® 

4 (1) Dem — AB® 4 BC® *= 2 AB BC 4 AC® (nx) , but 
AB BC « AC® (hvp ) Hence AB® -i* BC® = 3 AC® 

(2) Dem— (AB-^BC)®«=4 AB BC4AC®(vni ), bul-rVB BC 
= AC® (hyp ) Ilonte (AB 4 BC)® 6 AC® 
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6 * Dem — Join FK, AD No\r tho square APGH is double 
of fho A APK (I XLt ) And tbo rectangle HBDK is double of 
AITP , but APGH = KBDK (xi ) , tho A APK=s AKD , and 
hence (I kxki^ } AK is |[ to FD In like manner^ by joining 
BF, GD, it con bo shoun that GB is |] to FD Hence the three 
lines AK, FD| GB are parollel 

G Dem — Join BF, and produce OH to meet it in L 
Because £B s= EF, the L EBF s: EFB, and tho 4 ■ at L are 
right (xi , Ex 7) , tho iC BOL = FOL , but BOL = ECO , 
£00= ECO, and EC = £0 , but EC = EA, £0 = £A, 
the L £0A = EAO, and £00 = ECO Hence tho L AGO 
= OAO + OCA, and is ^croforo (I xxxii , Cor 7) a nght L 

7 Let OH bo produced to meet BF at L It is required to 
prove that CL is ± to BF 

l^em —The A* FAB, HAC, arc equal (I iv ) in every respect, 
the L FBA = HCA, and tho L LHB = AHC (I xv ) , the 
L HXB s HAC (I xxxir , Cor 2} , but HAO is a nght L 
Hence HLB is nght 

8 Dem — In AB take AH = BO — AO Produce CA to F, so 
t!mt AF = AH, then evidently OF = CB Complete tho square 
AFGH Produce AC to E, and moke C£ = AC, and complete 



tho square ABDB Produce GH to meet ED in K Now wo have 
the construchon^as in Prop xi , and AB BH *= AH* Hence 
AB is divided m extreme and mean mho*’ at H 


♦ See diagram in Euchd [11 xi ] f or this and the tw o follow- 
ing Exercises 
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PROPOSITION xn 

I Dexn — ^Produce AO, and let fall a ± BD on AO produced 
Make DE = CD, and ]oin BE Noir the A» BCD, BED are 
equal in eveT 7 respect (I rr ) , fke L BCE ^ BEC And 



since the L ACB is twice an /. of an equilateral A, eacb of the 
BCE, BEC 18 an ^ of an equilateral A , hence the A BCE is 
cquOateiol , BC =s OE = 2 CD 
Again, AB^ = AC- -f CB - + 2 AC CD , hut we have shown that 
BC = 2 CD Hence AB^ = AC^ + CB^ + AC CB 
2 Dem — Join AC , bisect it m 0 Join BO, DO, EO Now 
the lines AO, BO, GO are equal (I xii , Ex 2) , hence OBO is 



an isosceles A , OE® — OC® « BE CE (vi , Ex 6) In like 
manner OE®-OD®=rAE DE, butOC=:OD Hence AE DE 
= BE CE 

8 Dem — Produce AB, DB Cut off BE = DO, and BP = BO 
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FBG = EDO + BOD (I xi.xTi ) , but 
Z*, PBE t= BCD , lionco (I it) 
equal in oror}' respect , llieroforo Uio 
L BED 18 right Now AF* = AB® 
midAF®=AB® + BF®+2FB BD, 
t BE <= DC( and BF = BC Hcnco 

o AB, and equal BO Tom AD, CD 
AO CB (xii ), and CD* = CB* 4 BD* 
■ fCD» = 2AC*, jVD* = 2 AC* 
OB) =2 AO AB Again, AD* =AB* 
AD* = AB* + BC* Donee AB* 

0 From D lot fall a JL DF on AB 
. )0 CFe/>* (the given square) Cis 



lB Tom OE, OD| CD 
iOG OF(xii) = OC* + CD*+p», 
OC* + CD* H p* , that 18 , OC’ + CE* 
I -CDS=p' 

■ )*-CB»(n Ex C),hntOD*=2AB* 
■ B* - CB* = 2 AB* - iVB* = AB* 


I • isiTiON xni. 

I tex A let fall a JL AD on BC From 
Tom AE Now the A ACD = AED 
AC = AE, and the L AEC = ACE , 
I equilateral A , tlio A ACE is 
= 2 CD Again, AB* = BC* + CA» 
wo have shomi that 2 CD =: AO 
BO AO 
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2 See **SGqtielio Euclid, ’’ Book 11 , Prop it. 

3 Sol — ErcctBD J. to and equal to AB Jom AD Produce 
AB to C Cut off AC = AD C is the point required 

Dcm.— AD5 = AB- + BD- rr 2 AB^ , AC® = 2 AB® To 
each add BC®, and vo have 2 AB® + BC® = AC® + BC® 
= 2 AC BCJ-AB®(ni.), AB® + BC® = 2AC BC 


PROPOSITION XIV 

1 Sol — ^Let a line CD bo found (tit ) vhosc cquaro is oqunl 
to the given difference of squares On CD construct a rectangle 
CE equal to the grren rectangle Produce CD to A, so that 
CA AD es DE® (rr , Ex 2) Prodace ED Prom A inffect AB 
s=DE to the lino DB, and join BC BC and BD are the reqnirea 
lines 



Dom — B<»cau5e AB® s= DE"* = OA AD, the L ABC is right 
(I XLTu , Ex 1) , AB DC s= BD BC (xir , Ex. 3) , hence 
the rectangle GE = BD BC, and C£ is equal to the given 
rectangle Also hecauso the L BDC is nght, BC® — BD® =: DC®, 
Trhich IS equal to the given difference of squares 
2 See Book II , Ex 0, Miscdlancous 


Misceflanoous Exorcises on Book It. 

1 Lfd ABCD be a quadnlatml, AO, BD its diagonals, and 
EF, GH lines joining the middle points of BO, AD, AB, CD 
It is required to prove that AC® + BD® « 2 EF® + 2 GH® 
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Dem —Join GE, EH, HE, EG Now GEHE is a □ (I la. , 
Ex 6), 2 GH=+ 2EF* = 2 GE* + 2EH* + 2HE* + 2EG» 

(x,Ex 6) = 4GE» + 4EH» 

Again, GB = AC (I xi, Ex 6), and EH = JED, 4GE® 

+ 4 EH® = AC® + BD® Hence 2 GH® + 2 EE® = AO® + BD® 

2 Let AD, BE, CF bo the medians 

Dem — AB® + AC® = 2 BD® + 2 AD® (x., Ex 2) , 2 AB® 

+ 2 AC* = BC® + 4 AD® , but AO = § AD , AO® = $ AD® , 
9 AO® = 4 AD® , hence 2 AB® + 2 AC* = BO® + 9 AO® 
Similarly 2 AC® + 2 CB® = AB® + 9 00®, and 2 OB® + 2 AB® 
= AC® + 9 BO® . 3 (AB® + BO® + OA®) = 9 (AO® + BO® + 00®) 

Hence AB® + BO® + OA® * 3 (AO® + BO® + CO®) 

3 Sol — Construct the A OCG, having 00 = D, OG = 2 E, 
and CG = F Bisect OG in B Join CB, and produce it to A 
Out off AB = BC Join AO OA, OB, 00 are the required 
lines 


D 



Dem — ^The A* ABO, OBG are equal m every respect (I iv ) , 
AO = CG = E, and 00 = D, and OB = E 
4 Let ABCD be a quadrilateral , AO, BD its diagonals Biseet 
AB, CD m E, F Join EE It is required to prove that AD® 
+ BC® + AC® + BD® = AB® + DO® + 4 EF® 

Dem — Join OE, DE Now AD® + BD* = 2 AE* + 2 ED* 
(x,Ex 2), and AC» + BC® = 2BE® + 2CES, AD®+BD® 
+ AO® + BO® = 2 AE® + 2 BE® + 2 CE® + 2 DE*, but 2 AE® 
+ 2 BE® = 4 AE® = AB* , and 2 OE® + 2 DE* » 4 DE® + 4 EF® 
e= DO* + 4 EF® Therefore AD* + BD® + BO® + AC® = AB* 
“i" DO® 4“ 4 EF® 

6 Let <7, h, e be the sides of the tnongle On a, b, e describe 
squares Jom the adjacent comers, and let the joining lines be 
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denoted bj a, ft 7 It is required to prove that a* + /5’ + 7* 
=r3(o* + i« + c2) 



' Dem. — Complete the constmctioni as in I xltix ) Ex 6. 
Kou' vre have (x , Ex 2) s= 2 + 2 c* , jB* + s= 2 

•f 2 , and 7® + = 2 a* + 2 Add together, and we get 

a’ + ^* + 72 + {<^® + 6'* + ^!*) =4 (fl* + ft* + <^), and a* + jB* 
+ 7 ^ =s 3 (o* + + c®) 

6 Let AB he a given line It is required to divide it into two 
ports at C, so that the rectangle contained by another given line 
Xf and one segment BC. will be equal to AC® 

SoL— Erect AD ± to AB, and equal to X. Complete the rect- 
angular C3 ABED Construct a square equal to ABED^ and let 



AF be one of its sides Bisect AD in C Jom GF Produce DA 
to H Cut off GH cs GF In AB taLe AC s A 5* C is the 
required pomt 

Dem -—Complete the square AHKC Produce KG to meet DE 

V 
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m M Now DH HA+AG*^ GH^ (vi), but GH» = GF* 
= AG® + AF* , DH HA == AF® , but AF® s=r ABED (const ) ; 

the figure HM = BD Reject DC, and HC = BM , but BM 
IS the rectangle BC BE, that 18 | BC X, and HC is AC®,. 
BC X = AC® , 

AB 

If we put — « X, where m is any q^uonlity, we get AB BC 
= mAC® 

7 Dem — Bisect AB in 0 Erect OE A to AB, and join 
OC, £F Now (lu , 3} CD IS bisected at E , (x , Ex 2) 



OP® + PD® « 2 CE® + 2 EP® = 2 CE» + 2 EC® + 2 OP* = 2 CO* 
•f 2 OP® = 2 AO® + 2 OP® « AP® + PB® (/x ) 
fi See Sequel to Euclid,” Book II , Prop th 
9 Let ABODE be the pentagon , AC, BD, CE, AD, BE its 
diagonals Bisect the diagonals Let a be the line joining the 
middle points of AC, BD , ^ of BD, CE, y of CE, AD, $ of 
AD, BE , and € of BE, AC It is required to prove that 3 (AB® 
+ BC® + CD® + DE® + EA®) = AC® + BD® + CE® + AD® + BE® 
+ 4 (o® + ^® + 7® + 5® + e®) 

Dem — ^From xiii , Ex 2, we have — 

AB® + BC® + CD® 4 DA® = AC® 4 BD® 4 4 a* 

BC® 4 CD® 4 DE® 4 EB® = BD® 4 CE® 4 4 /5®, 

CD® 4 DE® 4 EA® 4 AC® = CE® 4 DA® 4 4 7® , 

DE®4 EA* 4 AB® 4 BD®=s DA® 4 EB® 4 4 5® , 

EA® 4 AB® 4 BC® 4 CE® = EB® 4 AO® 4 4 c® 

Add together, and we have 

3 (AB® + BC® 4 CD® 4 DE® 4 EA®) = AC® 4 BD® 4 OE* 
4 AD® 4 BE® 4 4 (a® 4 fl® 4 7 * 4 S® 4 e*) 

10 See Sequel to Euclid,” Book II , Prop v 

11 See “Sequel to Euclid,” Book II , Prop viii 

12 See “ Sequel to Euclid,” Book II , Prop ix 

13 See Sequel to Euclid,” Book II , Prop ix , Cor 
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14 (l)Dom — It IS proved m Ex 12 that 

fM AC* + « BC* em AD*+ n DD*+ (m + b) DC*, 

butn ACT + #iBC* is gnen (hyp ) , m AD’-f « DB*+ (m-f w) 
DC^ IS gi\cn, flnd m AD* + n DB* is given , (m + ft) DC* i3 
given , but (m + fi) IS gi^cn , DC* is given , DC is gi\on, 
nnd D 2 S a gi\cn point Hcnco tho locus of tho vertex is o O, 
having D as centre, and DC ns radius 

(2) This case can bo proved in a similar manner by using 
Ex 13 

Id Let ABCD be a rectangle, of rrhicb AB, AD aro adjacent 
<ndes On \0, AD desenbo squares AF, AE Draw tho ^ngo* 
nab AF, AE It is required to prove that AF A£ is equal to 
twice the rcetnnglo AC 

Dem — The diagonals AF, AE nro evidently in tho same right 
line liCt fall ft X BG on AF Now, because the 1 ABF is 
right, AF* t= AB"* }- BF* = 2 AB* For a similar reason AE* 
«2 AD\ hence AF* AE* = 4 AB* AD* , Ihmforo AF AE 
rr2AB AD, that IS, AF AE is equal to twice the rectangle AC 
IG* Dom — Join AB, BC Bisect AB in G Join TG, CG, 



AP, BP, CP Divide GC in H, co that IIO *= 2 OH Join PH- 
Now Al« + BP* « 2 AG* + 2 GP* (x , Ex 2). and 2 PG* + PC* 
XX 2 GH* + HC* ^ 3 HP* (Ex 12) , AP* + BP* + CP* « 2 AG* 
•f 2 Gn* + 1IC*+ 3 HP* , but AP* + BP + OP* is given (hvp ) , 
^ 2 AG* + 2 GH*, lie* + 3 IIP* is gi\ en , but 2 AG* is given, 
and 2 GH*, and flC*, hence 3 HP* is gi\cn, IIP is gnen, 
and the point K is gi% en Hence tho locus of P is a O 
17 Let ABCD bo a square, and AE6II a rectangle of equal 
nreo* It is required to prove that the penmeter of ABCD is less 
than that of AEGH 

r2 
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Dem ^ABCD » AEGH (hyp ) Take away the oommon part 
AEFB, and we have EDCF = BFGH , hence these mnst he the 
complements about the diagonal of a O, if DC, AF, HG be 
produced, they are concurrent Let them meet in E Now DK 
IS greater than DA the L DAE is greater than DEA , that 



iB| CFE IS greater than CEF , CE is greater than CF, and 
therefore greater than DE To each add CD + EA, and we get 
ED -f EA, that is, GE + EA, greater than CD + DA Hence 
the perimeter of the rectangle is greater than that of the sguare. 

18 Let the tranversal be divided by the lines, so that m AG 

__ m BG 
«« CB, then “ = “771 
n AO 


Dezn.-^ffi 
(Ex 12), 


AD*+« DB» = m AO» + #i B0*+ (w+n) CD« 


- AD* + DB* r= " AC* + BC» + 1) CD*, bnt ^ 


n 


n 


n 


BO 

AC’ 


BO AD* + AO DB*s=BO AC^ + AO BC^ + AB CD*, 
BC AD« + AO DB*-AB 00* = AC CB(AC+OB), 

. BC AD*+AC DB*-AB 0Da=AB BO CA 


Lemma — ^If a O be described about an equilateral A the 
square of the side of the A is equal to three times the squoi-e 
of the radius 

Bern — -Let BO be the side of the equilateral A ABC, and O 
the centre of the oiroumscnbing O Join BO, nnd produce it 
to meet the circumference in D Join DC, 00, OA 
The radii BO, OC, OD ore equal the L OBO = OCB and 
the L ODC = OCD (I xxxii Cor 7), the L BOD is right; 

BD* S3 BC* + CD* = BO* + CO* Let BO be denoted by r. 
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then BD’ = 4r®i and OC* = r* , 4r® = BO* + r* And there- 

fore BC® = 3r® 

19 Dem. — Join AD, CD, CD' How in the A DCD', DD * 

= DC® + CD'® + DC CD'(xii,Ex 1), 6DD®«6DC® 

+ 6CD'®-f6DC CD' 

Again, AC® = 3 CD® (Lemma), and CB® = 3 CD'® , AC® OB® 
=:s9CD® OB'®, AC CB=30D CD, 2AC CB=6CD CD', 
hence we have 6 DD^® « 2 AC® + 2 CB® + 2 AC CB « AC* + CB® 
+ (AC®+CB® + 2AC CB) = AC® + CB® + AB2 

20 — Dem — Let c be the hypotenuse , then al ^cp{j, ^ Cor 1} , 

•• a® ft® s= c® , 0 ® fi*= (o® + i®)jp® = o®^ + Divide bj 


ana^*i + | 


21 Bern. — Since ABD is an isosceles A , DC® — DB® = AC OB 


(vi , Ex 6) = AB® (hyp ) Hence DC*t= DB® + AB® = 2 AB® 


22 Let a variable line AB, whose extremities rest on the cir- 


cumferences of two gl^en concentric O*, suhtend a right Z. at a 
fixed x>oint P It IS required to prore that the locus of its nuddle 
point 0 IS a O 

Bern — Join OA, OB, OP Bisect OP in D Join CO, CD, 
OP 


HowAO®-|-OB® = 2BC* + 2CO®(x,Ex 2), hntAO, OB are 
given, being radii of the given O* , 2 BC* + 2 CO® is given , 

•*. BC* + 00* is given , but BC s= CP (I xn , Ex 2) , CO* 
+ CP® is given , that is, 2 CD® + 2 DC® is given , but 2 OD® is 
given, since OP is bisected in D , 2 DC® is given, • DO is a 



given line, and D is a fixed pomt* Honco tho locus of C is a O, 
having D as centre, and DC os radius 
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PEOPOSITION LII 

1 Lot AD bo tbo chord subtending a right L at tho point C. 
It IB required to provo that the locus of tho middle pomt of AB 
isa O 

Bern — Let D bo the contro Draw DE 1 to AB, and join 
CD, AD, CE 



Now (m ) AB IS bisected in E , tho lines AE, BE, CE arc 
equal (I xn , Ex 2) Again, AD* = AE* + ED* = ED*+EC** 
but AD* 18 given, sinco AD is tho radius , ED* + EC* is given, 
and tho baso DO is given , (II x , Ex 3), tho locus of E is 
a O 

2 Lot AB bo tho giron line, and 0 tho given pomt Take any 



pomtD in AB Jom DO "With D as centre, and DC as radius. 
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dcscnbe a O From C lot fall a JL CE on AB, and produce it 
to meet Ibo circuntfercnco in F It is required to prove that 
«vcry O having its centra in AB, and possmg through C, must 
pass through F 

Bern — *1 oLc an^ other point G in AB, Join GO With G os 
centre, and GO os radius, desenbo a C Join FG Now EC 
ts EF (m ), and EG common, and the I CEG= FEG , { J r\ ) 

€G = I G Hence the second O must pass through F 
3 Let CDE ho the g:iven O, AB given line, and F the 
gi\cn point It IS requirad to draw n chord in ODL which shall 
subtend a right L at F, and be Q to AB 
Sol — Let G bo the centre of CDE From G lot foil a ± GK 
on AB Join FG, and produce it to meet the O in E Bisect 
EG in H Erect HM i. to LG, and make it equal to GH 



Join G’^^ Bisect FG in N, and erect NP ± to FG With G as 
centre, and GM os ndins, desenbo a O, meeting NP in P 
With N as centre, and NP os radius, desenbo a O, cutting GE 
in Q Through Q draw CD || to AB CD is the required line 
Bern — Join GP, GC, CP, QF, QN, FD Now, since EG 
t= 2 GH, EG^ = 4 OH" , but « ]\IH*+ HG2 = 2 GH« Hence 
EG» = 2 MG^ = 2 GP2 = 2 PN* + 2 NG» « 2 GN» + 2 NQ" , but 
2GN»+2NQ5«QG« + aF3(ir x , Er 2), and EG* = GC» , 
. GC*=QG* + QF*, butGC*r=QC* + QG*, QF*eQC*,and 
QF QC , but QC e= QD (iti.) , hence the three lines QC, QP, 
QD are equal , (I xix , Ex 2) the L CFD is nght. 
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PROPOSITION xm 

1 (1) Dem — ^Let A| B bo the centres of the fixed 0% and 
P the centre of the vanablo one Join AP, BP, and lot the 
tadu bo denoted by R, Novr APa=R + r, and BP= R+/; 
• AP-BP*=r-f^, 



(2) If the contact of the Tonahle O 'xnth the O ^rhoso centre 
IS B be of the second species, ire have AP r= R + r, and BP 
= R-r', AP-.BP = r+r 

2 (1) Bern — Let the O irhose centre is P touch that vhose 
centre is A intcmallyi and be touched by the one nrhose centre 
18 B externally, then, denoting the radu os in the last Exorcise, 
\re got AP = r — R, BP =a r + R , and AP + BP = r + / 



(2) If the O whose centre is B tenches the vanahle O in- 
ternally, we get AP = r — R, and BP *= R ^ AP + BP 
= r — r 

3 Bern — ^Let A, B he the centres, and C the point of con- 
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tact Jom AB Through C draw DE, meeting the O* m D, E* 
Join AD^ BE 



Now the L, ADC ^ ACDf and BCE ^ BEC ^ hut ACD ^ BCE 
(I XT ) , • ADC = BEC , and hence (I xxvn ) AD is J 
to BE 

4 Let AB, CD be the diameters, G the point of contact, and 
E, F the centres Jom BG It is required to prove that BG 
produced must pass through C 



Dem — ^If possible, let it pass through H Produce DC to 
meet BH Jom GE, GF 

Now the /lEBG « FHO (I xxk ) , but EBG = EGB *= FGH 
.• FIIG = FGH, FG = FH, but FG = FC, FC=FH, 
which 15 absurd Hence BG produced must pass through C- 
In like manner DG produced must pass through A 

PEOPOSITION XIV 

(1) Dem— Lot ABC bo the fixed O, and AB the chord^i. 
From the centre D let fall a 1 DE on AB Jom AD 

Now AB IS bisected in E (in } , AE is a line of given 
length, and AD is given, smeo it is the radius , but AD- = AE^ 
4- DE-, DE is given, and the pomt D is given Hence the 
locus of E IS a O 
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( 2 ) Lot ABC be the O, AB the ohord, and E any fixed point 
in AB 

Dexn —Let D be the centre Join AD, BD, ED Now, be- 
-canse AB is given, and E is a fixed point in it, AE and EB 
aro eaoh given , AE EB u given , and because ADB is an 
isosceles A, AE EB = BD* — DE* (II v Ex 6 , orvijEx 6 ), 
but AE EB is given, and BD* is given, since BD is the radius , 
DE is given, and the point D is given Hence the locus of E 
18 a 0 » 


PBOPOSITION XV 

1 Let ABO be the O, and P the point Through P draw a 
•chord AB ± to the diameter CPD It is required to prove that AB 
IB the minimum chord 




. EPH IS acute , . EP is greater than EH , (xv ) FO is 
^cater than AB 

2 Let ABC be the given O, AB the given chord, and P the 
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point If IS required tlirough the point P, to dra\r a chord equal 
m length to AB 

Soh—From the centre D let fall a ± DE on AB "With D as 
centre^ and DE as radios, describe a O EFG Through P draw 
PCFH, touclang EFG m F, and cutting ABC in C and 
GH IS the chord required 

Dem — JomDF Kow because DF = DE, (xiv)CH=AB 

3 See “ Sequel to Euclid,” Book III , Prop xv , 6th Edihon 

4 Dem— T^t 0, 0, 0 be the centres Sow the lines 
joining 00', 0 0", 0 '0 must pass through A, C, B (xn ) 



Ana Iwcanse OA = OB, the L OBA = OAB SimDarly, fhe L 
^ = 0 DB But 0 BD = OB A , hence 0"DB = OAB, and 

0 D IS J to 0 A. In like manner 0'Eis|to0A,* and 
hence 0 J), 0 E are m the same straight hne * 

BBOPOSmON XVI 

1 Dem —Let D he the common centre, and AB, CH the 
■chords of the greater which touch the less, then AB a CH 
{xiv ) Sec diagram to Prop xr , Ex 2 

2 Let AB le the given Ime, and 0 the centre of the given 
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O It IS reqtured to dra\r a || to AB which shall touch the O*. 

Sol — Let fall a J. OC on AB , and through D, where OC 
cuts the draw £F H to AB EF is the required line 

Bern — ^Now the L ODF = OCB (I xxix ) , ODF is a 
right L , hence (xvi ) EF touches the O 

3 Let AB he the gi\en line, and 0 the centre of the given 
O It IB required to draw a i. to AB whioli Bhall touch, 
the O 

Sol —From 0 let fall a ± 00 on AB Draw OF (| to AB^ 
and from F, where it meets the O, draw FB || to OC FB is- 
the required line 

Bern — The A* COB, FBC aie together equal to two nght A* 
{I xxrc ) , the ^ FBO is right, and FB is ± to AB, and 
(xvi ) FB touches the O 

4 (1) Sol — Let 0 be the given point, and AB the given line 
Let fall a J. 00 on AB "VTith 0 as centre, and 00 os radius,, 
desenhe a O Hence there is only one solution 

(2) Let 0 be the given point, and 0' the centre of the given. 
O It is required to desenhe a O having its centre at 0, and 
touching the O whoso centre is 0'« 



Sol — Join 00^ and produce to meat the circumference of O 
in 0 , with 0 as centre, and 00 as radius, desenhe a O , or,, 
with 0 as centre, and OD os radius, desenhe a O Hence there 
(U% two solutions 

6 Let AB, AO he the given lines, and R the given radins.. 
IS required to desenhe a O, touching AB, AO, and having o. 
equal to R 

Sol — Erect AD JL to AB, and equal to R Draw DE || to AB» 
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Uisect the L BAG hy AE, mcetang the line DE m E E is the 
•centre of the required O* 



Dem — EraTT EB, EG, A* to AB, AO 

Eow the L BAE = CAE, and the nght /.* ABE, ACE are 
^qual, and AE common , (I rxvi ] BE — CE , and the O, 
\ath £ as centre and BE os radius, will pass through C There 
are evidently four solutions a O in each of the four L ■ formed 
fcy BA, CA 

6 Let AB, AG he the given lines, and E the centre of one of 
the O* which touch AB, AC 

Sol — Join A£, and produce it Join E to the points B, C, 
where the O touches AB, AC Now, since the Z* at B, C are 
nght (XVI ), AE* = AB* + BE* = AC* + CE* , but BE* * CE* , 
AB* « AC*, AB = AC, AE common, and the base BE 
'ss CE , (I vm ) the L BAE = CAE, the L between the 
hues 18 bisected by the line joining thmr intersection to the centre 
-of one of the O* Hence the locus of the centres fs the pair of 
nght lines bisecling the L • between the o given lines 

7 (1) Let 0 be the centre of the given O, AB the given 



line, and R the radius It is required to desenbo a O that shall 
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touch tho O 'whoso centre is 0 and tho lino AB, and hiiYe a 
radius equal to R 

Sol — Uako any point Ain AB, and erect AD ± to it and=R ^ 
dniTT DE II to AB , from C dniir any radius CF, und prodneo it 
to G, so that FG = R W^ith C as centroi and CG as radius,, 
desenho a O cutting DE in E E is tho centre of tho re- 
quircd O 

Dem — Join CD, and draw EB || to AD NTow CG =: CE, 
and OF = OH , FG «= EH , but FG = R , EH = R, and 
EB s AD = R , EH = EB, and the O, u ith E ns centro and 
EB as radius, will pass through H II once it uill touch the 
giYon O, the given lino, and have a radius of giYen length 

(2) Let 0, G' bo tho centres of tho gi'v on 0% and R the given 
ra^UB 

Sol —Draw any two mdu CD, O'D', and produce them ta 
E, E', so that DE, D E aro each equal to R , with C, Of as 
centres, and CE, C E' ns radii, desenbo two O* Let thorn 
intersect in C"« C** is tho centra of tho required O 



R 


Dem -Join CC", C O'' Now CE = CC", and CD = CP ? 
hence DE = FO ' , but DE = R (const ) , FO" = R In bko 
manner F C* R , the O described with G ' as centre, and 
0"F as radius, will pass through F', and touch tho two O*, and 
haYO the given radius 


proposition xvn 

2 Let 0 be tho common centre From any points A, B, on 
the outer O tangents AC, BD arc drawn to the inner one It is 
required to prove that AO = BD 
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Dem —Join OA, OB, 00, OD Nott (m ) the Z* at 0, D 
arenght, 0\« = OC* + CA* and 0B»= OD^+DB*, but 
0A« = 0B2, and OC^ = OD^, AC* « BD* , AC = BD 

3 Let ABCD be the quad It is required to prove tbat 
AB + CD « AD + BO 

Dem — Let E, F, Gr, H be the points of contact. Nobt (xvn 
Ex I) AE=AH, and BE = BF, AB=sAH+BF Inliie 
masmer CD = DH + CF , AB + CD = AD + BC 

4 Dem — ^Let ABCD be the circumscnbed □ Novr AB + CD 
= 2 CD, and AD + BC « 2AD, but AB + CD = AD + BC, 

2 CD s 2 AD , CD =? AD In like manner all the sides 
ore equal Hence ABCD is a lozenge 

Again, the Ime joimng the centre to the intersection of tan* 
gents bisects the L between the tangents , converEcly, the line 
bisecting the L betu een the tangents passes through the centre , 
therefore AC passes through the centre Similarlj, BD passes 
through the centre Hence E is the centre 

5 Dem — OB « OD, and OP common, and the base BPs=DP, 
(I Tin ) the L BOP = DOP Again, OB = OP OF com* 

mon, and the L BOF = DOF , (I rv ) the Z 01 = OFD 

Hence each is a nght Z , and OF is ± to BD 

6 Let A, B be the centres of O* Lot P be a pomt hant 
which the tangents PC, PD to the O* are equal It is required 
to prove that the locus of P is a nght lino 



Dem — Join AC, AP, BD, BP, and from P let fall a ± PE on 
AB Now AP* « AC* + CP* , CP* = AP* - AC* In like 
manner DP* = BP*— BD* , hut CP*«DP*, AT*— AC*=BP* 
- BD* , AP* - BP* *= AC* - BD* , hut AC* BD* is given, 
since AO, BD are the xadu of the O* , AP* — BP* is given,. 
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AE*-EB* IS given , E js a given point , hence EP is given 
in position, and therefore the locus of P is the right lino EP 
{caUed the radical ax%9 of the tivo O") 

Cor ^To constritet the line EP, join the centres^ divide the join- 
ing line in E, so that AE® — EB* = AC* — BD* , and erect EP 1 
ioAB 

7 Lot the three O” he denoted by A, B, C It is required 



-to find a point sudi that the tangents from it to A, B, 0 dioB ho 

Sol ^Pind a line DE, such that the tangents from any point 
K)f it to A and B \nllhe equal (s.vn , Ex 6} , and find a line PE, 
euth that the tangents from any pomt of it to A and C shall ho 
•equal E, where the hues DE, FE intersect, is cndently the 
required point. 

8 Bern — OBP is a nght-angled A , and BF is J. to OP (xvu , 
£x 6) , (I XLVir , Ex 1) OB* = OF OP 

9 Let AB, AC he two fixed tangents, and EF a vanahle tan- 
gent cutting AB, AO in E, F, and touching the O m D Let 
O he the centre Join OE, OF It is rcqturcd to prove that the 
A EOF is constant 

Bem — Join OB, 00, OD Now (I vm ) the L EOD «= EOB , 
EOD = J BOD In like manner FOD = J COD, EOF 
s ^ BOO , but the L BOO is constant, smee the tangents AB, 
AO are fixed, the L EOF is constant 

10 {1} Bee Sequel to Euchd,” Book III , Prop vn. 
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(2) Dra^ a lino cutting two 0% X, Y, so that tho intorcopted 
chords shall ho of given lengths A, B 

Sol —Lot 0, 0' ho tho centres of X, T, E, B' their radu 
Then with 0, 0' ns centre**, desenbo O* ODE, FGH, tho squares 


A 



of whoso radii shall be equal to B* — ^ A®, and S'® — J rcspec- 
tivelv, and draw tho hno IM a common tangent to both O* I'M 
IS the line required 

Eem. — ^Lct C, F ho tho points of contact Join OC, OT, 
0 F, O'L Now 0C» = OP - I(r t= B® - IC’ , but 0C» = E' 
- J A® (const ) , IC’ s= J A» Ilcnco 10 = ^ A , but 10 
s IE (III III } , IE A In hho manner LM = B 


PEOPOSITION XXI 

1 (1) Let ABC he n A, whoso hose BC, and vortical L BAG, 
are given From B, C let fall JL* BE, OF on AC, AB, and let 
them intersect m G It is required to find tho locus of G 

Dem — ^Tho four /.• A, F, G, E of tho quad AFGE aro 
to^,elhcr equal to four right (I xxxii Cor 3) , hut tho 
;L»E, Faro right, tlio iC* A, G aro together equal to two 
nght L • , but A is given (hvp ) , G is given , (I xv ) 
the L BGG 15 given And hence (xxx , Oor 2), the locus of Q 
IS a O 

(2) Let tho internal bisectors meet in E Now, tho three A* 
of tho A ABO are equal to two nght /•, but tho L A is given, 
tho sum of tho A * B, C is given , half their sum is given , 

o 
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thnt IS, DDO + DOB is giTcn , tlio L BDC is given , and 
lionco (kxi , Cor 2) tbo locus of D is a O 
(8) Lot the external bisectors meet in E Then, as before, the 
sum of the 0 is given, (I vwir, Ex 14} tbo ^ Eis 
given lionco (xvi , Cor 2) the locus of E is a O 
(4) Dom — ^Let tbo external bisector of the L C, and the in- 
ternal bisector of B meet in P , then tbo L BFO = ^ BAG 
(I Kxxii , Ex 2) , tlio L BFO Is given Ilcnco (xxi , 
Cor 2) tbo locus of F is a O 

2 Lot AB^ bo equal to tbo sum of tbo squares of tbo tw o bnes 



It is required to prove that tbcir sum Is n maximum vrben fbo 
lines aro i qunl 

Sol — Upon AB desenbo a scmxcirclo ADB Bisect AB in 0, 
and erect CD ± to AB Jom AD, BD In ADB tako nnyofber 
point E Jom AE, BE Produce AD to F, so tliat DF => DB 
Join BF Produce AE to G, so that EG » EB, and join BG 
Dexn —Tbo L DFB = DBF (I v ) , but BDF is a ngbt L , 
DFB IB balf a ngbt L Sunilarl) , EGB is half a ngbt L , 
bonce (xxi , Cor 1) tbo four pomts A, F, G, B are < oncyebe 
Now, since D is a point m a O from wbicb tbo tbrcc equal lines 
DA, DB, DF are drawn to tbo circumference, D is tbo centre, 
AP IS tbo diamotor , but tbo diameter is tbo greatest chord , 
AF IS greater than AG , that is, tbo sum of AD and DB is 
greater than the sum of AE and EB 
3 Let there bo two A* ADB, ALB on tbo samo baso AB, and 
having equal vertical L\ and lot ADB bo isosceles It is re- 
quired to prove that tbe sum of the sides AD and DB is greater 
than tbo sum of tbe sides AE and EB (Diagram, Ex 2} 
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Dem — Produce AD to F, co Ibat DF = DB Join BP Pro- 
duce AE to G, so that EG=EB, and }oin BG Nowtho L DFB 
1 = DBF (I ^ ) , liui ADB DFB + DBF (I ), ADB 
c= 2 DFB Similarly, AEB =r 2 EGB , but ADB =: AEB (bvp ) 
DFB = EGB , and (xxi , Cor 1) the points A, F, G, B 
arc concycltc , and it can bo sbomi, as in Excrci^o 2, Ibat AD 
+ DB IS greater than AE+ EB 

4 Dem — Let ABC bean inscribed A Them! nn\ l\ro sides 
AC, CB be unequal, by supposing the points A, B to remain fixed 
while C Tnnc«, the ponmclcrwill be increased bj makingAC, CB 
equal Ucnco, when the tlircc sides AB, BC, C A become nil equal, 
the perimeter will bo a maximum 

Joanm — Let ABC, DBC bo two A* ontbo eamo base, inscribed 



in a circle, of which ABC is isosceles It is required to prove that 
the area of ABC is greater than the area of BDC 

Dom — Through A draw AF, touching the O Produro BD 
to meet it in F, and join Cl Now tlio L 1 AC «= ABC (\xxn ) 
cs ACB , AF [| to BC, bonco (I ) tbo A B1 C 

= B \0 , bnt Bre IS greater than BDC , BAG is greater than 
BDC Similarh it can bo shown that BAG is greater than anv 
other A inctnbed in iho O, having BC forbn«e, who^o sides arc 
unequal Ucnco the area of the i50*cclcs A is a maxinium 

6 Let ABCDJ bo a polvgon insmbed in a O It is re- 
quired to prove that tho area is a maximum when all the ades arc 
equal 

Dem — Join AC Now, if wo suppo«ic tho point B to moio 
about wbdst tho others remain fixed, when AB » BC, (bo A ADC 
will bo a nmximum (Ex 4), and therefore tho area of the whole 

o 2 
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dguro ^ni bo increased In like manner, if any other of the 
Bides bo unequal, wo can increase tho area by making thorn 
equal Henoa the area will be a maxiinuni when oil tho sides 
are equal 


PROPOSITION xxn 

1 Let APOD be a quad whose opposite ■ B, D ore supple- 
mental It 18 required to prOYO that it is cyclic 
Dem — If not, let the O through A, J), 0, intoiseot the lino 



AB produced in E Join CE Now the Z* ADO, OBA ore 
together equal to two nght Z* (hyp ), and tho Z* ADO, CEA 
are equal to two nght Z* (xxix ) Reject ADC, and wo have 
tho L OBA = CEA, which is impossible (I xvi ) Honco the 
O must pass through B 

2 Let ABOBEF be a hexagon insonbed m a O It is re- 
quired to prove that the sum of the alternate L * ABO, CDE, EFA 
IB equal to four nght Z * 

Dem — Join OF Now tho Z* ABO, OFA axo together equal 
to tw 0 nght Z ■ (xxn ), and tho Z ■ ODE, EFO, arc equal to two 
nght Z* Hence, by addition, the Z* ABO, ODE, EFA ore 
equal to four nght L ■ 

3 (1) Lot ABDC bo a oydio quad , and let the opposite sides 
meet in E, F Draw any line, OK, cutting the four sides, and 
mokiiig the Z EJH =: EEJ It is required to prove that the 
Z GHF =» HOP 

Dem — ^The Z * BBC and BAO ore eqnal to two nght Z ■ 
(kxu ), and the Z ■ BAO, BAG equal to two nght Z ■ Reject the 


\ 
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L RAC> and wo ha\o tho L BDC =? BAG» and the L BKJ 
c= VJG (hvp ) , llio rczztaiDing 4 DIIK « AGJ » that is, tho 
4 GIIF = ncF 



(2) T/Ot GK ctil Ihodmgonnla in 31, X If is required to proio 
tho 4 03IX r. OXM 

Eem —The 4 UK *= EKJ )» ^ ABC r- M)C 

(xxr ) , the remaining 4 BAI J es EXK , that is, tho 4 03IX 

.= osy\ 

4 Jh:>ocl tho 4 AEG hr ES, meeting tho diagonals in Q, R 
From O fall a ± OF on LS It xs reqwirc?d lo prove that OP 
bisects the 4 QOR 

Bern —Tho 4 \B0 = BER BRE (I \xxu ), and ADC 
« mCl DOE, hut (xxr) ABC == ADO, • BI R t BRE 
t= DEO -h DQE, bulBER « DLQ(bvp), BRE « DQE 

= OQR, and tho 4 OPR := OPQ Hence Uic 4 ROP = QOP 

5 ARCDLI bo a cyclic hcragon, hailing iho side AB [J to 
DE, and BC to EF It la required to pro%c that the side AF is 
B to CD 

Dora —Join CF Xou tho 4 ABC = DEF (I \sir , 
Er 8), and finco ABCF is a cyclic quil , tho 4* ABC, AFC 
are together equal to tro nght 4* For the finu naaon the 
4* DCF, DEF are equal to tuo right 4» the 4* ABC 

and Vre IT. DCr and DKF , but ABO DFF , AFC «= DCF 

And henu (I xxrii ) AF J to CD 

C Dem — Join AB JSow the 4 BAD s= BFD (xxt), and 
BAG sa BEC , . BID er BEC And hence (I \x\m ) CE la 
J toDF 
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7 On the Bides of any A ABO, equilateral A* aro described, 
BF and CD ]omcd and lulcrsccUng in G Join AG, LG It is 
required to pro>o that AG and GE nro in Uio sanio straight 
lino 

Dom— -Smeo AB s= AD, and AC AF, and tho L BAD 



= CAP, to each add BAG, therefore tho L DAO es BAF, henco* 
(I i\ ) the L ADC = ABF, and AODe=AFB Non, hccau«o 
the L ACG AI*G, AFCG la n cyclic quad , bonco the 
Z* AFC, AGO nro together equal to two right (xxii), 
Mmilarl} ADBG la a o}clio quad , and tho A* ADB, AGB 
nro equal to tiro nght Z", Ihcso four aro together 
equal to four right Z*, and tho Z* AGB, BGC, CGA arc 

equal to four right Z“ Bcjcct tho Z* AGB, AGO, and oro 

have tho Z BGC equal to tho sum of AIC and ADB To 
enth add BEC, nrd no hnao BGC + BEG «= AFC + ADB 
H BEC , hut these threo Z • nro equal to tno right Z*, since each 
18 an Z of an equilateral A , BGC, BEC oro equal to Uro 

nght Z*, and licnco BGC£ is a cyclic quad , tho Z EGG 

= EBO, EGO 18 equal to an Z of an oquilatoml A, and 
thcroforo equal to AFC , but AFC and AGO aro equal to tnro nght 
Z*, EGO and AGO aro equal to two nght z*, and hence 
(I xrr ) AG and EG nro in tho samo straight hno Tlicrofoto 
AE, BF, CD aro concurrent 

8 If ne join tho centres U, J, K, it is required to proro that 
HJK 18 on equilateral A 
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Dem — Lot HJ, JK, HK cut BGr, CQ| AG m tlie points 
L, M, H Now, because the >1 ■ L, H nro nght (m , Cor 4), 

the Z* H, G are equal to two right and the G, D are 
equal to two nght L * (Ex 8) , hence the Z. H = D , H is on 
Z of on equilateral A Similarly K is an Z of an equilateral A 
Hence the A HJX is equilateral 

9 Lot ABCD be the quad ^ 0 the centre of the inscnbod 
circle, and E, F, G, H the points of contact Join 0 to A, B, C, D 
It IS rcqiured to prove that the Z* AOB, DOC are supple- 
mental 

Dem — Join OE, OF, OG, OH How the Z AOB = half sum 
of the Z » EOH, EOF {xvn , Ex 9), and the Z DOC = half sum 
of GOH, GOP , but the sum of EOH, EOF, GOH, GOP is four 
nght Z», AOB and DOC ore together equal to two nght 

Z" 

10 Lot ABC bo a A, whose A* CD, BE intersect in G 


A 



Join AG, and produce it to meet BC m F It is required to prove 
that AF IS A to BC 

Dem — Join DE How, because each of the Z* ADG, AEG 
18 nght, ADGE is a cyclic quad , hence the L DEG « DAG 
(xxi ) Again, smeo ^e Z • BDC, BEC are nght, the points 
B, D, E, C are concyclic, and therefore the Z DEB =: DCB , 

DAG = DCB, and DGA = FGC (I kv ) , ADG == AFC , 
but ADG IS a nght Z, AFC is a nght Z, and AF is A 
toBC 

11 Let a vanablo tangent CD meet two (1 tangents AC, BD 
Join the centre 0 to C, D« It is required to prove that the Z 
DOC IS nght 
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Dem — Draw the diameter AEj and join 0 to the point E 
where CD touches the O 



Now the L DOC ib equal to half the sum of the /■ EOB^ 
£OA (xTii , Ex 9) , hut EOB and EOA are together equal to 

0 nght A • , ihe L DOC is nght 

12 See ** Sequel to Euclid,*’ Book m , Prop xn 

13 LetABCDEFbethe hexagon, 0 the centre of the insonbed 
cirde, and Gr, BE, J, Z, L, M the points of contact of the hexagon 
and circle Join 0 to the points A, B, 0, D, E, F It is required 
to prove that the sum of the iC ■ AOB, COD, EOF is two nght 

Dem — Join 0 to the points C, H, J, K, L, M Now, the L 
AOB = J MOH (XVII , Ex 9), COD = J HOK, and EOF 
e= ^ ZOM , the sum of AOB, OOD, EOF is two nght L ” 


PROPOSITION XXYIII 

1 Let AB, OD be the two diameters given in position Take 
any point E in the circumference, and let fall JL* EF, EG on 
AB, CD Join FG It is required to prove that FG is ^ven m 
magnitude 

Dem — (See diagram, Ex 2) Join OE, and from A let fall a 
± AH on OD Now, since the ^ OHA is nght, the O on OA 
ns diameter will pa*« through H (xxxi ) , and because the 4 
OFE, OGE are nght, the O on OE as diameter will pass 
through F and G , but OA = OE , the 0» on OA and OE 
are equal, and the L AOH is in both these O* , the arc 
AH IS equal to the arc FG (xxvi ), and therefore the chord 
AH FG , but AH is given in magnitude, since it is a JL from 
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-the enmity of one of the diameters gnen in position on the 
-other Hence EG is given in magnitude 

2 Lot OA| OD bo two lines given in position, and FG a line 



of given length ^ding between them At the extronuties of FG 
X* EF, EG nro erected to OA, OD It is required to prove 
that the locus of E, here these X* meet, is a O 

Dem — Jom OE Erect ON X to OD, and equEd to FG , 
draw NA |1 to OD 

Now, because ONA is a nght L , the O described on 0 A as 
diameter will pass through N , for a similar reason, the O on OE 
as diamcto will pass through F and G Now since ON and FG 
are equal, and subtend equal OAN, FOG in the O* CAN, 
FOG, the O* are equal , tliereforo ibe diameters OA, OE are 
equaL Again, since ON = FG, ON is given, and AN is I] to 
OD , the point A is given, and hence the bne OA is given in 
magmtude , but OE = OA , OE is gi'v cn in magnitude and 
the pomt 0 is given Hence the locus of E is a O, having 0 as 
centre and 0£ as radius 


PEOPOSmON XXX 

1 Dem — ^Iiot 0 bo the centre Through C draw CG B to 
DA Jom OE, 00, OG Now the L GCO = COE (I xxix ) , 
but GCO =CG0, and CGO = AOG, DOC = AOG , the mo 
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DC a AG (xxvi ) Again^ the L GOB is double GCB (xx ) , 
lut GCB = AEB (I XXIX ), and AEB = COB , because CE 
= OC (hyp ) , GOB is double DOC, hence the arc GB is 
doubl6 CB| and therefore the arc AB is three tunes the arc CD 



2 (1) Let AD be the internal bisector of the rertionl L of 
the A ABC Join BD, CD It is required to proTe that BD 
«CD 



Bern — ^Because the L BAD = CAD, the arc BD & CD (xxvi ), 
and therefore the chord BD = CD (xxrx ) 

(2) Produce OA to E Bisect the L BAE by AF, meeting the 
oircumference in F It is required to prove that the point F is 
equally distant from B and C 

Dem — 3 om BF, CF Now the ^ • FBO and FAC arc together 
equal to two right (xxii ), and FAO and FAE are equal 
to two nght (I xni), the L FBO « FAE Again, 
the L BAF = BCF (xxi ) , butBAF«FAB, BCP = PAE, 
BCF = FBO , BF = CP 

3 Dem — ^TheZ ADB = AD B (xxi ), and the L ACB=ACB, 
but the /.*AOB and DOB are together equal to two nght Z.% 
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and the L* AC'B, D'CB nro togetbor equal io > 

the L DOB = D C'B , nnd hence (I sxxn , Cor 2) tbo 

temnining L* BBC. D BC', ore equal 



4 Dem — Join AD, BB Now because tbo L ACB = BOB, 
the line AD = BB Again, tbo A • BBC, B are togetbor equal 
to two ngbt L • {xxn ), and tbo L • BBC, BBP equal two ngbt 
A»(I xin), the A BAE=BBF, and the ngbt A'BEA.BhB 
are equal , (I xxvi ) AE = BF Hence AC — CE = CF 
-CB, AC + CB = CF + CE = 2 CE, because CFtsCE 


PBOPOSITION XXXII 

1 Let the O* touch in A Through A draw any hue BAG 
It IS required to prove that BAC divides the O* into similar 
segments. 

Deni —Through A draw a common tangent BE , tabo any 



pomtsF, G, in the O' Join AF, BP, AG, CG Non tbo A BAB 
t= APB (sxxii ), and the A C.VE= AGC, but BAB = CAE (I sv ) , 
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AFB = AGO, and hence tbe Begments AFB, AGO are 
simihir 

2 Let the O* touch in A. Through A draw two lines BO, 
FG, meeting the O* in B, 0 , F, G Join BF, CG It is 
required to prove that BF, CG are [1 

Bern — Through A draw a common tangent DE Now it 
may he proved, as in Ex 1, that the L AFB = AGO , hence 
(I Kxvn ), BF ifl II to CG 

3 Dem — Jom AC, BO Now the lines OA, CD, CE are 



equal (I xu , Ex 2) , the L AEG = EAC , hut (xxxii ) EAC 
= BCE, hence the L BCE^BEO, BCE and BEO=2 BEC, 
(I xxxn ) the L CB A cz 2 BEO , but BEC s= CAB, smce CE 
B CA , CBA = 2 CAB Hence the arc AC = 2 CB 

4 (1) See Sequel to Euclid,” Book III , Prop nr 

(2) Bern — Let GBF and ECH bo the tangents to the O* 
at the points B, C Jom CF, CG Now the L CFG =5 FCH 
^I XXIX,) , but FCH =s FGC (xxxn ) , GFO = FGO , and 
hence the chords GO, FG are equal 

5 (1) Let the O* ABC, DBE touch atB Draw a common 
tangent AD Jom AB, DB It is required to prove that the 
L ABD IS right 

Bern — Draw a common tangent BF Now AF = BF (xvn , 
Ex, 1) , the L ABF == BAF , and because BF = DF, the 
ABDF = DBF, the L ABD = BAD + BDA, and hence 
(I \xxii , Cor 7) the L ABD is nght 

(2) Dem —Produce AB, DB to meet the circumferences in 
E, C J om AO, DE Produce ED to G, and draw AG ([ to 
CD 

Now, because the L ADD la nght, EBD is nght, and therefore 
ED is a diameter, and hence (xix ) the L ADE is nght, AD 
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IS ± to EGr Again, since AGr, OD are U, the Z GAE » DBE, 



and IS therefore a nght L • Hence (I xlyh , Ek 2) AI)> 
= DE DG = DE AC 

PROPOSITION XXXIII 

1 (1) Let AB he the base, X the Ycrtical L , and P the X 
Sol — On AB desciibe a segment ACB containing an L cq^nal 
to X (SK^JU } Erect AD ± to AB, and ^ P ThioughD dran 



A E B 


DO II to AB, cutting tho O in 0* Join AC, CB ACB is the 
required A. 

Bern — ^Lot fall a X CE on AB The Tcrtical L ACB =: X , 
AB 18 the base, and the X CE » AD = P 
(2) Let the sum of tho sides be equal to S 
SoL — On AB desenbo a segment ACB containing on L equal 
J X Produce AB to E Cut off AE =5= S "With A as centre, and 
AE as radius, describe a O, cutbng ACB in 0 Join AC, BO, 
and at tho point B m tho line BO juabe tho L EBO = FOB 
AFB 18 the required A 
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Dem— FC = FB(I ti), AO = AF + FB, but AC = AE 
= S , AF + FB = S , and tie L APB = FBO + FOB (I xssu ) 
= 2F0B = X 



(2’) Let bTN be the base, D the difference of sides, and ABO 
(he vertical L . 



Sol — Produce AB to E Bisect the L CBE by BF On 
MN describe a segment MON containing ko. L — ABF , m MN 
tahe MH = D "VTith M as centre, and MH as ra4ius, descnbe 
a O, cutting MGN in G Join MG, NG Produce MG, and at 
the point N in GN make the L GNE = NGK ME2I is the 
required A 

Dem —Produce ME to L, and draw B3» 1| to CtN Now KN 
= KG (I VI ) , MG IB the difference between ’AflT and UK'; 
but MG = MH = D , the difference between MK and NK 
18 equal to D Again, the L PKN = GNK (I xxix ), and 
LKP = KGN , but GNK and KGN are equal (const ) , PKN 
and LKP are equal, and smee the L MKP t= MGN = ABF, 
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tlieZ.LBP=EBF, butLKP=:XKP, andEBP^FBO, PBO 
= KKP Hence the L MKX = ABC 
(3) Let AB he the given base, X the vertical and let the 
cum of the squares of the sides he equal to 2 S» 



Sol — On AB describe a segment containing an Z. =; X Bisect 
AB in D, and erect DE ± to AB , from A inflect AP on DE = S 
(I n , ^ 2} With D as centre, and DP as radius, describe 
a O, cutting ACB m C Jom AC, BC ACB is the A re« 
quired 

Dem.— Jom CD Xov, DP = DC , DF^ =: DC* , AD* 
+ DF* = AD'’ + DC*, AP*, that is S® = AD* + DG*, but 
AC* + CB* = 2AD* + 2D{P (n x,Ex 2) Hence AC*+CB* 
:=2S*’ 

(3 ) LetABbo the hose, X the vertical Z, and D* the diJEerence 
of the squares of the sides 



Sol — On AB describe a segment ACB containing on Z == X 
Divide AB in E, so that AE* — EB* s= D* (” Sequel,” Book I , 
Prop IK } Erect EC JL to AB, and jom AO, BO ACB is the 
A required* 
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Dexn —AO* = AE* + EC*, and BO* = BE* + EC* , 

AC* - BC* = AB* - EB* = D* 

(4) Let AB be tbe base, X Ibe yerticol L , and S the side of the 
inscnbed square 

Sol — On AB desctibe a segment containing an /. = X Erect 



AD ± to AB In AD take AE = S On AE describe a square 
AEFGr Join BF, and produce it to meet AD in H Through 
11 drayr HC || to AB, meetmg the O in 0 Join AO, BO, 
AOB 15 required A 

Dem —Produce EF to meet AC, BO m J, K , and draw JL, 
K&I n to AE Now, JK = EF (I xxxvin , Ex 6) , but EF 
s= AE = JL JK = JL , hence the sides of JKLkI are equal, 
and the Z • are nght (const.) , it is a square, and is inscribed 
in the A ABO 

(5) Let AB be the base, M the median, and X the vortical L 



Sol —On AB describe a segment AOB containing an A ^ X , 
bisect AB in D W^ith D as centre, and a radius equal to M, 
descnbo a O, cutting AOB m 0 Jom AO, BO, DO AOB is 
the A required 

Dem —Because D is the centre of the O cuttmg AOB, DO is 
the radius , but the radius is equal to M , DO = M, and it is 
the median bisecting the base AB 
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2 Let A 1)0 tho fixed point, and 0 tho centre of the-^vcn 
circle. Take any point B in the circTnnferenLe of tho O Join 
AB, and hisect it in C It is required to prove that the locus o! 
Oisa O 



Dem — Tom AO, OB, and throu^ C draw CD Q to OB 
Now AO IS bisected in D (I xl , Ex 3) , but A and 0 are 
given pomts, the point D is given, and smce CD is Q to 
OB, CD OB , but OB is a given hne , CD is given, and 
tho pomt D IS given Hence the locus of C is a O, having D as 
centre and DC as radius 

3 Let AB be the base, and ACB the vertical L About AOB 
desonbe a segment of a O containing an Z « ACB , then the 



circle mnst pass throngh 0 On AO, BO describe equOateml A* 
ADC, B^!G Tom DE It is required to find tho locus of the 
nuddle point of DE 

Dem — On AB describe an equilateral A AFB Jom CP, 
DP, EF Now tho L BAP = DAC, the L BAG = DAF , 
and since DA = AC, and BA == AP, we have DA and AP equal 
AC and AB, and the contamed Z* are equal, hence (L rv) 
"DP es OB = CE Similarly, DO = EP , DCEF is a C3 , 
hence (I xxxiv , Ex J) DE, CP hisect each other in G Now 
P IS a given pomt, and C a point on the mroumferenoo of the 

H 
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Of and FO ib bisected in G , (Ez 2} fbe loons o\ 

4. Let ACBbe a A, whose base and vertical L are giV 
BO deacnbe a Bqnare BEDO It is required to Bnd th^ 



E On AB describe a square ABGF Join EG Now AB and 
BC ss GB and BE, and the oontained Z * are equal , (I xv ) 
the L ACB » BEG , BEG is a given L , and the base BG is 
given, since it is equal to AB , (xxi | Cor i) the loons of E 
18 a O 


PEOPosmoN xxxy 

1 Let ACB he the A About ACB desonbe a O Draw the 
diameter CE, and from 0 let fall a X CD on AB It is required 
to prove that AO CBasOD CE, 



Dem —Join AE Now the L CAE is right (acxxi ), and is 
equal to CDB, and the L AEC « ABC (xxi ) , (L zzxn , 
Cor 2) the L ACE == BOD, and hence (xxzv , Cor 3) AO CB 
«:CD CE 

2 Let ABD he a O, of which AO is the diameter, let AB 
be the idiord of an are, then BC is the chord of its supplement 
jom B to the centre B Let fall a 1 BP on AC, and produce it 



ISEECfISES ON EUCLID 


so JK m ] 

2 Let Ajjg cjrcnmferonce m D It ib r^^umed to prove that 
?=BE.BD 

ABj and 
Cisa ^ 


Dem — Join CD K'owtho L BDC » BAC (xxx ) , but BAG 
£= ABE, andBDC sr BBCf AB£=rDBCt bencethc A* ABE, 

DBCarocqumngulnr,and (xxacv , Cor 3) AB BC=:B£ BD 
3 Let ABC bo a A wboso baso and tbe sum. of whose sides 
are 'given Produce AC to D, and bisect the L BCD by EP 
From A, B let fall X* AF| BE on £F It is required to prove 
thatAF BE 16 given 



Dem — Produce BE to meet AD Bi&ect AB in G Join EG, 
FG Kow because tbe L BCE DCE, and CEB s CED, each 
being ngbt, and CE common, (I xxn ) BE = DE, and BC 
«DC Kow, since Be =D0, AD =AC + CB, hence AD 
IS given , and because AB, DB ore bisected in G, E, GE is 
j] to AD, and equal to bolf AD (I xl , Exs 2 and 5) , that is, 
ts= J (AC + CB) Similarly, GF «= J (AC + CB) , the O, with 
G 06 centre, and GE as radius, will pass through F, and ho 
a given O Produce EG to meet the circumference in II, and 
30m AH Now because AG « GB, and GH ar GE, and the 

h2 
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L AGir= BGE, (I r 7 ) AH = BE, and the L GAH = GBE 
To each add the L GAE, and vre have the Z.* GAH, GAF 
= GBE, GAF , but GBE, GAF are equal to two nght Z", since 
BE and AF are ||, GAH and GAF are equal to two nght 
Z * , hence AH, AF are in the same straight hne Now FGH is 
nn isosceles A, (II vi Ex 6) AF AH = FG* — AGr^, but 
FG IS given, since it is hull the sum of AC and CB , and AG is 
given, because it is half AB Hence AF AH is given , that is, 
AF BE 18 given 

4 Let ABC be a A whose base AB, and the difference of 
whose Bides AC, CB is given Bisect the Z ACB hj CD From 



A, B let foil the AD, BE on CD It is required to prove 
that AD BE is given 

Dem — Produce BE to meet AC in F Bisect AB in G Jom 
EG, and produce it to meet AD in H Jom GD Now because 
the Z BCE FCE, and the Z BEC = FEC, and CE common , 
(I XXVI ) CB = CP, and EB = EF, AF is the difference 
between AO and BO , and because EB EF and GB = GA, GE 
js 0 to AF, and equal to half AF (I xii , Exs 2 and 6) or 
half EH , GE = GH , and the throe hues HG, EG, DG ore 
equal (I xn , Ex 2) , the A HGD is isosceles , hence 
(II Vi Ex 6) AD AH = AGr* — GH* , but AG is ^ven, 
since it IS half AB , and GH is given, because it is equM EG 
s ^ AF , AD AH 18 given , that is, AD BE is given 
6 Let ACD, BCD be two O* mtersecting m C, D At D 
draw a tangent to the O BOD, meetmg ACD in E From G, the 
centre of ACD, let fall a ± GH on DE, and let it meet ACD m 
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A Join AD, and produce it to meet ( CO in B AB is the 
required Irar 

Dam — Drarr AE g to DE^ Join CO, and produce it to meet 



AK Take any otker point L in ACD, ard dnrr WF $ to DE 
Join LD, and produce it to meet BCD m F Join CF, CB Note 
Uie Z EDC ■= CBD (xxxii ), but EDO = AKC (I xxix ), , AEG 
*s CBD, AKBC IS a cyclic qundnhlcraU bencc(xxxv , Cor 3) 
AD DB s= CD DK In like manner LM FC is a cyclic quadn- 
htorai , LD DF -= CD DM , but CD DK m greater than 
CD DM, AD DB IS gnawer than LD DF 
3 3>t AB, AC bo two lines given in position, and P a given 
point* It IS required through P to draw a innavcital, to that 
PE PB = S" 



Sol —Join AP, ard produce it to D, so that AP PD « S* 
OnPD describe a segment of a O PED, cutting AC in E, and 
containing an Z « BAD Join ED, EP, and produce EP to 
meet AB EPB is the required line 
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giren O , 0 draw DOCai X to AB, ond in AP find Q so 

that DP Dft = DO DM Descnbe a O througu P, H touch- 
ing AB m N (Ex 1(1)) This O shall be the one required 


B 



Dem — Join DN, cutting the O QPN in E Now (xxxvi) 
DP DQ^=DE DN, butDP DQ = DM DO, DM DO 
*=DE DN, CMNE IS a cyclic quad , the ^ DEO ts OMN, 
and IB nght , hence E is a point on the O DFO 
Again the I OEN «= O'NE, and OED = ODE , but ODE = 
0*NE , O^N = OED, and OE, 0 E aro in the same nght 
line, the O* touch at E Since wo can descnbe two O* 
through PQ touching AB, there aro two solutions for this figure 
Also, if wo had taken Q so that DP DQ = DM MO we would get 
two other solutions Hence there are four solutions to the problcnu 
3 Let AB be the line, ODE the O, and P the point 
Sol — From P lot fall a X PP on AB, and produce it until 
PG = PF , and through P and G descnbe o O PEG, touching 
CDE (Ex 1) PEG is the required O 
Dem —Because PG is bisoLled at nght 4 • by AB, the centra 
PEGismAB(in) 
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4 Let ABCD be the given O, P, P the points 
SoL — ^Diair a line AB, outbng oS. an arc AB in ABCD equal 
to the given arc Let E be the centre From E drair EF ± to 
AB With E 08 centre, and EF os radius, describe a O FG 
Through P, P' describe a O PP KH, cutting ABCD, in KH 
Join HK, PP , and produce them, to meet in L Through L 
'draw LCGD, a tangent to FG, and cuttmg ABCD m 0, D The 
O through P, P^ 0 will be the required one 



Dem — Join EG Now because PP KH and DCKIT are cydio 
^uads , PL LP' = HL LK = DL LO , hence PP CD is a 
cyclic quad , the O through P, P', C must pass through D , 
and smce Eis the centre of FG, £Fs=EG , AB = CD (xiv ), 
and therefore the arc AB = CD Hence through P, K we have 
described a O PP'CD, interceptmgau arc CD = AB, on a given 
O ABCD 

5 Dem — ^Let 0, 0' be the centres Join 01^ OT Non 



• since OE, OT are each A to EF, they are H to each other , hence 
the Z. DOE « DO F , but the /L BOE is (III xs ) double of the 
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L BAE| and DOT is double of DCF| honco tho I RAE £= 
DOF In like manner, tho ZABE = CDF Hcnco tho A* 
ABE, CDF ore equiangular 

G If r bo tho radius of tho inscribed O of a nght-anglcd 
triangle, by making tho construction, 'W'O see at onco that 2rifl 
equal to the excess of tho sum of tho legs aboro the hypotonusc 

Again, if p, p' bo the nidu of O* touching tho hypotenuse, 
the Jl from tho nght angle on tho liypotonuso, and tho O described 
about tho nghUanglcd A, it follows at onco from tho Demonstra* 
tion, Book YI , Ex 60, thatp + p is equal to tho samo excess 
Henco 2r t= p + p' 


Misoellaneous Exercises on Book III 

1 Lot AB, CD, be two chords of a O intersecting at nght 
A* It 18 required to pro\o that tho sum of tho squares of tho 
four segments is equal to tho square of the diameter 
Bern — Draw BF || to CD Join CB, FD, AF, AD Now 
CB» * CE* + EB2 , but CB = FD (xtvi , Cor 2) , FD«=:CE* 
+ EB», and AD3 = AE2 + ED\ AD^ + FD* «= AE* + EB* 



+ CE® + ED® , but sinco tho L ABP*= AED (I xxnc ), ABF 
18 a nght L , hcnco AF is tho diameter , tho Z ADF is nght . 
AF® = AD" + DF® = AE® + EB® + CE= + ED® 

2 (1) Let AB, a chord of a given O, subtend a nght Z at a 
fixed point P From P, and C, tho centre of tho O, let fall J. • 
P£, CD on AB It is required to pro'io that CD PE is constant 
Bern — Join CP, CA, PD, and let fall a L PQ on CD Now 
AB 18 bisected in D (in ) , the hues AD, DP, DB oro equal 
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(I XII I Ex 2), and AC^ = AD^ + DO* *= DC* + DP* | but DC* 
+ DP* 18 greater than OP by 2 CD DQ (II xin ) , that ib, by 


A 



2 CD PE , AO* IS greater than CP* by 2 CD PE , but AC- 

and CP* are given , CD PE is given 
(2) Join CP, and bisect it in E Erect EG L to OP, and equal 
to CE or PE Produce GE to H, so that EH = EG, and join 
CG, PG, CH, PH Erom C, G, H, P let fall !• CJ, GD, HE, 
PE on AB It IS required to prove that GD* + HK* is constant 
Dem —Because CGPH is a square, GD* + HK* is greater than 
2 CJ PE, by the area of CGPH (“Sequel,” Book II Prop vrn ),. 



but 2 CJ PE IS given (1), and the area of the square is given^ 
Hence GD* + HE* is given 

3 Let the O* intersect in A, B Through B draw a line BCD, 
meeting the 0» in C, D J oin AO, AD It is required to provo- 
that AO = AD 

Bern — ^Because the O* are equal, the arcs AB are equal ,, 
the /.■ ACB, ADB ore supplemental Hence the L • ACD,. 
ADO ore equal And hence AC = AD 
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4 (1) Let AR, AC bo hro fixed tangents, and EF a tangent 
cutting oR \nth AB, AC, an isosceles A AEF AEF is greater 
than any other A AHGr, made by a tangent HG, 'irhioh does not 
out off an isosceles A Mith AB, AC 
Dem — Lot EF, HG intersect in J Join OJ, OB, 00, OD, 
OG, OH, and produce OH to L Now", becruso AB =s AC, and 
AE = AF , BE *= OP , but BE *= DE, and OF = DF, DE 

e= DF , JF 18 greater than JE 


A 



Again, tho L HOG = BOD, because each s= ^ BOO (mii, 
Ex 9), and HOJ = J BOD , HOJ = JOG, and the L HJO 
= KJO, nnd JO common , (I xxvi ) JH = JK how 
tho L LHG is greater than HGO , but LUG == GKJ, bccauso 
thoy ore the supplements of tho equal OHJ, OEJ, GEJ 
18 greater than J GE , JG is greator than JE , JG is greater 
than JH, and JF is greater thnn JD, the A FJG is greater 
than EJH To each add tho figure AGJD, and \ro havo tho 
A AEh greater than AHG 

(2) Lot tho tangent bo drawm below tbo O, making an isosceles 
A with the fixed tangents, then it can bo shown, as in (1), that 
the isosceles A is less than tho A formed by any other tangent 
w Inch does not cut off an isosceles A with tho fixed tangents 
6 Dem — Join CF, DE, AB Now tho L ■ ADE and ABE 
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are equal (xxi ), and ACP, ABF equal > AEE, ACF ore equal, 
OE ifl B^to DF, CEEP js a O, and (I xxxrr ) OD 
= EF 

c 6 See Book I ^ Miscellaneous Ex 45 
7 Let tlie sides of the oyolio quad ABCD he the diameters oi 
tour O* It IS required to proye that those O* intersect m lour 
conojoho points E; F, G, H 

Bern — Dravr the diagonals AO, BD, and let fall AE, BF, 
OG, BH on AO, BD Join HE, EF, FG No\y, because the 
4* AHD, CElD ore nght, the O* on AD, CD, os diameters, ^nUl 
pass through H In like manner the O* on the other sides unll 
pass through E, F, G And since the /. * AHD, AED are nghf^ 



AHED 18 a oydlio quad , the Z • AHE, ADE ore together equal 
to two nght I * (xxii ), and the ^ » AEE, FBGE are equal to two 
nght the I ADE = FHE Similarly, BOP gt EGF , hut 
ADE = BOP (xxi ) , FHE « EGF And hence (xxi , Cor 1) 
the points E, F, G, H are concyclio 
8 Let ABOD be a cyclic quad Draw the diagonals AO, BD 
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It IS reqtured to prove that the orthocentres of the A* ADB) 
ACB» CiD, CBD aro the angular points of a quad« irhich zs equal 
to ABCD 

Dem —From D and C let fall X* BE, GF on AB Lot C ^ D ^ ^ 
he the orthocentres of the A* ADB, ACB , and let A', B', he the 
orthocentres of the A* BOD, ADC Jom C D , D A , A'B , B'C' , 
and &om 0, the centre, let fall a X O'Sl on AB 

Now 011*=^ CD' (** Sequel,’* Book I , Prop xn, Cor 3) 
Similarly OM = ^ (I'D , CD' ^ G'D, and they are parallel , 
hence DCD C is a O, DC s: D'C In a similar manner it 
can he shown that tbo other sides of A'B C D' are respcctiTelj 
equal and £ to the remaining sides of ABCD Hence A^ C D' 
=rABCD 

9 Let the O* intersect m A, B Through A draw ACD, 
AEF, cutting the O* in C, E, D, F Jom EC, FD, and pro- 
duce them to meet in G It is required to prove that EGF is a 
given L 

Bern — Jom AB, BC, BD Now the iC* BAE, BCE ore equal 



to two nght I « (vtn ), and BCE, BCG are equal to two right I » 
(I xni), B^ = BGG Similarly BAE = BDG, •• BCG = 
BDG, and hence (xxi , Cor 1) the points B, 0, D, G are concjdic, 

the I CBD =s CGD Again, the 21 • ACB, ADB are given, 
smee they are in given segments, and the L CBD is equal to 
ACB — CDB , CBD is a given Z , that is, CGD is a given 
I 

10 See “Sequel to Euclid,** Book III, Prop x 

11 Let P, P* he the points in the O 

Sol —Jom PP Bisect it in D Join D to the centre E, and 
produce it to meet the cxrcumference in C, A C, A ore the pomts 
required. 
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Tnko any other point B m the ciroUmforence Join BP, BP' 
CP» CP', BD Now because E is the centre DC is greater than 
DB, 2 DC^ IS greater than 2 DB* To each add 2 DP*, and 
we have 2 DC* + 2 DP* greater than 2 DB* + 2 DP* , but CP* 
+ 0P*e2DC*+2DP*(Il x,Ex 2), and BP* + BF* « 2 DB* 
+ 2 DP* , CP* + OP'* 18 greater than BP* + BP'* Hence CP* 
+ CP * IS a maximum In like manner it can be shown that AP * 
+ AF* IS a nunmmm 



12 Let ABCD {see fig , Ex 7) be the quaa Draw AO one of 
the diagonals , and from B, D let fall BP, DH on AC It is 
evident from the proof of 1^ 7, that DH and BP are the common 
chorda of the O" on CD, AD, and on AB, OB as diameters, and 
that they are || 

13 See Sequel to Euchd,’» Boot III , Piop xi 

14 Let ACB be the A, and CD the internal bisector of the 
vorhcal Z It is required to prove that AO OB e? OD* 
+ AD DB 

Dem —Describe a O about ACB Produce OD to meet the 
oircumferenco in B, and join BE Now the I ACE « BOB, and 
CAD := CEB (xxi ) , (I xxxn , Cor 2) the A* AGD, BCE 
are equiangular , hence (xxxv Cor 3) AO OB = EC OD , but 
EC CD = ED DO 4* CD* (II ni ), and ED DO « AD DB 
(XXXV ), AO OB e CD* + AD DB 

16 Draw BD, OD tangents to the O* It is required to nrove 
that BDO is a given Z 

Defxn.— Jom AE, BE, CE Now the Z DCE = CAE (xxxn ) 
and DBE « CAE , DGE = DBE, and CPD t= BFE (I xv ) 

CDF c= BEP , but BEF = ABE — ACE (I xmcit ), and 
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ABE and ACE aro giTon tho Z BEF| that is, CDF, is- 

given 


16 Let AB, a chord of a gi\ cn O, pass through a giyen point 
P , at A, B tangents AD, BD aro dravm It is required to prove 
that the locus of D is a right lino 
Eem — Let E he the centre Join ED, EP Produce EP, 
and from D draw DF ± to it Now, denoting the radius by 




E, we have (xvii , Ex 8) DE EGs=E*, hut because the Z* 
DGP, DFP are right, DFPG is a cyclic quad , and DE EG 
e= FE EP , FE EP = E“ , FE EP is given, and EP is 
given , EF is given , hence F is a given point, and FD is ± 
to EF , FD is a line given in position Hence the locus of 
D IS a right line 

17 Let ABC bo the A Describe a O about ABC Bisect 
the Z BAC by AJ, and produce it to meet the ciioum* 
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forenco xn D Through D draw tho diameter DE Erom A lot 
fall a X AL on EC Produce AC to G , and let fall !• DP, DG 
on AB, AG, then CG « J (AB - AC) (Dcm of xxx , Ex 4) 
It 15 required to prove that HL *= CG* 

Dem — Join PH, GIT, DO, OE, EA, and from A let fall a 



1 AM on DE Now tho L E.VD is nght (xxxi }, and ElIJ is 
nght, EAJH IS a cycbo quad , ED Dll &= AD DJ , hut 
becauBO the L ECD is nght, and OH X to ED, ED DU = DC* 
(I xlyiXjEx 1), AD DJa^DC^lmd AD DK e= DG’, 
hence, bj subtraction, AD JEkCG", and sinco tho A* ADM, 
HJEaro equiangular, wohavo(xxxv , Cor 3) AD JK=IIJ AM 
t=HJ HL Hence HJ HL^CG’ 

18 Tho rectangle contained by tho distances of thopoint where 
tho external biECctor of tho vortical L meets tho base, and the 
point whero the X from Gio vertex meets it, from tho middle point 
of the base, is equal to tho square of half the sum of tho sides 
Let the same construction ho mndo os in Ex 17 JoinEA, 
and produce it to moot BO produced in N , then EA is the ox- 
tcmal bisector of tho vortical L (xxx , Ex 2) It is required 
to prove HN HL = AG* 

Doxa — ^Through 11 draw HO J to AD, meeting EN in 0, and 
A2^I in P Now tho L* NOH, A^(D nro equal, each being nght, 
and tho L VAJ « PH J (I xxxn ) , tho Z MDA *= ANH, 
tho A* UNO, AMD aro equiangular, (xvxv , Cor 3) 
HN AM = DA 0H,but AM = nL,andOH«AK, HN HI. 
*= DA AK , but (I xLvii, Ex 1) DA AE t= AG* Hence 
HN 1IL«AG* 
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19 Lot ABCD bo a cyclic qnad Produce AB, DO to meet in 
E, and AD^ BC to meet in F Join EF, and from E, F dniAV 
tangents t, V to tbo O described about ABCD It is required 
to prove that EF® = 

Dem — ^Abuut tbo A CDF desenbe a O CDFG, cutting EF 



in G Join CG Novr (xxit ) the L* BAD, BCD are together 
equal to Uo ngbt l \ and tbo DF6, DCG arc equal to two 
right £• , tbo 4* BAD, BCD, DFG, DOG are equal to four 
ngbt 4» , and tbo 4* BCD, BCG, DCG aro equal to four ngbt 
4 • Reject BCD, DCG, and wo bavo tbo 4 BOG = BAD + DFG 
To each add tbo 4 BEG, and wo getBCG + BEQnsEAF + AFE 
+ AEF, honco tbo 4* BCG, BEG nro cquol to tno ngbt 4* 
BCGEiaaojcboquad , FE EG = DE EC = (xxxn ), 
andEF FG = BF FC « ^ l,ut EF» = FE EG + EF FG, 
EE*^ = 

20 Let AB bo a given bno, CDE n given O, and DEJ a 
vanable O, touebmg CDE in D, and AB in J It is required to 
prove that JD produced passes through a given point 

Dem — From the centre F lot fall a ± FH on AB, and produce 
it to meet tbo O in 0 Let G be tbo centre of DK J Join FG, G J, 
CD, DJ, and produce JG to L Now (vx )thc 4 LGDs:2 GJD 
= 2 GD J, and tbo 4 EFD = 2 FDC , but LGD « EFD (I xxix ), 
GDJ == FDC, JD and DC are in ono straight lino , that 
IS, the chord of contact JD produced passes through tho fixed 
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point C where the L from the centte of the given O on the given 
lino meets the arenmfcFcnce 
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Join EO| E*C^, and produco thom to meet in G Produco 
FB' GE to moot m P', and FB, GE' to meet in G 
NoTTtbo L BDB = BOE (XXI ), and BD'E'^BO'E', but 
B'D'E' = DD'F (I XV ), and B C'E' == GC'G , hence the L DFD' 
C5 OGO', and (xxi Cor 1) the four pointa F, G, F', G' are 
concvclic 

23 Lot ABOD bo a oyclio quad , such that a circle con 
bo inscribed in it It is required to prove that the lines A^B^ 
C'DS joining tho points of oontacti are perpendicular to each 
other 

Dorn — Because AO' and BD' nro tangents, if wo produco 



them until they meet, they will bo equal, tho L AO'D^ 
t= BD'C' Toeachaddtho L OD'C', and wo havo AC'D'+OD (J 
c BDC' 4 OD'C , but BD'C' 4 OD'C' equal twonght 
AO'D 4 OD 0' equal two nght L • Similarly, AA B 4 CB'A' 
equal two nght L ■, and (xxn ) DAB 4 DOB equal two nght L % 
tho sum of those six is six nght ^ and those 4% to- 

gether with tho 4* A 00 4 BOD' equal eight nght 4", 
A 00' 4 BOD' equal two nght 4», but A 00' e= B'OD' 
Honoo each is nght, and therefore A B' and C D ore X to each 
other 

24 Lot ABOD ho a cyclic quad , AO, BD its diagonals intor- 
seotmg in E Through E draw tho minimum chord FG (xv , Ex 
1) It IS required to ])rovo that EH s: E J 

Dem — Through 0 draw OZ || to FG, and join ZE, ZD, ZD 
Now, hcoause FG is bisected m £, and CZ is || to FG, EO 
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= EK, and the L JEO « HEK , but JEC « ECK, HEK 
= ECK , but ECK = ADK (xxi ) , BEK = ADE, and 


A 



HEDK xs a oyclio quad , the L HDE » HEX , but 
HDB = ACB (sxi ) , HKE = ACB And the EHE, 
E JC have two L * and a side in one equal to tw o Z. * and a fiido in 
the otlior Hence (I xxvi ) EH = L J 

25 See •* Sequel to Euclid,’* Book VI , See i , Prop xv (3) 

26 Sco Sequel to Euclid,** Book III , Prop xx , Cor 2 

27 Let AB, AC, BD, CE bo four linos forming four A* ABD, 
ACE, BEF, DCF About the A* BEF, DCF two 0« are 



desonbed inforBOcting in P, G It is required to pro\o that the 
O* about the A* ABD, ACE will pass through G 
Dexn —Join GB, GF, GD Now the L BEF = BAG + ACE , 
but ACE = FGD (xxx ), BEF « BAG + FGD, BEF 
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+ BOP = BAD + BGD , but (xxn ) BEP + BOP equal two 
right /•, BAD + BOD equal two right hence the O 
about BAD will pass through O Similarly the O about ACE 
will pass through 0 

28 About AYZ, OXY desenhe O* intersecting in 0 It is 
required to prove that the O about BXZ will pass through 0 

J>em — Join OX, OY, OZ Now the L ■ ZAY + ZOY equal 
two nght (xxit), and YOX + YOX equal two nght Z*, 
those four L* equal four nght and the three Z* ZOY, 



YOX, XOZ equal four right /■, hence the L XOZ «= ZAY 
+ YCX , ZOX + ZBX = BAG + ACB + CBA, and equal 
two nght L * Hence the O about BXZ will pass through 0 

29 Dem — Join OC, OB Now, because the points 0 and 0 
are given, the line 00 is given in position, and YC is given in 
position , the L YCO is given , (xxi ) the YXO is given. 
In like manner OXZ is given, hence the L YXZ is given 
Similarly, it can be shown that the Z* YZX and X7Z are 
each given 

30 Let X YZ be a given A , and A, B, C three given pomts 
It IS required to place a A equal to XYZ whose sides shall pass 
through A, B, C 

Sol — Join AB, AC, BO On BC, AC describe segments con- 
taining L " respectively equal to the Z • X, Y Jom 0, O', the 
centres On 00' describe a senuoirolo, and in it place a chord 
) D r= J XY Through C draw A B' || to 0 D Jom B' A, 
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A'B, and produce them to meet iti C' A B'C' is llio rc<^iurcd 
A 

Dem — From O' lot fall a JL OT on A'B' Join OD, and pro- 
duce it to meet A'B' m E Now tho L ODO IB nght (xxxi). 



OEF IS nghtf hcnco (iii } B'C is bisected in E, and CA' is 
bisected in P , B'A' « 2 KP = 2 O'D , « XT , and since tho L • 
A\ B' = X, T respectively, tho A A B'C' =s XYZ 

31 Let XYZ bo tho given A , and AB, AC, BC the given lines 
It 18 req^mred to place a A equal to XYZ, ^vhoso vortices sball bo 
on AB, AC, BO 

Sol — Through tho points X, Y, Z, desenbo n A X'Y Z' equal 
to ABO (Ex 30), and in BC take BA « Y'Z , in BA take BC' 



« Y X, and in AC take B 0 « XT Join AO)', B O', C'A 
AT3 C' IB tho A required 
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Dem — Because A B « T'Z, and B(7 = XT', and the L A'B C' 
= XY'Z, (I iv)A'C'r=XZ Similarly A'B' = YZ, and B'C" 
= XY Hence the A A B'C' = XYZ 

32 Let ABC be the given Ay and Xy Yy Z the three points 
It IS required to conslniot the greatest A equiangular to ABC^ 
whose sides shall pass through X, Yy Z 

Sol — Join XZy YZy and on them desonbe segments of 0‘ con^ 
taming ■ respectively equal to the B, 0 Through Z draw 



B O' n to the line joining the centres Join B'Xy CTy and pro* 
(luce them to meet in A' A B 0 is the A required 

Pern — Through Z draw any other line DE Join DX, EY| 
Olid produce them to meet in P Now {xsj) the I EDF 
= C'B'A'y and the L DEF = B'C'A', and the side B'C greater 
than DE Hence the A A B'C' is greater than DEF (*' Sequely” 
Book m y Props XV , xvx ) 

33 Lot ABy AOy BC be the three given hues, and A'B'O' the 
given A It IS required to construct the minimum A equi* 
angular to A'B O', whose vertices shall be on ABy AC, BC 

Sol — On BO describe a segment of a O containing on L equal 
to the sum of the h! On AB descnbe a segment contom* 
mg an L equal to the sum of the Z ■ Cy C' From D lot fall 
!■ DEy DFy DO on ABy ACy BO Jom FG, EF EFG 
18 the required triangle 

Pern — ^The L CDB « A + A' (const ) , but CDB » A -f DCF 
+ DBE , A' « DCF + DBE Agam (const ), FOOD and EBGD 
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are cyolio quads , tbe L FCD « FGD, and DBE = DGE , 
hence the Z. FGE = FOB + DBE , hence the L FGE = A' Simi- 



larly GPE = B', and GEF = O' Iherefore the A FGE is equi- 
angular to A'B'C 

Draw any line DG', and dra^ BF', BE', making each of the 
Z» FBP , EBE equal to GBG' Jom G F, F'F, KG' Now 
the L FBF' = GBG' To each add FBG, and we have the 
L FBG' = FBG To each add the ^ F CG, and we get F'BG' 
+ F OG' = FBG + FOG, but FBG + FOG := two right , 

FBG' + FOG' = two nghtz:*, hence FCGB is a cyclic 
quad , the L F'G'B = FOB , but FOB has been shown to 
be equal to FGB , F'G B = FGB Similarly E'G'B =» EGB , 

F'G'E' « FGE In like manner GF F = GFE, and F'E'Gj 

FEG Hence the A* F'E G', PEG are equiangular, and smce 
BG' IS greater than BG, and BF greater than BF, and the 
L G'BF' = GBP, the side G'F is greater th an GF , the 
A F'E'G is greater Inan FEG Hence FEG is a nununum. 

34 Let 0, O', 0" be the centres of the given O* It is re- 
quired to construct the greatest A equiangular to a given one, 
whose sides shall touch the three cnrclos 

Sol "^Through the points 0, 0' 0", describe the maximum 
A ABO, equiangular to the given one (Ex 32) Braw tangents 
A B', B'O', O'A' respectively [j to AB, BO, OA A'B 0' is the 
required A 

Dam —Prom A, B, 0 let fall 1* on the sides of the 
A A B O' Because the L • about B are together eg^ual to fout 
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ngbt Z.», and that tho EBA, EBO are each right, tho 
/.■ EBB', ABC are together equal to two nght hut ABC 
16 a given L , EBE^ is given, and the sides BE, BE' are 
given, sinoe they are equal to the radii of the O* 0 , 0 " Hence 
the iigure EBEB is given in magnitude Similarly the figures 
ADA'D', CPC'F' ore given in magnitude Again, since the 



A ABC IS a maximum, tho side BC is a maximum, therefore 
BGFE' muBt he a maximum, because it is contamed hy BC and 
BE', which 18 a given line, being equal to tho radius of 0 " 
In like manner each of tho figures ABED, ACF'B' is a maximum 
Hence the whole figure A B 0 ' is a maximum 

86 Let AB, AC, t\\ o sides of a given A ABC, pass through 
two fixed pomts P, F' It is required to prove that the side BO 
touches a fixed circle 

Hem — Jom PP Desenhe a O about tho A APP Draw 
the diameter AD, and join DP, DP From D let folia i. DE on 
BC, and produce it to meet the O in F Join AF, and let fall 
a ± AGr on BC 

Now smee the points P, P' are given, PP' is a given line, and 
the L PAP' IS given , hence (xxi , Cor 2 ) tho circle PAP' is 
given , and because the EBP, EDP are together equal to two 
nght and EDP, FDP are together two nght L\ the 
L FDP = EBP, and is therefore a given L , hence the arc PF is 
given, and F is a given point Agam (xx\i ) tho L AFD is 
nght, and FEC is nght , hence AFEG is a O , EF s= AGr , 
but AC 18 given, emce it is the X from the vortex on tho 
base of a given A , £F is given, and the pomt F is given, 


123 


BOOK in J EXEROTSES 0!N EUCUCD 
hence the locus of E is a O, hanng F os a centre, and EF es 



radios Hence the base BG touches a fixed O 
3$ Let the sides GA, GB of the A ABC touch fiixed O* It is 
required to prore that AB touches a fixed O 
Dejjx. — Through the centres 0, 0' drair g* A'O', B'C' to AC 
BC Jom 0, 0 to the points c£ contact D, £ , and throng 
A, B, CdrairAP, BG, CH, CJ, ^toOiy^OS 

Xow the ABAC B'A'C ; BA'C is giTcn, and the A AFA' 
15 Tight, • the A AA'F is giren in species, and the side AF is 
given, hemg equal to OD , AA', A F are each given Agam, 
the A* ACB, HCJ are equal to trio nght A«, hut ACB is given 



w HCJisgivcn,andfhesdcsCH,CJaregrven, HGJG'isa 

given figure , C*B[ is given, and HF is given, bemg equal to 
AG , A'C IS a given hue Similaily B'C' is given, and A'B' 
IS given, the A AB C' is given Andhence (Ex 35) AB' 
touches a fixed O ’ 

37 let P be the given point, and 0 the centre of the O. 
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Sol — Tom FCj and on it doscnbo an equilateral A PAC 
Draw PD, bisecting tbo I APO From B lot foil a X BD on 
PC, and produco it to moot Iho O in E Tom EP EPB is tbo 
required A 

Eem — BD c= ED (ni ), and DP common, and the L BDP 
= EDP, (I IV) PB = PE, and iho I BPD = EPD, but 


A 



BPD 15 J an Z of an equilalcral A , EPD is J an Z of an equi- 
lateral A Hence EPB is an Z of an equilateral A, and the 
L PEB e PBE Hence the A EPB is equilateral 

38 Let P bo tbo given point, and C, 0' tbo centres of tbo 
gi\ on O* It 13 required to construct an cquilaterul A , having 
Its vertex at P, and tbo oxtronutics of its baso on tbo circum- 
fei cnees of 0 and C 



Sol — Tom PC, and on it doscnbo an oqmlatoml A PAC 
With A as centre, and a ladtus equal to CD, desenbo a O, cut- 
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•L lo f HI B Jom ABj ond at flia point 

PB BEP IS the reimred A 

*n A V ft Till A'R c: GS* flixi tJllO ^ BA.X 

Dem — BecatiBO Ax = ^ ^ ^p-p 

- EOT (I IT ) the base BP = EP, and the L BPA = OPE 

m 'i aHH fliB L APE the angle BPE = CPA, hence BPE is 
To each add the L Arx», . , ° -d-d ht? tv« a ppE 
aa A of an equilateral A And since PB = PE» the A i 

08 equilatoraL . t 

39 Let ABC he a given A It is required to place it so that 
Ota Bides shall touch three given O' 0, O', 0" 

Sol —If two sides of a A equal to ABO touch two O' 0, O', 
the third must touchafixedO (Ex 36) Let PF ho the fixed O 



3)rti\r PE a common tangent to 0" and PP' (xvir , Ex 10) 
Through 0, O' draw OE'^ O'P', znceiing PE produced, and 
jnakuig the it » OE'P', O'P'E^ respecUvcly equal to the I* 
CBA, CAB At 0, O' draw OP, 0 O at nght Z. • to OE', OT) , 
and ^ou^ E', Q draw EF, PF, touching the O* PEF is the 
A required. 

Pern.— Because each of the A* E'OF, EFO is nght, E'O, 
EF are J , the L PEF'^PEO, and equal CBA Simi* 
larly, EPF e CAB PCeuce PEF is the A required 
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40 Let ARCD be a gnen quad It is required to desonbe a 
square about it 

Sol — On ADy RO 9 two opposite mdes^ os diameters, descnbe 
O* AED, BFO Biseot the semicircles AED, BFO m E, F 



Join EF, and produce to meet the O* again in OH Join HB, 
QA, and produce them to meet in J Join CD, HC, and produce 
them to meet in E GJKE is tbe required square 

Dem — Because the arc AE DE, tbe L AGE =: DGE , but 
the L AGD is right (xxxi ), AGE is half a nght L In like 
manner BHP is half a nght L , AGE = BHF, JH = JG 
Similarly, KG «= KH , hence the sides are equal, and the L ‘ ore 
evidently nght Therefore GJHK is a square 

Zttnma — ^To find a pomt 0 in a A ABO, such that the L BOO 
may exceed the L BACbyagiven ^X, and that the L AOC 
may exceed the L ABO by a given L T 

Sol — On BO descnbe a segment of a O containing an L equal 
to BAO + X, and on AO descnbe a segment containing an L equal 
to ABO + Y The pomt 0, lu which these segments mtersect, is 
evidently the required one 

41 Let ABOD be a given quad It is required to inscribe a 
square in it. 

Sol — ^Produce AB, DO to meet in E, and AD, BO to meet in 
F In the A AED find a point 0, such that the L AOD is equal 
to AED, together with a nght 4, and that the L DOE is equal 
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to DAE, together ■vath half a right L (Lemma) , and m AFB 
a pomt O', so that the L AO'B « equal to AEB, together ^ith a 
nStt L , and the L AO'F = ABF, togethennth half a right £ 

Describe a O through the points 0, O', A, cutting AF, AE in 



(x, H Through 0, G, D desenbe a O cutting DE m J , and 
through 0^ B desenbo a O} cutting BE in I Join 6J| JX 
IE, EG GJIE IS the required square 

Dem — Join OG, OS, OJ Kotf^ho difference between tho 
I ■ AOD and AED is equal to n right JL (const ), and AOB 
— AEB EAO + ODE , hence EAO and ODE are together 
equal to a nght L , hut EAO = EGO (3x1 ), and ODE = OGJ, 
hence the L EGJ is nght. Similarly, by joining JE, it con ho 
shown that GJE is half a nght L , GE = GJ Similarly, it 
con he shown that the L GJI is nght, and that GJ=sJI Bence 
GJIE la a square 

42 (1) L^ma — To find the radical axis of a O and a point. 
Let A be the centre of the O, and B the point* 

Sol — -Jom AB, and divide it in C, so that AC* - OB* is equal 
to the square of thomdiusAE (“ Sequel,” Boot HI , Prop ix ), 
Erect CD X to AB CD is the required radical axis 

Deni.--Draw DG a tangent from any point D Jom DB 
Draw CE a tangent, and join AE AG* - CB* = AE", 
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AO» - AE^ « CB^ , that is, CE» = CB% CE* + CD» c:. OB« 



+ CD», butCE* + CD3«GD*^** Soqucl/* Booklll , Prop xxi ) 
and CB^ + CD^ *= DB^ * D(P = DB* Hence CD is the xadic^ 
axis (xTu , Ex. 6} 

Sol — ^Lot G bo the centre of the O, and A, B the points 
Jom AB, and bisect it in D Erect DE X to AB Join AO, 



and find (ho radical axis PE (Lemma} of the O and the pomt A, 
and let it cut DE in E E is tho centre of the required O 

Dem — ^From E draw tho tangent EC to the O Jom 
EA, EB eg ts EA (Lemma}, and £A =s EB , EA, EB, EG 
are equal , and tho O, ^nth E ns centre and EA as radius, \nll 
pass through B, and out the given O orthogonollj izx G 
(<< Sequel,” Bool III , Prop xxu ) 

(2) Zemma — ^To find the radical axis of two O* Let A, B 
be tho centres Jom AB, and dindo in E, so that AE* 
- EB^ IS equal to the difforcnco of the squares of tho radu. 
Erect EC ± to AB From C and E draw tangents CD, EE, 
CG, EJ to A and B Jom AH, BJ Now AE* - EB- e= AH? 
-- BJ3, EH» = EJ% CE^ + EH* = CE* + EP , henco 
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Sequel,” Book III , Prop xsi ) CD^ = CG* Hence EC la 
radical axis of tlie O* 

Sol — ^Let A| B be the centres, and P the point Join AB, 



and £nd the radical axis CE {Lemma) Join BP, and Rnd the 
radical axis CF of the point P, and the O B From C, vhcre 
OE, OF intersect, draw tangents CD, CG to A and B Join CP 
0 18 the centre of the required O 

Hem -*-Smce CE is the radical axis of the O* A, B, CG=CD 
(Lemma ) , and because CF is the radical axis of the O B and the 
point P, CG = CP , CG, CD, CP are equal, and therefore 
the O, whose centre is C, and radius will cut the O” A and 
B orthogonally Sequel,” Book III , Prop xxi ) 

(3) Let A, B, 0 the O* Find DE the radical axis of A 



and B, and DF the radical axis of A and 0 From D, where 
DE, DF intorseoi, draw tangents to A, B, C Now these tan* 
gents are equal , and the O, with D as centre, and one of them 
08 distance, will pass through tho ends of the other two, and 
will out the O* A, B, 0 orthogonally (” Sequel,” Book HI, 
Prop XXI ) 
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43 Dem — Jom BD, AE, and let thorn intersect m 0 Join 
CO| and produce it to meet AB in H 
Now- (xxxi ) each of tho L ■ ADB, AEB, is nghtf BD, AE 
nro X* to AO, BO, henco (xxn, Ex 10) CH is X to AB 
Nott (xxi, Cor 1) AHEO is a cyclic quad , (xxxvx) 



BO BE a BA BH And since BHDC is a oyclio quad , 
AO AD a AB AH Adding, \ro got AO AD + BO BE 
= AB(AiI + BH)aAB» 

44 Dom — Jom AE, BF, CG, DH Now (xxn ) tho 1} AEF, 
ABF nro together equal to two nght and similarly the A® 
AEH, ADH arc together equal to two nght L ■ , hence the sum 
of those A* is four nght and the sum of tho ^*A£F, AEH, 



FFIT IS four nght f ■ , tho A FEU » ABF -f ADH In liko 
manner the A FGH a FBO + HDO , the A* FEH and FGH 
a ABC and ADC, and aro equal to two nght A*« Honco 
(xxxx , £x 1} EFGH is a cyclic quad 
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46 Bern — Describe a O about ABC Take any point M xn 
the ciTcumferonce Join MA, MB, MO It is required prove 
that MA = MB + MC Produce BM to D, so that MD = MC 
Jom CD Now (xxn) the L* BAG and BMC axe together 


A 



equal to two nglit L and BMC, DM0 are together equol to two 
nght DM0 = BAG, and is an of an equilateral A , 

and because MC == MD, MCD is ten equilateral A 

Again, because BMCA is a cyclic quad , Ibo L MBO MAC, 
and ABC s AMC, but ABC » MDC, since each is an A of 
an equilateral A, AMO MDG, hence (1 xxyt) the 
A* AMO, BDG axe equal, Ahl ^ BD , that is, AM » MB 
+ MO 

46 (1) Let ABC be a A, the sum of whose sides AB, AG is 
given, and the L BAC, both in magnitude and position About 
A ABC desenbe a O It is xequirod to prove that the locus 
of its centre F is a nght line 

Bern — Bisect the arc BC in D Join AB Let fall a ± DE 
on AB From F let fall a ± FG on AD Now AE J (AB 
+ AC) (xxx , Ex 4) , hence AE is a given line , E is e 
given pomt And since DE is ± to AE, at a given point, DE is 
given in position , and because the I BAD := BAO, BAD is a 
given A , AD is given m position, and DE is given in posi- 
tion , D IS a given pomt, and the pomt A is given , lienee AD 
IS a given Imo, and (nx ) AD is bisected m G, G is a given 
point, and FG is a A from a fixed x>omt to a line given in 
position , hence FG is given in position Henco the locus of F 
18 the line FG 


the diameter Join £A, and from E, F let Ml 1 * EG, FH on 
AJB and AE 

No\r the line AG 10 giron, for it is equal to i (AB ^ AO) , 

EG, \rhich is ± to it, is given in position, and EA 10 given 
in position, since it is JL to AD , E is a given point, and EA 
18 hisoLtcd in n (ill ) , FH is given m position Henco the 
locus of F IB the line FH 

47 ( 1 ) Let 0 he the centre of the given O, and A, B the 
points It IS rcqmrcd to desenbo a O which shall pass through 
A, B, and bisect the circumference of the given O 

Sol — Bisect AB in 0 Join CO, and divide it in D, 00 that 
CD® — OD® ta B® — BC® (B being tho mdius of the given O) 
Elect DE, CE, to OC, AB, and ]om AE, BE, OE E is the 
oontro of the required O 

Dem — The A* AOE, BCE are equal (I iv») , AE «= BE , 
hence the O, with E os centre, and AE as radius, will pass 
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thTOugli B Let it cut the given O m G, H Join OG, OH, 
EG, EH Novr CD« - OD* = E* - BC* , CE* - OE* = E» 
- BC®, BG® + CE® = E® + OE® , that ib, BE® = E® + OE® , 
GE® = E® + OE® , but 0G:= E , GE®= OG® + OE® , hence 
the L EOG is nght Similarly EOH is a nght angle, OG 
and OH are in the Eame straight line , hence G ^ ^ diameter 
of the given O Hence the circumference of the given O is 
bisected by the O ABH in the points G, H 
(2) Let A be the given point, and 0, 0' the centre of the 
given O* It IS xeqmted to descnbe a O passing through A 
which shall bisect tbe circnmferences of the O* whose centres 
are 0, 0^. 



Sol — Jom AO, and divide it in B, so that AB® -- BO® = E® 
(E being the radius of the O whose centre is 0} Jom AO', and 
divide It m C, so that AC® ~ CO'® *= E ® Erect BD, CD ±* to 
AO, AO Join AD W'lth D as centra, and AD as radius, 
describe a O EA6, cuttmg the given O* in tbe points E, F , 
G, H This IS tbe O required 

Dexa —Jom OE, OF, O'G, O'H, OD, FD How AB® - OB® 
= OF® (const ), AD® - OD® = OF®, AD® = OD® + OF® , 
that is, FD® = OD® -f- OF®, the L DOF is nght Similarly, 
the L DOE is right, OE and OF are m the same straight Ime 
Hence EF is the diameter of one of the given O* In like mon- 
ner-GH is the diameter of the other given O Hence the cir- 
cumferences of the given O^are bisected by tbe O EAG 
48 Let a O, whose centre is D, bisect the circumferences of 
two given O* in the pomts E, F, G, H It is zeg^uized to find 
tbe locus of D (See last diagram) 
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Sol — Join EE, GH Novr sinco the circumferonces are'bisecti'd 
in E , G, H, the centres, must he in the lines EE, GH Bisect 
these lines m 0, 0' Join 00 , DO, DO' Erom D let fall a 
± DJ on 00' DJ IS the locus of D 
Pern — Jom DE, DH Now (in ) the L DOF, DO'H are 
nghf^ DE* = DO* + OE*, and DH* « DO'* + O'H* , but DF* 
eDH* DO* + OE*, =DO* + OH*, DO* -DO'* = OH* 
— OE* , hut OH* - OF* IS given, since O'H and OF are the 
radii of two given 0% DO* — DO'* is given, OJ* - 0 J* 
IS given , J is a given pomt, the Ime DJ is given m posi- 
tion Hence the locus of D is the line DJ 
49 Let 0, O', 0" be the centres of the given 0>, and B, B', 



B" their radii It is required to desenbe a O which shall bisect 
the circumferences of the given O* 

Sol — Jom 00 , and divide it in G, so that OG* — O'G* = B'* 
— B* Join 0 0 , and divide it in H, so that 0 'H* — OH* 
= B * — B"* , and at G, H erect GJ, HJ, I* to 00 , O'O ' The 
pomt J, where these mtersect, is the centre of the re- 
quired O 

Pern — Join OJ, 0 J, 0"J Through 0, O', 0" draw AB, 
C/D, EF at right angles to OJ, O'J, 0"J, and jom JA, JB, JO, 
JD, JE; JP Now OA* =» OB*, OA* + OJ* = OB* + 0 J* , 
A J* = B J* , A J = B J In like manner C J = D J, and E J =: EJ 
Agam, 0G*-0'G* = B'*-B*, 0G*+B* = 0 G*+B *, OG* 

+ JG* + B* = 0 G* + JG* + B *, that is, OJ*+B* = 0 J*+B'*, 
A J* 5= D J* , AJ = DJ Similarly, BJ = E J, and C J FJ 

Hence those six Imes are equal , and the O, with J os centre, 
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and AJ as radius, Trill pass througli the points B, C, D, E, V, 
and Tsill bisect tbo circumferences of the given O* m tho^o 
points. 

50 Dem. — Join BO, CD, DB Nott, csnce ABE is a nght- 
angled A, and BC is A to AE, we have A£ AC AB^ 



(I» xt.m. Ex. 1} Lq like manner AE • AD AB*, 

AE AC = AF AD Hence (xxxn, Cor 1) the points 
C, E, F, D are concydic. 

51 (1) Dem — Let J, S he the centres of the O* Join JK, 
and pr^uce it. JK produced must pass through C (xi ) Join 
HF If GF does no*' pass through A, let it pass through 
H Kow (xmi ] the JL CFK is nght, and the L CDB is right, 
« FK and AB ate JI, • the L GFK «=: GHB, hut GFE 
e FGK (I t), the a JHGss JGH , hence JG^^JH, hntJG 



= JA , ♦ JH» JA, which is absurd Hence GF produced must 
pass through A 

(2) Complete the O ACB, and produce CD to meet the cir- 
cumference again m M Sow (nt.) DC = DH, the arc AG 
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c:AM| hencJo(Ex 26) AF AG^AO^ and(xxxvi)AE AG 
«3 AE», A02 = AES AO = AE. 

52 Let ACB be an obtuse angled A It is required to draw 
ihnn C a line OE, so that OE^ b AE EB 



l^ol — Descnbe a O about AOB Let D be its centre Join 
<10 On CD as diameter desonbe a O, cutting AB in E Join 
-CE CE is the required line 

Dem — ^Produce OE to meet the oircumferenoe again inP| and 
join DE 

Non the L GED is nght (xxxx ), FED is nght, hence (in } 
OF IS bisected in E , FE EO = EO^ , but (xxxy ) FE EO 
= AE EB, AE EB«OE» 

63 Bern — From E let fall ±* EF, EG on AB, OD, and join 
AE, CE Now AF =:= BP (m ), AB» = 4 AF* Similarly, 
CD" = 4CG*, AB^+CD»=4AF» + 4CGP Again (I xLvn ), 
DE^* = 0G3 + EG» = EF2 + EG*, 4 OE* = 4 EF* + 4 EG*, 



AB*+ CD* + 4 OE* = 4 AF* + 4 EF* + 4 CG* + 4 EG* 
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but4AF» + 4EF'=4 AE» = 4Ei, and 4 CG® + 4 EG* = 4 CE» 
= 4 R* Hence AB* + CD* + 4 OE» = 8 B* 

54 (1) Let ARC be tbe A From A, B, G let &R ±* AD, 
BE, GF on tbe sides, and intersecting in 0 It is repaired tc 



prove that AB* 4 BC* + CA® is equal to 2 AO AD + 2 BO BE 
+ 2 00 OF 

Dem —AC* = AO* + 0C» + 2 AO OD (II xn ), BC* 
= C0* + 0B’ + 2C0 OF, andAB® = A0* + 0B* + 2B0 OE 
Adding, we get AB* + BC* + CA® = (2 AO® + 2 AO OD) + (2 OB* 
-1- 2 OB OE) + (2 CO® 2 CO OF) = 2 AO (AO + OD) 
+ 2BO(BO + OE)-t2CO(CO + OF) = 2AO AD + 2B0 BE 
+ 2 CO CF 

(2) Describe a O about ABC, and from its centre Q let fall ±* 
QG, QH, QJ on the sides, and join AQ Now (ni ) AJ » BJ , 
AB® = 4AJSe4 AQS-4QJ*, bulAQ=B, nnd2QJ = 0C 
(“Sequel,” Boob I , Prop xn , Cor 3) , AB* = 4 B* — OC* 
Sunilnrly, BC* = 4 B* — OA®, and CA® = 4 R* — OB® Hence 
AB* + BC® + CA* = 12 B* - (OA® + OB® 4- OC*) 

66 Dem — Jom the centres 0, 0' Produce DC, and let it 
meet the O* again in the points G, H Join OG, O'H 
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Novr the L DOO = OCG (I xv ) , but OCG = OGC , DCO 
= OGC, and 0 DC = ODG (hyp ) , the A" ODG, 0 DC are 
equiangular, hence (xxxT , Cor 3) OG CD = OC DG Again, 
the OHD, O'HO are equal to two nght /.«, and the 
OOD, O'CD are equal to two nght Z.», and O'CD = OHC, 
the L O'HD = OCD, and (hyp) O'DH =s ODG, the 
A* O'HD, OCD are equiangular hence (xxxv , Cor 3) 0 H CD 
= DH 00 Mulhplying these results, we get OD^ = DH DG 
Now DG DO = DE® (xxxti ), and DH DG = DE® , 
DG DH DC2 = DE> DF*, DC* = DE2 DF^, DO^ 
= DE DF 
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PEOPOSITION TV 

1 Dem — OP = OD, 00 common, and the hase OP = OD , 
hence (I Tin ) the OOP = OOD (Pig Prop iv ), 

2 Dem— BD = BE,CD = OP, AE = AP{in xvn), OB 
+ AE 5SS J (AB + BC + CA) — s , that is, (i + AE = s , AE 
sa (« — o) In like manner BD = (» - 5), and CP = (« — o) 
(Pig, Prop tv) 

8 Dem — ^From 0' let fall OT, O'Gr, O'H on the sides 
AB, BC, CA of the A ABO Now, hecanse the I O'CG = 0 OH, 
and the l O'GO = O'HO, and the side O'O commom, (I xxvi ) 
O'O = 0 H Similarly, 0*Gr = OT , 0 P, O'Gr, O'H ore equal, 

and the O with 0' os centre, and O'P as radius, will pass through 
Gr and H, and will touch the sides at P, 0, H 

4 Let D, E he the points in which GA, CB produced touch 
the O whose centre is O'" It is required to prove that BE 
*{*-«) 

Dem —Let J be the pomt of contact of AB and O'" Now 
it may be proved, as in Ex 2, that OB + B J » s , that is, CB 
+ BE sa a , hut OB = a , hence BE = (a - o), and AD 

6 (1) It 18 required to prove that the pomts 0, O'", A, B are 
oonoycUo 

Dem — ^Lot E he the pomt m which OB produced touches O'" 
Now since the Z » ABC, ABE are bisected, the L OBO"' is equal 
to half the sum of the /.“ABO, ABB, and is therefore a nght 
L Similarly, OAO"' is a nght L , * the OAO'", OBO"' 
are together equal to two nght L • Hence (III xsn , Ex 1) ' 
the pomts 0, O'", *A, B are concyolio 

(2) It can he shown as in (1) that the /I » 0 AO", O'BO" are 
nght Z.* Hence (III xxi , Cor 1) the pomts O', B, A, 0" are 
concyohc 

6 It IS requited to prove that 0 is the orthocentre of the 
A O'O'O'" 
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Hem — ^Because tho L 0"B0' ' is nght, 0”B is the ± from 
0" OB O'O'" Similcirly, O'A, 0'"C are the X* from O', O'" on 
0"0'", O'O" Hence tho point 0 is the orthocentre of the A 
O'O 'O'" Similarly for the others 

7 See Book I , Miscellaneous Ek 36 

8 Hem — It is shown, in Ex. 6, that the four points 0, A, 
O'", B are concycho , hence (III xxi ) the L AO "0 = ABO , 
but ABO = OBO , CBO «= AO" 0, and the / AGO"' « BOO, 
since ACB is bisected, hence (I xxxii , Cor 2), tho A* BOO, 
AGO'" are equiangular, (III xxxv, Cor 3) CO CO" 
s: BO AC ^ah In like manner AO AO' = hc^ and BO BO" 
s: ca 

10 Hem — ^From 0' let fall X* on AB, AO, BC Join 
O'A, O'B, 0 C Now = 2 A AGO', aK = 2 ABO' , r' (A + c) 
s= twice the quad ACO'B, and ar' e= 2 BO C , r' (d + e — a) 
e= 2 ABO , but (a + 5 + e) = 2s , (fi + c — a) — 2 (« — a) , 2r' 
(s - a) « 2 ABC Hence r' (s a) = area of the A ABO 

11 Prom 0, 0' let fall X" OK, O'H on AO It is required to 
prove that OK 0 H = (s ^ ft) (s — c) 

Hem — The line AH = s (Ex 4), and OH, CK are (s — ft) and 
(s -- ^) (Exs 4 and 2) Now the Z 000' is nght (Ex 6), the 
Z* OCK, O'CH are together equal to a nght L , and since the 
L O'HO is nght, the Z* HO 0, HCO' make together a nght Z , 

the L HO'C = OOK, and tho L O'HO = OKC, each bemgnght , 

the A^ 0 HO, OKO are equiangular Hence (III , xxxv , 
Cor 3) OK 0 H = (s — ft) ~ a) , that is, rr' = (s — ft) (s ^ 

12 Hem — ^Area of A ABO e= re (Ex. 9), and r' (s — o) « area 

of ABO (Ex 10) , r r s » — o square of area of ABO , 
but rr'=r 5 ~ft (Ex 11) Hence square of area of ABO 

ts* s— a s — ft s — a 

13 Hem — Lot the area of ABO he denoted by A Now rs = A 
(Ex 9), aUdr s-fl=rA(Ex 10) Similnrlyr' s -ft = A, and 

tf-c=sA, hcnoe(r r' r" r"')(s s— ft a— a)=:A^, 

but (s e— a s—ft «— a)=:A*(Ex 12) Thereforor r' r" 
= A» 

14 Hem —Prom 0'"letfiin X*0"'H, ©'"D'enOB, CA. Now 
the L 0'"D'C 18 nght, and the Z D'CO"' is half a nght Z , 

the Z CO'"D' 18 half nght , (I vx ) D'O " c= H'C, but 
i)'0'" = r'" and D'O = a (Ex 4) , r " = « Similarly it can be 
ihown, if wo let fall X* OE, OB' from 0 on OB, CA, that E'O 
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= EO, l>utE'0 = », and E'C « ~ c) (Ex 2), r = («--c) 

In Ixko mannor r = (« — J), and =» (^ ~ a) 

16 (1) Let AB bo tho base, CDB the vorfacal Z, and E tbo 
radius of tho in O It is required to construct tbo A 
Sol —Produce CD to F, and bisect tho L EDF by DG On 
AB dosenbo a segment of a O containing on ^ « CDG Erect 
BJ X to AB ondefi Through J dia\r JH S to AB, and ent- 



R 


ting the O in n Join AH, BH, and let fall a J. HI on AB 
At the points A, B, in tho lines AH, BH, moLo tho I* HAE, 
HBL respectively equal to tbo I ■ DAB, HBA, and produce AS, 
BL to mcot in N ANB is tho required A 

Dem — ^From H lot fall X» HM, HL on AN, BN Now in 
tho A» niB, ni B we have tho HIB, IIBI *= IILB, HBL, 
and tbo side HB common , (1 xxvj ), HI s HL Similarly 

HI == HM , honco tho O with H os centre, and HI as radius, 
will pass through L and M, and its radius == E, for HI = B J 
=:E 

Again, tbo A » of the A HAB arc equal to two right A*, and 
tho A* CDG, FDG ATO equal to two nght A*, hut tho A ATTB 
rs CDG, tho A FDG « HAB + HBA , and bocauso tho A » of 
tho A ANB are two nght A ■ , tho A » of ANB ore equal to tho 
A* CDG + FDG , but tbo A* NAB + NBA = 2 (HAB + HBA) 
= 2 FDG =5 FDE Honco tbo remaining A ANB =s ODE 

(2) Lot AB bo tho base, CDE tho vertical A , and E tho radius 
of ox O winch touches tho haso and ono of tho sides 
produced 

Sol — Bisect tho A CDE by DF, and on AB dosenbo a eeg- 
ment containing an A CDF Erect BJ X to AB and E 
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I 0 ^0 AB, andfrom H, where it meets the 0$ 
• AB produoedt 'f7ith H os centre^ and HK 



a O From A, B draw tangents to this Of 
' B IB the required A 

I BH Now Hll = JB = E, and because H 
) es O of the A ANB^ AH, BH are the 
mal L NAB and the external L NBH (I 
le L AHB = i ANB , but AHB CDE 

I f 

0 base, ODE the vertical L , and E the radius 
< touches the base externally and the sides 

produced. 



Sol — Produce OD to P, and bisect the L EDF by DO- On 
AB doBcnbe a segment of a O containing an 4 EDO Erect 
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BT ± to AB, ima mtilvO it equal to B, Through J araur JK j] to 
AB, and cutting tho O in K From K let fall a X KL on \B 
"With K os centre, and KL as radius, desenho a O Through 
A, B dinu- tangents IK, hIK to this O, mccUng m K AKB is 
thd Ck rcqmrcd. 

Dexn -^Jean KA^ KB Swco K w the centre of tho cx-O of 
tho A A»\,tho I = + xxxn,Ex 14), 

but AKB « J PDB (const ) , KAB *f* AB^t *s FB£ , hence 
tho L AM) «s CDK, and LK « BJ =* R* 


PROPOSITIOX V. 

2 Dem — Because cnch of tho L • APB, A(IB x? nght, AQPB 
2 j} a cythc quod , and AP, BQ arc chords ui tho O » hence 
(UI xxxv)OA*OP«OB OQ SiinilarlyOB OQ«=00 OR 
(Diagram 2, £z. 1 } 

3 Dem Tho I AOF « DOO (I xr ), and AFO es CDO, 
each being Tight, FAO *= ODD , but OCD » GAP (HI xxi ) , 
% FAO *2 OAF, and APO = AFO, each being nght, and AF 
commoiu lienee (I xxvi ) OF « GF (Diagram, Ex 1 ) 

5 Dorn.— In the A O'O '0" the Iinw O'A, 0 B, 0'"0 are 
A»frQm0,0*,0 ' on 0* 0 0'"0 , O'O' {iv,Ex C), and tho 

poiDla A, B, 0 ara the feet of these hence (Ex 4), tho O 
about ABO IS the nine points O of tho A 0'G"0 " In like 
ipannor it is tho mne-pomU O of iho A* OO'O', 00 '0'", 
00 O'* (Diagram, Ex 3, Prop i-s ) 

C Dem — Bccftitfo tho lines IF, III, IK are equal (Ex 4), 
and the A KFH xs nght, UK is tho diameter of the O about the 
A KTH , . IK, in aro in ono Jrtnight lino , and since KH la 

8 to CP, and CK to PIT, POKH is a a, CK « PII , but 
CO 2 CK, CO « 2 rn (Diagram, Ex 4 ) 

7 Dca —IF w I PG This « proved in Ex 4 


PROPOSITION X 

1* Dem ^Tho I ACD « CBD 4 CDB (T* xxxtt ) , but OBD 
2 CAD (X ), and CDB « CAD* Hence tho I ACD rs 3 CAD 
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2 Dem — Tho of the A ADD ore equsi to two nght A*, 
but each of tho A * ADD, ADD is equal to 2 BAD , honce tho L 
BAD IS J- of two nght L • , that is, ^ of four nght Z. ■, the arc 
BD IS of the whole circiunforenco Hence tho line BD is a 
side of a regular deengon 

8 Bern — ^Let A bo the centre Join AB^ AD, AE|, AF, and 
join BF, cutting AD in G Now since BD is a side of a regular 
msenbed decagon, ABD is an isosceles A , having each of its base 
Z* double of tho verticlo Z (Ex 2), the Z BAD is i of two 
nght Z», tho Z BAF is 5 of two nght Z», hence thoZ AFB 
18 \ of two nght Z % tho Z AGF is f of two nght Z ■ , AF 
= GF, that IS, BF -- LG=R Now tho Z DBG is J of two nght 
Z*, and BDG is§, BGDis?, BGeBD HcncoBF— BD 

4 Dem — Because ACDE is a ejeho quad , the Z ■ ACD, 
AED arc together equal to two nght Z ® {III xxn ) , and the 
Z* ACD, BCD are together = to two nght Z*, the Z AED 
= BOD , that IS, AED = CBD , but AED <= AD£, and CBD 
= ADB, ADE = ADB, and AD common Hence (I xxvi } 
DE = DB 

Again, the L ACE = ADE (III xxi ), and the Z CDA CEA , 
hut (x } CDA =3 CAD s DAE , CEA = DAE, and tho side 
AE = AD Hence (I xxvx } the A* ACE, ADE ore con* 
gruent. 

5 Dexn — ^Let 0 be the centre of tho O ACD JomOA, 00 
Now (Ex 4} AEC is an isosceles A, having each base Z double 
of the verti^ Z , and since tho Z > of the A AEC ore together 
equal to two nght Z», tho Z AEC is i of two nght Z«, hence 
(III XX ) the Z AOC is §- of two nght Z®, that is, J of four 
nght Z* Hence AC is tho side of a regular pentagon 


PROPOSITION XI 

1 Let ABODE be a regular pentagon insczibed in a O, and 
let Its diagonals CE, AD intersect in A^ , BD, CE in B , CA, BD 
m C , AG, BE in D' , and BE, AD in H It is required to 
nrove that AHB C'D'E* is a regular pentagon 
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^exa.— Becauso the arc AE BO (si )| the L EOA » BAOy 
CE IB B to AB, hence (I sxix ) the A* EB'B, B'BA, are 
together equal to two nght A * , for the eamo reason the A * C A A, 
A'AB are equol to two nght A* , but the A DBA = DAB t hence 
the A A'B'B = B'A'A In like manner the A* at G , D', ore 
equal Hence the figure A'B C’DTE' is equiangular 

Again, because the arc BO = DE, the A BDG as DGE , the 
side B'C = B'D, and (I xt ) the A CB'C' =s A'B D , and the 
AB'CO « BA'D, because they are the supplements of the 
equal A • B'C'D', B A'E' , hence the side G B as A'B' Similarly, 
the other cades of A'B CD'E' ore equal Hence it is a regular 
pentagon 

2 Produce AE, CD to meet in A' , ED, BO in B' , DC, AB m 
C\ CB, EA m D' , BA, DE inE' Join A B', B O', &o It is 
required to prove that A'B'O'D'E' i3 a regular pentagon 

Dem — In the A* ABD , CBC , the Z ABD' as CBG', and 
the A D'AB = BCD', homg enpplements of equal A*, and the 
cade AB = OB , heuce (I xsn ) BD = BG', and the A AD'B 
= BC'C Similttrly, AD* = AE' , EE' « EA* , DA’ = DB , and 
CB' sa GO' Again, because the A ABC == EAB, the A D BA 
rsD'AB, DA = D'B Now in the A« D'Air, D'BO', we 
have the sides AD', AE' = BD', BO', and the contained A* equol , 
hence the base D E' si D'C' In like manner the other ades are 
equal Hence the figure is equilateral Again, we proved the 
A BD'C' = BOO) , and the A AD'B = BC'O , and the A AD'B' is 
ss COB', smeo the A» AD E', CCTB' are equal in every respect. 
Hence the A E D C' «= D C B' In like manner the other A* are 
equoL Hence the pentagon A B'O'D'E is regular 

8 Let AD, BE, two consecutiye diagonals of a regular pen- 
tagon, intersect in E' It is required to prove that BE EE' 
«EB« 

Dam — Join CE, and desexibe a O about the A AE^B 

Now because DE = BO, the A DOE = BEG , DC is || to 
BE Similarly, BO is |1 to AD , hence (I xsxtv ) DC =* BE' , 
but DC AB (hyp ) , AB ss BE' Again, because AB DE, 
the A ABE «= EAD, and hence (III xxxix } AE is a tangent to 
the O ABE', (III x3:xvi)BE EF = AE^ = AB® « E'B* 
Hence BE is cut in extreme and mean ratio m £' 
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4 Let AB be a side of a regular pentagon It is req^uired to 
constmct it. 

Sol — ^Ereot BC± to and make it equal to^ AB loin AC, 

and produce it to D, so that CD s= CB On AB descnbe an 
isosceles A ABE, having each of its equal sides equal to AD 
About the A ABE describe a O Bisect the A* BAE, ABE by 
the lines AF, BG, meeting the circumference in F and Ct Join 
AG, GE, EF, FB ABFEG is the required pentagon 

Dem — ^From AG cut off OH = JDB or CD Novr DA AH 

+ CH2 = A02(n VI), butOHa = BC» andAC2« AB2 + BC3, 

DA AH = AB* = DH*, AD is divided in extreme and 
mean ratio in H Therefore, since AE e= AD, if vro divide AE 
m extreme and mean ratio, the greater segment would be equal 
to AB, and hence (x.) AEB is on isosceles A, having each base 
L double the vertical L , but the base A * are bisected by the 
lines AF, BG, the A* EAF, FAB, ABG, GBE, AEBaroequd, 

the chords EF, BF, AG, EG, AB ore equal Hence ABFEG 
IS a regular pentagon 

6 Let ABO bo a nght L It is required to divide it into five 
equal parts 

Sol — ^Draw BD, making the A ABD equal to the vertical A 
of an isosceles A having each of its base A* double the vertical 
A Bisect the A ABD by BE , each of the A” ABE, DBE isi of 
a nght A Draw BF, BG, making the A» DBF, FBG each 
equal to EBD Then the A ABO is divided into ffve equal parts 
by the lines BE, BD, BF, BG 


PROPOSITION XV 

1 (1) Let ABODEF he the hexagon Join AC, AB, OB It is 
required to prove that the area of the hexagon is double the area 
of the A ACE 

Bern — ^Lotthe diagonals of the hexagon intersect in 0 Now 
the A* OCD, OED are equilateral, and hence CODE is' a lozenge, 
and CE is its diagonal , CODE s? 2 COE Similarly OABC 

, 3 2 OAO, and CAFE = 2 OAO Hence ABODEF « 2 ACE, 
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(2) See BookI , Prop i,Ex 4 

2 Let AB 1)8 Cie diameter, and 0 the centre Produce AB to 
C, BO that BC = BO From 0 dra\r tangents CD, OB to the O, 
and jom DE It is required to prove that the A ODE is equi- 
lateral 

©enu — Join OD, OE, BD, BE Now (in xrni ) the CDO 
15 Tight, (Book I , Prop , Ex 2) the lines BD, BO, BC 
are equ^, hut OB = DO, the A ODB is equilateral, and 
hecause each of the L* CDO, CEO is nght, GDOE is a cyclic 
qufliL, the L* DOE, DOE are together equal to two nght 
il®, but each of the DOB, BOE is on Z of on equilateral 
A, DCE IS anZ of on equilateral A , and because CD »= CE, 
the A CDE is equilateral 

3 (1) Let ABCDEF he the hexagon, and GHJ the equilateTal 
A It IS required to prove that the area of the A is double the 
area of the hexagon 

Dein« — Let the diagonals of the hexagon intersect m 0 Join 



AG, CH, EJ Now, hecaase AB *= AF, AG common, and the 
base GB = GF, (I vm ) the Z BAG = FAG, and the L OAB 
2 = OAF , the L * FAG, OAF are together equal to two nght L • , 
hence (I kit } OA and AG are m the same straight Iitia 

Again (m Kvm ), the Z OFG is nght, the Z» FOG, FGO 
make one nght Z , but the Z AFO = FOA, the L AFG 
s= AGF , AF « AG , but AO == AP , AO = AG , hence 
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(I xxxvn ) <3ie A AEO = AEG , the A OEG = 2 OFA 
Similarly, OBG= 2 OBA , OFGB 2 OEAB Inliko manner 
OBHD s 2 OBOD, and OEJD = 2 OEED Hence the A GHJ 
= 2 ABCDEE 

(2) Lot A'B'CD'E'E' he the ciroumEcnbed hexagon It is 
rcq^uired to prove that the area of ABCDEE is three-fourths the 
area of A'B'C'D'E'F 

Dem — Because each of the E'AO, FTO is nght (HI 
KTin ), the AFF, AOF are together equal to two nght Z*, 
and the AF'E, AF'G are together equal to two nght 
hence the L AE'G = AOF , AE'G is an Z of an equilateral A 
In hke manner AA'G is an of an equilateral A , GFA' is 
an equilateral A , and because GA is A, it bisects the base, 
AE' = AAS A'F' or GF = 2 AF = 2EF, hence the 
A EGA = 2 FFA, EGA = 3 EE'A, hence (1) AOF 
= 3 EE'A, AOF t= J OEF'A In like manner AOB 
== f OAA'B, Ac Hence ABCDEE « f A'B C'D'EE' 


Exercises on Book IVi 

1 (1) Let ABCDE bo a regular polygon oircumscnbing a O 
It is required to prove that the correspondmginsonbed polygon is 
regular 

Dem --Let 0 be the centre Jom OF, OG, OH^ 01, OT 



Now (in Tvni) the L* OHD, OID ore nght, • the 
IDH, lOH ore together equal to two rights* In like 
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manner tho Z»GOn, QOH arc logoUicr equal to Ivo nght 4*, 
but IDU = GCH (hyp ) , the Z lOIE « GOII In Iho eamo 
xray it can bo ehown that all tho 4 » at 0 aro equal llonco the 
arcs arc all equal, and thoreforo the five chorda FG, OH, III, IJ, 
JP aro all cqtial 

(2) Proved as m Rook IV , Prop \n 

2 Lot tlio circumscnbing A ABC bo isosceles Lot AB, RO, 
OA touch tho O in E, D, F It la required to pro ^'0 tlint the 
A DEF 13 isosceles 

Dom — ^Lot 0 bo tho ccnlro Join OD, OE, OF Now 
the Z* ODB, OEB nro nght (III x\ni ), tho I* EBD, 
EOD ate together equal to two nght L* Similarly tho Z* 
FCD, FOD arc together equal to two nght Z » , but tlio Z EBD 
= FCD (hyp ), tho Z EOD « TOD, the arc ED = FD , 

tho chord ED = FD And hcnco tho A DEF is isosceles 

3 Let tho Z BAG « EDP It is required to prove that both 
A* ore equilateral 

Dom — ^Because tho A* arc isosceles, and tho Z BAG = EDF, 
their remaining Z * ore equal , tho Z ABC = EFD , but EFD 
tr EDB (III XXXII ) , EBD = EDR, and EDR « BED , 
EBD IS an Z of an equilateral A Similarly FCD la on 
Z oi an equilateral A Hence ABO and DEF are equilateral 
A* 

4 Let ACB bo on Z of an equilateral A It is required to 
dindo it mto fire equal parts 

Sol -^Desenbo a O about tho A ABC, and in it inscnbo a 
regular polygon oI lillccn aides (xti ) , then five o£ thoso aides 
will bo in tho arc AB Let D, E, F, G bo tho points of division 
Join CD, CE, OF, CG Now sinro tho arcs AD, DE, EP, FG, 
GB aro equal, the Z* ACD, DCE, EOF, FCG, GCB are oqiml 

5 Let ABO ho a sector of a given O It is required to 
msenbe a O m it 

Sol —Bisect tho Z BAO by AD, meeting tho arc BO m D 
Through D draw EF a tangent to tho acclor Produco AB, AC 
to meet this tangent in £, F Bisect the Z AEF hy EG, mooting 
AD in G G is Iho conlro of the required O 

Horn —From G let fall i* GH, OJ on AE, AP Now (III 
xvni ) iho Z EDG la nght, and Iho Z EHG is nght (const ), 
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and the L DEC ss HEC, and EC conunon » * (I xxvr } CD 
s CH * Similarly GH s CJ Hence the O, ^th C aa centre 
and CD os radius, will pass through H and J 

6 Dem — ^Descnbo a O about ABC, and through A draw AE 
touching this O Now (III xxxn ) the L PAO ABC , but 
ABO = ADE (I xxix ) , FAC => ADE , the O about ADD 
will touch AF in A Hence the O* touch each other in A 

7 Dem — Let EF be the tangent at E to the O about ABE 
Now the AFEA *=* EBA (III xxxn ) , but EBA = DGA (III 
xzi) Hence the L FEA ^ DOA, and , the lines EF, CD 
ore H 


D 



8 Let ABOD be a given s^uaie» It is required to desoiibe a 
regular octagon in it 

Sol — ^Draw the diagonals AO, BD, intersecting in 0 Out off 
AE, AF = AO, BI, BJ=^BO, CG, OH = CO, DK,DL = D0 
Join EC, JL, ]^, HI ECJLHF]^ is the octagon required. 

Dem — Join OC, OE, 01 Now, because AE ss AO, and the 
L EAO IS half a tight L , each of the L * AEO, AOE is three- 
fourths of a nght A, and the L AOB is tight, EOB is 
one-fourth of a nght L Similarly, each of the A ■ GOB, AOl is 
one-fourth of a nght L , hence EOI is half a nght L , and we 
have seen that AEO is three-fourths of a nght L , ElO is 
three-fourths of a nght A , * 01 1 = OE And because the A EOB 
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» GOB, and EBO » OBO, and tho anio BO common, 00 « OE 



13 01 Non: 00 rt 01, and OE common, and tlie Z GOE « lOF , 
llic l)V^« EG, n nrc cHjnal In Uko tjnnncr all iho arc 
equal ^iTun, bocar*a BE »» B6, iho L BFO r* BGE , ♦ ihcir 
8iil^p1«rcnl« GEI, J.OJ art equal In Hko manner nil Iho /.« 
aro equal Jlcaco the ottagott w regular 


C 



^ Tot AB, AO bo Ivo given lm«'% and BO a lino of given 
kngtli riidiDg brlvTcn Uipm From B, 0 1* BD, CE arc lot fall 
on AO, AB, intcrtceUng in F It itqmrerl to find tho locus 
ofF 

Sol —'At B, C erect 1* BG, CO to iB, AO Jom FG, ending 
DC in n Jmn AF, AG, All Now, bccauro OE and GB are 
Ir to AB, and CG, BD to AO, CGBF ts a O , hcnco (I xxxxv , 
Lx 1) BJl tr CIl, and lH » GIL Again, elneo DC « a Imo of 
giNcn length rtlding between two fixed lln^^ AB, AC, and BG, 
06 are X* at Its cxtrcmiuos , (III xxv m , Ex* 2) tho locus 
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of G IS a O, Laving A os centre^ and AG as radius ^ Lenoe AG 
IS a given line, and (I iwLtii ) AC® + C(J® «= AG'*, and AR® + BGP 
= AG3, AC® + CG® + AB® + BG® is given, but (II x., 
Ex 2) BG® + CG" = 2 CH® + 2 HG®, and AB® + AO® e 
2 CH® + 2 AH® , 4 CH® + 2 AH® + 2 GH® is given , but 

4 CH® = CB" , 4 CH'* is given, and 2 AH® + 2 GH® is 

given , AF® + AG® is given , but AG" is given, AF is 
given , Lenoe AF is a line of given length , and since A is a 
fixed point, the loous of F is a O Laving A os centre, and AF as 
radius 

10 Let ABC be tLo A About ABC descnbe a O Let 
DF be a X to AB at its middle point Produce DF to meet the 
oircumferonce in E Join AD, BD, CD, CE It is required to 
prove that OE is the internal, and CD the external bisector of 
the L AOB 

Dexn —Produce BC to H, and join AE, BE Now (I xv } 
AE == EB , the arc AE == BE , hence the L ACE s: BCE 
Therefore CE is the internal bisector of the L ACB Again 
(I iv), AD &= BD, and the L FAD FBD , and because 



ABCD is a cycho quad , the ^ ■ BAD and BOD are together 
equal to two right ii”, and the Z* BOD, DOH are together 
equal to two right it ■ , the £ BAD = DCH!, and (III xxi ) 
the L AOD s= ABD, and ABD » BAD , hence AOD = DOH 
Therefore CD is the external bisector of the L AOB 
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11 Sol — Dra'^r any fangcnt AB to tho O At tlio point B 
nuiLo tho L ABO = X From tho contro 0 drair OD X to BO , 
and 'vnth 0 aa centre, and OD aa indiua, desenbo a O Through 
P draw a tangent to this O, cutting BOB in E and P PEF is 
tho lino required 

Dem — TaLo any point G in BCE, and join BG, OG, EG, FG 



Non* (in xiT ) EP = BO, tho L EGF = BQO , hnt (HI 
xxxn ) BGC = ABO-= X Hcnco tho L EOF = X 

12 Lot IJX bo the given O , A, B the given points, and OD 



tho gjvon line It is required to inacnbo a A in UK, having 
two Bides passing through A, B, and tho third || to CD 

Sol — Join BA, and produce it to meet CD Produco EB to 
F, and make AB BF=:EB BG Through F draw FHI, cutting 
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L = CDF (Ex, 11) Join IB 
Join JA, and produce it to 
1i IB the required A 
use AB BF <= EB BG| 
oints Aj J, F, I are conoyolic^ 
= KHI(III KKi), AFI 
re II , and since the L HEX 

tSj no three of which are col- 
O which shall bo equidistant 



ough A, B, 0 Let 0 be its 
^ E Bisect ED in F With 



This IB the 


\ 

produce them to meet the 
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O GHI UfloauEO OF = OT, and OE a 00 , . EP = Cl , 

"but EF «= DP, Cl = DP In like manner BE and AG ato 
equal to DP Sonce tlio O througli G, H, I, F u equally dis- 
tant from tlio points A, B, C, D 
14 Lot ABO bo n given O It is required to inscnbo a A m 
it, irho*e Bides shall pass through three given points D, E, F 
jltutli/tu — ^LotABC bo tho A JomEF Through B dran 
BH H to EF, and meeting tho O in H. Join All, and pro- 
duce it to meet EP produced Join GD Through H dran 
HJ 0 to GD, and meeting tho O in J Join JB, and pro- 
duce GD to meet JB in I Now hccauso BH is J to LG, Uio 
ZCEG = CBE, butCBH=CAlI (in vxi), 0EGsC\n, 
hence EC6A is a cyclic quad , EP P6 =s AP . PC, 
but AP PC IB given, since F is a given point , EP . FG is 
given , but EP is given, FO is given , G is a given point 
Agam, tho L ABJ e AEJ (III xxi ) , but AEJ = AGI 
(I SKiv ), ABJ = AGI , hence BI AG is a cycho quad , 
GD DI « AD DB , but AD DB is given, GD DI is 
given, DI 18 given, honco I is a given poinL Now tho 
^ JEB =» IGE (I XXIX , Ex 8) , hnl tho C IGE is given, sinco 
the lines EG, IG are gii on in position , tho it JEB u gi\ tn 
Ecnco tho question reduces to Ex 11 
16 (1) LctB. bo the radius of tho in-O , X tho vertical 
and P tho 1 from the vertical L on tho base It is required to 
constmet tho A 

Sol — With any point A as conlro, and a tadmB equal toU, 
desenbo a O Draw BO a dimnoter, and at tho point A in AB 



inaho the 
to tho O 


^ ® tMSenls 

TTith E as contre, and a radius equal to P, desenbo 
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ion tangent, touching the O* in K, L 


^tho^ELE isnght, EL is the 1 from 
, and it is equal to P (const) , and AD, 
IB equal to E Again, each of the 
H xTiii ) , the Z • OAD, CED are 
ght and the CAD, BAD ore 

It OED = BAD=:X 

L of the Bides, Y the hose, and E the 

and from it cut off BC e ^ (X -I- T) and 
) AB, and make it equal to E TYith E 



ns centre, and ED as radius, desonbe a O Dra^r BG, touching 
this O at F Join BE, and produce it Erect CH -L to AB, 
and mcetmg BE produced in H From H draw HG i. to BG 
"With H as centre, and HC as radius, desenbo a O Dra'w IJ a 
common tangent, touching the O* m E and L BIJ is the 
required A 

X)em — ED, the radius of the m-O, is equal to E , and 
(IT, Ex 2) IJ + BD=J(IB + BJ+IJ),and(iv, Ex 4) BC 
« J (IB + B J + IJ) , hence IJ « CD = Y Again, BC « j (IB 
+ BJ + IJ), and BO = J (X + Y) (const ) , hence (IB + BJ +IJ) 
= (X + Y), (IB + BJ) = X 
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(2') Let X bo tbo buso^ T the difference of the Bides, and R the 
ra^ns of tbo in*0 

Sol — ^Witb any point 0 as centre, and a radius cqxml to E, 
describe a O In tbe circtiTnferenco talc a point D Throngb D 
draw a tangent BC From DB cut off DG ss Y Bisect DG in 
H, and make BH, CH each cq^ual to ^ X Throngb B, C draw 
AB, AC tangents to tbe O ^0 is the A rcfiuircd 

Dem — EC = BII + CH « X , and AB = AF + FB, and AC 
rrAE + EO HcncoAB ~ AC «= FB - EC«BD-CD = BD 
- BG » DG Y If wo talc the radius of an ox-O the proofs 
are similar to those in (2), (2 ) 


A 



(3) (Diagram, Prop iv , Ex^ 3) —Let O', O*', 0 " be the centres 
of the cx-O* Join them, and let fall X* 0*A, O'B, 0'"C 
Join AB, BC, CA ABC is the A required* 

Dem — ^Produce AB, AC to P and H Lot 0 ho the point 
where the X* intersect Kowbccauso each of the Z* 0 00***, 
0 AO IS nght, AOCO is a cyclic quad , the L ACO'' 
er AOO ' Similarly the L BCO' « BOO' , hut AGO ' = BOO , 
and ACO** a 0 CH, BCO' « O'CH , henco CO is the external 
bisector of the L ACB Similarly, BO is tho external bisector 
of tbo L ABC Hence 0' is the centre of tho ox-O touching 
BC externally and the other sides produced In like manner 0", 
0 ' are the centres of tho other cx-O* 

10 (1) Dem — ^From D let fall X* DH, DJ on AC and CB 
produced Jom DA, DB, HF, FJ , the points H, F, J ore col- 
linear (III xxii , Ex 12) Join DC, CE, and through P draw 

k2 
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FG- 5 to DC Noiv because tbe L ACB is bisected hy CD 
HC = i (AC + CB) (HE XXX , Ex. 4) , and since the L DHC is 
ngbt, DC CO =HC* (I XLvn , Ex 1), that is, DC FG=H(F 
A gain (m ), the L DOE is nght , EGF is nght, and 
OLD 13 nght, - EGF = CLD, and ^ xxrr.) the L EFG 
LDC, * the A* DGL, EFG ore equiangular, hence (HE 
XXXV, Cor 3) DO FG = DL FE, • DL FE = H:C= 

(2) From 0 let fell a ± GK on AB Xo’sr (HE , Ex 17} 
Fhl FK IS equal to the square of half the difference of AG and 
CB , that 15, equal to AB?« 


E 



n 


Again, the 4 ELC ^ DFM, each being nght , and because 
DOE IS light, the 4» CEB, CDE are together equal to aright 4; 
andthe4*LEC LCE are equal to a nght 4 , LCE = CDE, 
hence the A* DFM, CLE are equiangular, (TEL x w y , Cor 3) 
DF-LE = LO FM«FK: FM = AH* 



17 Let the regular polygon of n sides be a pentagon ABODE, 
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P a point TTithm it, and pif /7*», the X* from P on tbo «ides 
Lot 0 l>c tbo centre of tbe in-O, nnd R its radius It is required 
to proro that {pi +P3 -fpi + ^ ps) *= d R 

Dem —Join AP, BP, Ac , and let the sides bo denoted by t 
\ow A APB, ipz*? twice the A BPC, &c , bcncc 

a (pi + P 2 + P53 + Pi + Pi) « iTMCO the area of the pentagon 
Agnim Ri «= twice the A AOB, Ao , 6 Rt ts twice the area 

of the pentagon , # (pi + ps + pa + Pi + ps) «= 5 lU Hence 

(pi px + Pa + pi + pa) = 6 E Sunibrly for a regular polrgon 
of nnr numbeT of sides 

18 Let A, B, C, D, E be the angular points of a regular 
polygon of five sides About ABODE dcEcnbo a O , and through 



A, B, C, D, F dmw tangent? to this O It is required to proro 
that the sum of tlio 1* from A, B, C, D, E on any line is equal 
to fire tunes the X from 0, the centre of the O, on the same 
line 

(1) Detn — Let the line be a tangent at any po'nt P in the 
circmnfcrcnte From P, C let fall X* PF, CG on the langtiifs 
tliroufrh C and V Produce CP to meet PG in H Now m th<> 
L*' con, PFII, the L CGJI PFU, ard PHC i? rommon, and 
the side Cn e= PIT , hence (I xxvi ) CG ra PF Similirly, 
the X* from A, B, D, E on ll e tangent at V arc equal to the 
i* from Pen the tangents through lho*o points, but (Ex 17) 
the eum of tie X* from P on the ndcs of ABODE is equal to 
6 E, hrnce the sum of (ho X* from A, B, C, D, E on PH 
er 6 R, that IS, equal to fite times the i from 0 on PH, and 
saaDarly for a regular polygon of any number of sides 
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(2) Let the line not touch the O 

Deni.--From A, B, C, D, E let fall J.* AA", BB", CO", DD", 
EE" on the line, and from 0 let fall 00" At O', vrhere 00 ’ cnta 
the O, draw a Ime 0 to O' E ', and let the !• from A, B, 0, D, 
E cut this Ime in A , B , O', D', E' Now (1) AA + BB' + CC' 



+ DD' + EE' = 6 00', and A'A" + B'B" + O'O" + D'D' 
+ E'E' = 6 0 0" Hence, hy addition, we get AA'' + BB" 
+ CO" + DD" + EE" = 6 00" 



/f 


19 (1) Lot ABO be a A mscribed in a O Bisect the base 
AB in P, and erect a A DEE, meeting the O m D, E , then 
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(in m } DE IB tlie diametor Tom ODj OE CD and 0£ 
010 tho oxf emal and mtcxnal bisectors of the L AGB (E^ 10 ) 
Produce AB to G, H Bisect tho • CBG, CAH by BO', AO", 
incobng CD produced m 0 , 0" Produce O'B, 0 "A to meet m 
O'" O', 0", O'" are the centres of the cx-O* (iv , Ex 3) 

Produce CE CE produced vnll pass through O'" (I ijtvi , Ex 8) 
From O'" let fall a JL 0"'J on AB Jom AO', meeting OE m 0 
From 0 draw OK 0 to O'" J, and from 0 " and E dravr 0'"K 
and EL B to AB From O', 0” let foil O'G (0, 0"H (r") 
on GH Join BE 

Novr, Binco AO', BO', CO' meet in O', and that BO , CO are 
two oxtcmal bisectorB, hence (I xxvi , Ex 8) AO' is tho internal 
bisector of the A BAO Similarly, BO" is internal bisector 
ofthe L ABO 

Agam, AG, BH are each equal to s (xv , Ex 4 ) , AHssBG , 
HP » GP , hence HG is bisected in P , (I xn , Ex 8) 
O'G + 0"H o 2 DP , that is, r' + r ' =s 2 DF And hecauso the 
L ECB =: AOE, xxi ) EOB =r ABE, and CBO = ABO , 

hence (I xxxii ) EOB « EBO , EB EO , but tho L OBO'" 
15 right, (I xn , Ex 2 ), EB = EO'" , hence O'" is bisected in 
E, and EL is parallel to 0 "K , (I xl , Ex 8) OK is bisected 
in L, and divided unequally m M , hence KM — OM « 2 LM , 
that IS, f'" - r = 2 EF , and wo have proved r' + s=: 2 DF , 

+ »• ' + r'" — rt=:2l)Es:4K. Hence r' +/' + r^"= 4 E+ r 

(2) It has been shown that r "'-res 2 EF, but EF is w/t, hence 
r " - f* = 2 /I Similarly / — f = 2 /i', and r" — r « 2 /t" , hence 
r' + r" + r'" - 3r = 2 (^i + /i' + /*"), that is, 4E + r - 3r 
s 2 Oi + / + /i") And therefore (a + /t' + m") “ ^ ^ 

(3) Bern —a + 8 «= a* + ^ » A** + 8 " = R , hence wo have 
A + A^ + a” + ^ + 8 + 5" » 3 E , that is, 2E — r +8 + 6 ' 4 - 6 ' 
*= 3 E And hence S + S' + 5"crE + r 

20 Bern —Let G ho tho flocond point of interscchon Join 

GB, GO, GD Now (III xxii ) tho aum ofthe il ■ DGC, DEO 
IS two Tight , hut DEO = EAF + AFE, and APE = B&B 
(HI XXI ) , B60 + BAO is equal to two nght I*, hence 

BACG is a oycho quad , tho O through B, A, C will pass 
through G And the locus of G is a O 

21 Let ABCD he the quad , E, P the middle points of tho 
diagonals, and 0 tho centre of tho m-O It is required to prove 
that tho points E, 0, F are coUmear 
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Dexn — Join EB, ED, and join 0 to the points of contact 
G, H, I, J 


D 

Now (I xxxvm ) the A ARE = CBEj and the A ADEe=sCDB; 

AEB + CDE := } AROD , hence the sum of the areas of AEB 
and ODE is given, and their bases AB, CD are given , (i , 
Ex« 29] the locus of E is a straight line, and E is a point on the 
locus , since it can be shown in the same manner that AFR 4 OFD 
= ABOD Again, the A OAG =s OAH, and OIB = ORH , the 
area of OAB is half the area of the figure GABIO Similazly, 
CCD = i GOIOD , hence OAB + OCD = J ABCD, and (i , 
Ex. 29] 0 IS a pomt on the locus , that is, the points E, 0, F are 
on the same straight line 
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22 (1) Lot AB bo n given lino , C, D two given points It is 
rcq^uired to find a point P on AB, so that OP + DP = R (a given 
lino) 

Sol —'With 0 03 centre, and a mdins equal toB, describe n O, 
and describo a second O DBF, having its contro on AB, passing 
through D, nnd touching tho first O mtcmnlly m E (III 
xxxvu , Ex 3) Let P bo xta centre P xs tho required point 



Dom^om OP, ond produce it, then (III si) OP pro- 
duced passes through E Join PD Now PE « PD , CP 
-f- PD *= OE » R 

(2) It IS required to find a point P, 60 that OP DP 0 11 



Sol — W ith 0 09 centre, and a radius equal to R, desenbe a O, 
and describe a second O DEF, having its contro on AB, passing 
through D, and touching the first O oxtomally in E Let P he 
its centre P is tho required point 
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Dem — Join CP, DP Now CP =» OE + BP, CP - EP 

= CE = R, thatM, CP-DP=E 

23 Iiot AB, AD, CB, CF lio tho four lines Aliout the 
A* APE, CDE describe O', let them intersect in P P is 
the point required 

Dem —From P let fall 1« PC, PH, PI, PJ on the ades of 
the A * AFE, ODE 

Now (III xxn , Ex 12) the feet of the 1» on the ades of the 
A AFE.are collmear Similarly the feet of the A* on the ades 



of the A ODE are oolhnear Hence the feet of the 1« PC, PH, 
EJ are coUmcar , and these are the A* on the four eiren 
lines AB, AD, CB, CF 

24 See “ Sequel to Euclid," Boot in , Prop kit 

26 See » Sequel to Euchd,” Book HI , Prop xnr , Cor 

26 (1) See " Sequel to Euohd," Book m , P«^ t 

(2) Dem — Let AB be the diameter of the semicircle AOB 
Produce BA to D, and let a O whose centre is 0 tonch AOB m 
0,andBDmD JomOD, 00’ OO'passes through 0 (HI xn ) 
Produce 00' to meet AOB m E, and from 0, D draw OP, DC 
tangents to AOB Now EO 00 = OP* (m xxxti ) = OD* 
+ DO* {" Sequel," Book III , prop xxi ), and 00* = OD® 
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Snllraciijigr, vo pot (EO -- OC) OC , tlat is, EO 00 « DO’ , 
that 15, 2 Rr « DG^ « DA DB* 



27* —If & A ABC have a O in-^cnliodi in it, and 

anolhcr e.rtua^mVed to !♦, iho rrcl^nglr cont’inawl br tbo 
dh!o^^r• of tho C3rturn*0 wid the rtidJos of ibo in*0 fqual to 
tbo TCctnngiA coalamod by tbo of anj chonl of the 

cxrruffl-O throngb the ctniro cf the in-O 

Deni — I-crt 0 bo tbo centre of the in finlc Jo»n A0» and 
frodt*ce U to root tbo cinrum-O m I> Trom D let fall n 
1 DF on BC, end f rwlnce L to the arcnmferrnce in R 
Jem tC| OG, OC^ BD, CD Xou th** art BD ci CD , * the 



chord BD « CD ; btmeo BP » CF , DE i» the diameter of 
Uio c«.rt4m-0 » *• tlio I DCE i# neht^ and {III xnn ) 
tbo I OGA is right, nod (III xn) tbo I DEC OAC, 
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hence the A® DEO, OAG are eqiuangular, (III xxxv. 
Cor 3) ED OG=OA DC, butDO = DO (Dem , Ex 19 (1)) 
Hence ED OG c= OA OD 


Let ABO bo the A, 0, 0' the centres of the in- and oiroum-0», 
and p, p’ the radu of two O* touching each other at 0, and 


touching the ciroum-O 


112 

It IB required to prove that — + ^ = p 


r being the radius of the m- O 


Dem — ^Through 0 draw a common tqngent to those O®, meet- 
ing the circum-O in D, E Join the centres of the O* whose 
radu are p, and produce to meet the circumferences m I, J 



Through 0' draw HF || to IJ, and outtmg DE in G Now 

EG 2p = EO OD (“ Sequel,” Book III , Prop vi ) , 

EO OD - - - EO OD „ EO OD 

PG =5 — Simflorly, HG= — — , EH = 


2p 


2p' 


^EO_OD ^gain,2Er = E0 OH [Lemma), 

2 p 

EO OD EO OD EO OD 


2B = 


2p 

EO OD 


2p 


2p 


therefore —+ , 

2 p 2 p' r * 


1 1 ^ S 

p' * 

28 Xftnma —Let AB be the diameter of a O, AD a tangent. 
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From C, tmv point in tho orcumforcnLO, a X CD is lot fall on 
ADf ftnd AO joined It is required to proi o that AB CD = A(F 
Dem —Through C draw CE fi to AD, meeting AB in E Join 
BO No\r (I XLVii , Ex 1) AB AE = AC*, but AE = CD , 
. AB CD«AC*. 

Dem — Let tho polygon ho a regtilnr pentagon ABODE Take 
any point F in tho circumference At F dra\s a tangent to tho O 
Join F to the angular points of tho pentagon, and let tho joining 


0 



lines ho denoted hy ci, Ac From tho angular points let fall 
X*ptfP 2 f Ac, on tho tangent, and let tho radius ho denoted 
by E 

Nonr (Zmma) 2 Epi = ri*, and 2 Epa *=: < 2 *, Ac , 2 E (pi 

+Pa • P 5 ) - cs*) , but (pi +p 2 Pa) = 6 R 
(Ex 18) , 10 E® s= (ci® + rs®) And similarly for a 

figure of any number of sides 
20 This IS a special case of tho next exorcise 
30 If any pomt G in tho circumference of any concontnc O 
bo joined to tho angular points of an inBcnbod regular polygon, 
tho sum of tho squares of tho joining lines is equal to n times 
tho square of Iho radius of tho concentno O, together \nth 
n times tho square of tho radius of tho circum*0 , that is, 
pi^ + + + p6* « 6 E® + 6 

Dem —Let 0 ho tho common centre Through 0 draw tho 
diameter From A lot fall a X pi on U, and draw AR parallel 
toIJ 
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NoTrAG^=OG" + OA® - 2 00 OK (H xin ) , that is, 

=s R* + — 2 Rpi Sunilarlj, p 3 *=E* + + 2 Rpzf &o , the sign 

of 2 ‘Rp 2 being positive, since the ± is let fall from above the 
Ime Adding, tto get, since the terms by ^vhich 231 is mnltipliod 
cancel each other, pi^ + pa* + + pe* «= 6 (R= + r^) 

81 liOt ADO bo an equilateral A inscnbod in a O Exom P, 
any point m the oiroumfcrenco of a concontnc O, A * Pzt P9$ 



G 


ore let fall on the sides of ABO It is required to prove that 
i?i* + jPs* + J93* = three times the square of the radius of the 
in-O, together irith throe half times the square of the radius of 
the concentno O 


Dem —From 0, the centre, let fall X* on the sides of ABO 
Through P draw PD J to AC, meeting tho X from 0 on AO 
in D , draw PE || to BC, meeting tho X from 0 on BO in E 
Produce tho X from 0 on AB to F, and draw PF U to AB 
Jom OP Now, smeo tho I* ODP, OEP, OFP are nght, tho 
O on OP as diameter will pass through D, E, F, and be* 
cause PD is (| to AO, and PE [| to BO, (I 8) the 

I DPE e ACB » on ^ of an equilateral A , DE is ^ of tho 
oircumferenco of DEF In like manner, EF, DF, aro each J of 
the ciroumforenco of DEF , D, E, F aro the ongulorpomts of an 
equilateral A inscribed in DEF, and (Ex 28) OD* + OE- + OF- 


» 6 



3 0P2 


Again, j?i (f — OD), r being the radius 


2 
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of tho in*0 , pi^ - 2r OD + OD’ = (f« OD^) 
- 2r (r - Bi), and « (i^ + OB’) - 2 r (r - pi), and pj* 

^3 OP* 

«(r^^On)-2r (r pv + /b’ +j?i^ « 3r- + — ^ 

-2r(3r-0^+p2 Jpj)} t twt (pj + fa + f 3 ) = 3 r (Ex 17) 
Ucnco i?r + />a® *= 3 ^ And in gcncnd, in the case 

of A figure of r? «idc 5 , tho oum of tho squares of tho !■ tviII equal 



32 t 33 The*o ''re rpcfiftl cases of Ex 31# 

Sfi I/*t A, B, C, P be the font coneyclxe point* From 0, tho 
c/'n^ro of Ibe O* let fall JL* Oa* 0/J» Oy, 03 on tho ndcs of 
ABCD , then (III in ) tho wdcs of Uie quad arc bisected m a, 
fi, 7*, 3 rrom «, 7 h t fill !• aF, yF on AB, CD, and let them 
intf *TC^ in 0 Join fiO\ and piodnro it to meet AD in G It 
is required to prove that fiG a J. to AD 
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Novr (xii ) the A AOP = BOP , the L AOP = J AOB , but 

AOB s= — - — , AOP s= — 3 — la like marmor the 

5 o 


I A'OP=: 


2ri 
6 ' 


the L AO A' 


2r/ 

30 


Let C ho the point TThoro OA' cute the O Then if we divide 
the arc CP into five equal parts m the points D, E, F, G, and 
]om OD, &a , and produce to meet AB m the points D', E\ F', 
Q\ tho ^ ■ A'OD', D'OE', &o , will ho each of two right /. • 
Again, the line OA is greater than OD' (I xix , Ex 4} Cut off 
OH « OD' Jom A'H Then (I rr ) A'D' = A'H, and the 
A OD'A' = OHA', the ^ OD'E' = AHA', but OD'E' is 
greater than OAD' (I xvi ) , AHA' is greater than A'AH , 
and hence AA' is greater than A'H , that is, than A'D' Simi- 
larly, A'D' IS greater than D'E' , D'E' greater than E'F', &c , 
hence 6 AA' is greater than AT To each add 5 A'P, and we 
have 5 AP greater than 6 AT , 6 AB is greater than 6 A'B' , 

but 6 AB is the ponmoter of the pentagon, and 6 A'B that of the 
hexagon Hence the ponmetcr of the pentagon is greater than 
that of the hexagon , and in general the greater the number of 
the Bides, the less the penmetor 

37 By the lost exercise the area of a pentagon is less than the 
area of a square, but the area of a square is equal to the square of 
the diameter Hence the area of a pentagon is less than the square 
of the diameter Similarly for other polygons 

38 Bern — Lot the four conoyclic points be A, B, 0, B Bisect 
the joining Imcs in E, F, Q, H Join BD, and bisect it in I 
Thou (v , Ex 4) the nme-pomts O of the A ABB wiU pass 
through the pomts H, E, I Similarly, the mno-points O of the 
A ABO will pass through E, F, and tho middle point of AC 
Hence two of the mne-points O* will pass through E In like 
manner two of them will pass through each of tho pomts F, G, 
H From E, F, G, H let fall !• EE', FF', GG', HH' on the 
opposite sides , these will co-intersect in a pomt 0 (£'<c 35} 
Join IF, IG Now, because each of tho Z • AG'O, AP'O is nghf^ 

tho ^ ■ FAG', F OG' aro together equal to two nght /. •, and 
tho A* BAB, BOB aro equal to two nght the Z F'OG' 

ts BOB , that IB, tho L FOG = BCG , hut (I xxxiv ) BCG 
*= FIG , FOG =s FIG , and hcnco tho O through tho points P, 
G, I, must pass through 0 In liko manner each of tho lour nine- 

o 
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points O* must pass through 0 Now, sinco two of these O * 
through B and 0, if wo bisect EO, and erect XXi X to it, their 
centres must bo in XXi Similarly, the centres of each other pair 
must be in the lines XiXs, X2XS1 XsX. Hence the points X, 
Xi, X3, Xs must be the centres And because each of the lines 


D 


XXi, CD is X to EE', thoy ore [| to each other Similarly, the 
remaining sides of XXiX3X3 are 0 to tho remaining sides of 
ABOD , henco tho I* X and X? ore equal to tho A * A and C , 
but A and C are together equal to two ngbt A ■, X and X3 
ore equal to two nght A* Hence tho points X, X], X2, Xs are 
conoyclio 

39 Let AB, AC ho two fixed lines, having iheir included 
A BAC equal to an A of an equilateral A , and lot BC bo a 
third lino forming a A with AB, AC Bisect BO, AC, AB in 
D, E, F Join DE, EF, FD Tho O through D, E, F is the 
nino-points O of tho A ABO (v , Ex 4) It is required to prove 
that tho locus of its centre 0 is a nght lino 

Dem — Join OA, OE, OF Now DE, DF are respectively 
B to AB, AC (I XL , Ex 2), AEDF is a O, the A FDE 
= FAE , but FOE = 2 FDE (III xx ) , FOE = 2 FAE, 
bonce FOE is twice on A of an cquilator^ A , FOE + FAE 
are equal to two nght A* , henco AEOF is acyclic quad Again, 
because OE = OF, tho arc OE = OF, and (III xxvi ) tho 
A OAE = OAF , the A FAE is bisected Hence tho Imo 0 A 
is given in position , and smeo 0 is a point on it, tho locus of 0 
16 a nght lino 

41 Let AB, AO he two lines given in position, P a given 
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point, and let ffie line FG bo equal to tbe given penmeter It is 
TOquircd to draw a transvcrBal through F, so that the A formed 
with AB and AO sbnU have its perimeter equal to FG 

Sol —Bisect FG in H In AB tahe AD = GH, and erect DO 
± to AB Bisect the L BAG by AO, and let fall a i. OE on 
AC Then (I sxvi ) the A« ADO, AEO are equal m every 
respect , OD = 0£, hence the O, with 0 os centre and OD 
05 radius, will pass through E, and touch the Imos AB, AC in 

D, E Through P draw MN, touching this O, and cutting AB, 
AC in M, N AMN is the A required. For (iv , Ex 4) AD 
IS equal to half the ponmeter of AMN Hence the penmeter 
IS equal to 2 AD, or FG 

42 (1) Let BAC he the vertical A, X its buector, and FG the 
penmetm: 

Sol — Bisect the L BAG by AP, and male AP = X Througb 
P draw MN, cutting oil a A AMN whoso perimeter is equal to 
FG(Ex 41) 

(2) Let BAG ho the vcrticol A, FG the perimeter, and X 
the 1 

SoL — ^Bisect FG in H, in AB take AD = GH, erect DO X to AB, 
bisect the A BAC by AO, and from 0 let fall OE ± to AG , 
then the O, with 0 as centre, and OD os radius, will pass through 

E, and will touch AB, AC, in D, E IV'ith A as centre, and a 
radius equal to X, dcscnle a O, cutting AB, AC in P, Q, Draw 
a common tangent to the two 0% meeting AB, AO m M, N 
AMN IS the required A 

Dem — Jom AE, E being the pomt where 3IN touches the 
O PQ Now (HI xvni ) the A AEN is nght, AE is a X, 
and it 15 equal to and as in Ex 41, the penmeter of the 
AAHX^FG 

(3) Let BAC be tbe vertical A, FG the penmeter, and E the 
radius of the m- O 

Sol — Bisect BAC by AO Draw AD X to AC, and make it 
equal to E Through D draw DE J to AO, and where it meets 
AC draw EH B to AD From H let fall HI X on AB TakeAB 
= i FG, erect BO X to AB, and from 0 let faE a X 00 on AC 
Now, as in Ex. 41, HE =III, and OB = 00 , hence Iho O* with 
H, 0 as centres, end HE, OC as radii, will pass through the 
pointB I, B Draw a common tangent, touching the O* in K and 
L, and cutting AB, AC in ^1, N AMN is the required A 

o2 
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For, OB loforo, the penmotcr of AMN « FG And since 
ADEH 18 a a, EE AO » B 



43 (1) Lot ABO bo the given D, E the points It is to* 
quircd to inscribe a A in ABO, so that two sides may pass 
through D, E, and the third be a maximum 
Sol — Desenbo a O passing through D, E, and touching ABO 
m A (III xxxvxi , Ex 1} Jom AD, AE, and produce to moot 
ABO in B, 0 Jom BO ABC is the rcquii-cd A 
Dom — ^Toko any other point F in ABO Jom FD, F£, and 



produce to meet ABC m GII Jom GE, JE, J being the pomt 
where FG cuts the O ADE Non the L DJD is greater than 
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DFE f the L DAE is greater than DFE , the are BC is 

greater than GH Hence the chord BC is greater than OH 
(2) Let ADE bo the given O , C the points 

Sol — ^Through B, C desenbe a O ABC, touching ADE in A 
Jom AB, AC, cutting the O ADE m D, £ Join DE ADE is 
the required A 

Bern — ^Tako any point F in ADE Jom BF, CF, cutting the 
O ADE in GH Jom GH Frodaco GF to meet ABC m J 
Jom BJ Novr tho A BFC is greater than BJC, that is, greater 
than BAG , the arc GH is greater than DE* Hence the chord 
GH IS greater than DE 



44 Let A represent the area of the tnangle 


Nov r' = ~ (iv , Ex 10), r" 


A 

'»- 6 ' 


rr = . 


A* 


but A* a* t-a t~b t-e{rT, Ex 12), therefore /r' 
« »— n g—h g~e c _ , ... 

^ — ' (s-a) (g~6 ) — *“® Simflnrly, r' V" = « «-a, ond 

r"W'-g t-h Hencer'r"+r"r" + /V»* {3«-(o+ J + dl , 


45 Let ABC he a A inscnbod m a O Draw tho diameter 
DE ± to BC Jom AD AD u tho intcniBl hisector of tho 
vertical L From A lot fall a 1 AJ on BC From B and C let 
fall A* BG, OF on AD, and let H ho the point where DE hiseots 
BC It 18 leauired to prove that the pomta P, H, G, J ore 
conoydic 
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Dom — Jom FH, GJ, CD Noir, since oach-of tho il* BGA, 
B JA IS nght, BGJA is a cyclic qund , the /L BAG ==? B JG 



And because DUFO u a cyclic quad , the 4 DOH DFH , but 
(III TKt ) DOH BAD , DFH = BIG Hence tbo points 
F, H| Gy j are concydic 

40 Let ABO bo the A Trboso base AB and vertical L ACB 
are given 

Describe a O about ACB Lot 0 be its centre Dranr DEy 
the diamctery X to AB Join CDy 0£. GDy OE ore tbe inter- 



nol and external bisectors of tbe L ACB (III X 3 uc , Ex 2) 
Bisect tbe external L CAB by AO meeting CL produced Pro- 
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duoe CD, 0"A to meet m O'" Jom 0'"B Produeo 0"'B, 0"0, 
to meet in O' O'B is the oxtemol bisector of the L CBA 
(I XXVI, Ex 8), O', 0", O'" ate the centres of the ex-O* 
Join O'A, 0"B, intersectmg CD in P Jom PO Dratr EG 0 
to CD, meeting PO produced in G G is the centre of the O 
pnaoiTig through O', 0", O'" It IS required to find its locus 
Dem —Jom BD Novr, because P is the orthocentre of the 
A 0 0" O'" {IV IV , Ex 6), 0 the centre of its nine-pomts O 
(IV V , Ex 6), and EG the 1 from the middle pomt of O'O", 
OF s= OG (IV V Ex 4) , and smeo the L GEO = PDO 
(I XXIX.), and GOE ~ POD , EG = DP , but DP = DB 
(Dem of Ex 27), and DB is given, EG is given, and the 
pomt E IB given Hence the Iccus of G is a O, baling E os 
centre and EG as radius 

47 Let ABO be the A , O', 0", O'" the centres of the 
ox-0‘ 

Dem — Desonbe a O about the A 0'0"0'" Lot 0 bo its 
centre Join 0 0, and produce it to meet the circumference m 



D, and outtmg AO in E "Wo shall prove that 0"0 is ± to AC 
Jom 0"B, and produce it to meet the oncumference m F Jom 
DP Now the L 0"PD is nght (III xxxi ), and 0"B0'" is 
right, smee 0"B is 1 to O'O'" , O'O'" is B to PD , (HI 

XXVI , Cor 2) the arc O^D <= O'P , hence the L 0 "0"D 
= 0'0"P, and the Z 0"AE = 0"0'B (i , Ex 36) , the 
L 0"EA = 0"B0', but 0"B0' is nght, 0"EA is nght, 
hence 0"0 is A to AO Similarly, if we jom O'O, 0'"0, 
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they Trill he J. to BO, AB Hence the three J.* aife concur- 
rent 

48 Bern — Join BE, BQ, BD Nott (HI xxrr } the L 
AQB IS nght, and EOB is nght (hyp ) » OEQB is a cydio 
quad , the L OOB = OEB, but OftB == PAB (III xxx). 


D 



0£B IS equal to PAB And hence the O through the points 
A, E, B \nll pass through D 

49 Let ABC be a A Trhose sides a, e m onthmetical 
progression , a being the greatest, and e the least It is required 
to prove that 6Er e= ce 


Bern — Let p denote tbe length of the X from B on CA, 
and R the radius of the circum- O Now 2‘Sip=sac (III kxxt,, 
Ek 1), 2B hp^ahe^ but is equal to twice the area , that 

oIh! 

IS, equal to 2 A (suppose), 2 B 2 a = abc, Be — , and 

4A 

since the sides are in A P , a + es=2h, o + 3 + cs=3^, but 


(a -f 3 + c) e 2s, therefore 2s = 8^ Again (ir Ex 9), r = ^ , 

and multiplying this and the equation B = ^we getBr s= — , 

4a , 4f 


Er =K — , and hence 6 Er *= ac 
6 o 

50 Let A^ C^ he the O » and AB, BO, CA three lines in the 
form of a A It is required to inscribe in A'HCr a A -whose 
sides shall be Q to the sides of ABC 
Sol — laic a pomt A' in the circninferGnce, and draw A^ J to 
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FC" “WifliO es centre, tndOD as Tains, 3cscnbe a O- Stvfr 
EPjtoucbiDgiliis O, andJtoJiC (HI Zx 2) 3w O to 
Gr, tlxe point of contact Itenr FE § to C k% and join EE 
BBS 18 the A Tcq^mmL 

Dem — Because 06- = OD, FF » B C' (111 xiv ), •• tho arc ‘ 
EP « Fty , hence the arc FC' = BF, hut FC’ := EA' (III 
xm,Cor 2), FE=HA, EEisgtoAF'; that is 5 to 
AB, and FEis J to A'C, that is to AC , and FP is {; to BC 
Hence the ades of the A HEP arc g to the ndp^of ABC 

51 Dem --Let 0 be the centre of the circum O JomHA 

D 
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CE", OAy OB, 00, &c Nov the A A'^OE'' + DOO -- (A"00 
+ E"OD) = 4 A'OE' (Book I , Ex 62) , that is, AA^'E' + AOA" 
+ AOE ' + DOO « (BOO + A'DB + EOD + EOE ') =: 4 A'OE' , 
but evidently AOA" «A''OB, AOE" = EOE", and DOO =EOD , 

AA'CE" « BOO = 4 A'OE , and BOG = A'OE' + A'AE' Add- 
ing, ve get A"AE" — A'AE' = 6 A'OE' = pentagon A'B'O'D'E' 

52 (1) Dem »Let ABODE be the equilateral insoribed 
polygon 

Nov, since the sides are equal, the arcs are equal , therefore 
the vholo arc EABO = DEAD , hence the JL ODE = BOD 
Similarly, the L BOD = ABO, Ac Hence the polygon is 
regular 

(2) Bern ^-Let ABODE be the equilateral ciroumsonbed 
polygon , P, G, H, I, J the points of contact, and 0 the centre 
Join OA, OB, OF, OG, OH 

Nov ID = HD, IE = HO, JE = GO, AJ = BG, 

AF =s BP Nov since AP BP, OP common, and the L 
APO = BFO, the L OAP = OBP , the L BAE = ABO 
Similarly all the A ■ are equal Hence the polygon is regular 

63 (1) Let ABODE he the equiangular circumsoribed polygon , 
F, G, H, I, J the points of contact, and 0 the centre Join OA, 
OB, OG, OH 

Nov since the L OBA » EAB, their halves ore equal , that 
15, the L OBP OAF, and the L OPB = OPA, each being nght^ 
and the side OP common, (I xxvi ) BP « AP , that is, 
AB s= 2 AF Similarly, AE «= 2 A J , hut AP = AJ, AB 
=3 AE In like manner all the ades are equal Hence the 
polygon IS regular 

(2) Bern — ^Let ABODE be the insonbed polygon, and 0 the 
centre Join OA, OB, 00, OD, OE Nov the L ABC = EAB 
(hyp ) , but the L OBA = OAB, smee OA = OB, therefore the 
L OBC s= OAE , that IS, OCB « OBA , but the L BCD « AED, 

OCD = OED , that is, ODC == ODE Nov, in the A* ODO, 
ODE, the OOD, ODC are equal to the OED, ODE, and 
the side OD common , hence (I xxvi ) DO DE Similarly all 
the sides are equal Hence the polygon is regular 
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5i The smn (ff the ±* diaTO to the sides of an equiODgular 
poljgon X from any pomt P lE&dfi the figure is cousUmt. 

Dem. — StQjpose a regular polrgon T of the same number of 
sides as X constructed so as to include X, and hare its sides 
paralM to thoce of X. Then, if 'the JL* fnim P on tho 
ezda of X he produced to meet the sides of T,^thcir smn is 
constant (Booh IT*, lEx. 17) , but the excess of the latter sum 
over the former zs consfanL Hence tho former xs constant 
65 Dem. — ^Hthersdube r\ r*, r"', ve hare, denoting the 
ar^ of the triangle by A (Book IT > Prop ir,Ex.lO), 
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1 (1) Let a bo greater than b It is re^mrcd to prove that 

r IS greater than r* 

a — « 0 


Dem — Subtract, and wo get 


ah— hx^ah^ax 


, that is 


{a^h)x 


b{b^xy 
a^x 
X 


b{b-^x) 

(u — — 

but since a is greater than d, is positive Hence ^ — 

IS greater than 

o 

(2) To prove that ^ is greater than 

0 e T a? 

_ _ , . . , .a a + » ai+ as - ab - lx 

Dem — SuDtiact, and tto get r- - r t-tt : 

’ 6 b + x i(i + «) 

_ ^ ~ ijecause a is greater than b, is positive 

6(t + a) “ b{b + x) ^ 

Hence ? is greater than 

0 b + X 

2 The proof of tbis is similar to that of Ex 1 
8 Let a, b, c, d be the four magnitudes , then if a 8 c 
0 + d c d 

It is required to prove that ^ ^ ^ ^ 

Dem — ^Because ah /f, wo have a+5 b e-^d d 

(xvm ) , that IS Again, a— d b c-^d ^^(xvn], 

-p, , .0 + 5 e^d 

that IS, = —3— Dividing, we get, r « — 7 

O w O V cj 


4 Let 0 , b, f, d, and <*,/, ho the two sets of four magni- 
tudes that are proportionals , that is, 0 d e d, and e / g h 
It 18 required to prove that ut bf eg dh 
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3 )ein.-Becatisoff 5: «? = j Similarly, 

Jlulfaplying together, "'i''® 6®*^^ 
f h J 

eg dh 

^ abed 

5 It IS required to prove fliafc ^ f J h* 

a e a ^ f 

Dem.— A8m(4),TrohaTOT-7. and-p=j, 


eh 


i f 

e d 


ff _ rt e of a ^ — 1—== . 

but ^ ^ ^ 7 ^ rf " /* 9 ^ 


h e d ^ abed 
— =s — - Hence - r T 
f 9 h e f g h 

6 Leta, b, Cf dheUxe four magnitudes 

A e 1 V 

J3em --a J ^ 

c* (P Similarly ^ ^ d^ 

7 Let <r, c, , o, ^ <?, <?', be tbo two sets of magnitudes 
It IS required to prove that d^d 

a e ,0 c 

Hem — a b e d,andfl h e , and^=— , 

^ =s i Hence d^^d' 
d d 

S Hem ^Since the three magnitudes ore continual proportions 

we have^ s=-and-e- Multiplying these equalities, wo get 
0 0 0 0 

2=^, that JB, a 0 i* c® Again, ^«=-, fr - 1 ^ 

e e^ be \o / 

'(!->)• = 
thatis, («— S)* (5-e)® A* c* Hence 'wo hare a o* {a~-lt)- 
( 6 -«)» 

9 Dem— AO CB AD DB(hn>), AO - CD AC 
A 0 C B d' D 


+ OB AD - DB AD + DB , that is, 2 00 2 OB 2 OB 
JQD Hence 00 OB OB OD 
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Dem — ^Bccanso CD is lusootcd in 0 , and produced to 0, 
iTO (H Ti ) CD OC + O'C* = 00'^ , Tint CD OC = 0B» 
9) , OB* + 0 C» = 00'* , that is, 00** = OB* + O’D* 


I Dom — ^AC 
■D AD-AB, 
■»(AB-AC), 


OB AD DB(hyp), AC AB-AC 


AC AD -AO AB=AD AB-AD AO 


A 0 B P 


jposing, TTO get 2 AC AD = AB (AC + AD) Dmdo by 
AO AD, andi70hnTC^ = ^ + ^. 


Dem — ^BD BO AD AO (hyp.) Working, as in 

1 * 2 1^1 
h ■"•0 get QD - uj) + 


Dom— AO CB AD BD(hyp), AO BDeCB.AD, 
0 BD + CB AD = 2 CB AD Again, AB CD = (AC 
.3) (CB + BD) = AC BD + AC CB + OB* + CB BD 
0 BD + CB (AO + CB + BD) = AC BD + CB AD 
3B AD 
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hence (Ex 1) DC CB DB BE, DA AE DB BE 
Hence AB is cut harmonically in E and D 
6 Let AB be the base, AC and CB the sides 
Sol — Bisect the L ACB by CD Fzoduce AC to F, and bisect 
the L BCF by CE, meeting AB produced in E 
Now AD DB AC CB (m } , but the ratio AO OB is given 
(hyp } , the ratio AD DB is given, D is a given pomt. 
Again, AO CB AE EB (Ex 1) , the ratio AE EB is 
given, and AB is given, hence the point E is given And 



because the L ACD = BOD, and FOE = BCE, the L DOE is 
ngbt , hence the O on DE as diameter will pass through C , 
and because the pomts D, E are given, it will be a given O 
It divides the base in the pomts D, E harmomcally, m the ratio 
of AO CB, and is the locus of the vertex It is colled the 
“Apollonian locus ** 

7 Dem —ft e CD DB (m ), b + e c CD + DB 
DB, but CD + DB = OB t= ft + c e a DB 

(ft + c) DB = ac , hence DB = - Similarly, D B = 

o+e o^e 

Addmg, wo got DD' = r— + r = -yr — ^ 

ft-fOft — ^ 
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8 (1) Dem — In the last Exerafla wo got DD' = 

1 ^ , 1 c®-«® ,1 «*-J* 

1.11 


2o«o’ 


2 ado 


Adding, get^, + |:j^= 0 


(2) Bern — ^Fiom (1) tto have 

1 — c* a^d* - cV 

Siy “ 2 ado ^ DD "" 2 ado 

Similarly, 

dV-a«d’ - cV-d*o« 

EF*“Tadc“' FF'* 2ado 
Adding, \re havo 

a» d^ 

DD ■‘■eE'‘‘‘FP'“ 


PEOPOSITION IV 

1 Bern — Let 0, 0 be tbo centres Join OA, O'A', and let 
fall A* OC, 0 C' on AA' From T let fall a A TD on AA 
No\r in the A* AGO, ADT tto hare the AGO, ADT equal, 
and the L OAT is ngbt (III xvin ), and is equal to tho sum of 
the 4* OAO, AOC Eejeot OAO, and wo have AOO = TAB , 



tho A* OAC, ABT are equiangular , hence (rv ) OA AC 
AT TB, alternation, OA AT AO TB Similarly, 
0 A AT A'C' TB , but AO «= A'C , since AB, A'JJ are 

p 
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=AB BO,bntAB BO=BD^tl^atlfi==to OH AH, JB BF 
= GH AH, butBF = AH(con8t), . JB=GH, and JF=AG 



Again, AO CE JP EF (rv ) , alternation, AO JF CE 

EF , but JF « AG Hence AO AG CE EF 

PBOPOSITION X 

3 See Sequel,*’ Book YI , Prop t , Sect m 

4 Let the sum of tbo squares of the lines be equal to the 
squares on AB, and their ratio that of m n 

Gol — On AB ns diameter desoiibe a O ABO Dmde AB m 
D, so that AD 1^ m ft (Ex 1) Bisect the aro AOB in 0 
Join CD, and produce it to meet the mroumferonce in E Join 
AE, BE AE, BE ore the required Imes 

Hem — AB* = AE® + BE®, and (III x kvu ) the L AEB is 
bisected, hence AE EB AD DB, but AD DB m n 
Hence AE EB m n 

d Let the diileroncQ of tbo squares of the Imes be equal to 
AB®, and their ratio that of m n 

Sol — Divide AB internally and externally in 0 and D, m the 
ratio of tn n (Ex 1} On OD as diameter describe a semicircle 
Let 0 be its centre Erect BE i. to AD, meet the O in E, and 
jom AE AE and BE are tbc required lines 

Hem — Join OE, CE Now (I xxvn ) AE® ~ BE® = AB® And 
because AB is divided barmouicoUy m 0 and D, and CD is bisected 
m 0, OB, OC, OA atom geometneal progression (BooLY , Ex 9) 
Henco OA OB = OC® = OE®, the /. AEO la nght, the 

L OAE as BEO , but ECO = CEO (I v ) Hence (I xxxn ) 

p 2 
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tlie L AEO == CEB , (ni ) AE EB AC CB » that la, 

m fh 

6 (1) Let AB be tbe base , m n the xatzo of the sides^ and 
the rectangle X the area 

Sol — Divide AB internally and externally in C and D, in the 



nsho m n (Ex 1) On CD as diameter descnhe a O , to AB 
apply a C3 AF, whose area is 2 X Let its side EF out the O in 
G Join AG> BG AGB is the A required 

Bern. — AG GB AC OB (Dem of Ex 5), that is as 
M «, and the □ AF = 2 AGB , but AF = 2 X > AGB = X. 

(2) Let AB he the base , m n the ratio of the sides, and 
the difference of the squares of the sides 

Sol — Divide AB as m (1) On CD as diameter descnhe a O 
‘‘Divide AB m F, so that AF® — BF® = E® (** Sequd,” Book I , 
Prop IX } Erect FE ± to AD, cutting the O in E Join AE, 
BE AEB IS the A required 



Dem — AE EB AO OB, that is as m », and AE®--EB® 
= AF®-FB®t=E2 

(3) Let AB he the base , m n the ratio of the sides, and 2E^ 
the sum of the squares o£ the sides 

Sol — ^Divide AB as in (1), and on CD as diameter describe a 
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O ODE Bisect AB in E Erect FG 1 to AD From A inflect 
AG on FG, and equal to R *WiUi P as centre, and FG os 
radius, describe a O, cutting ODE in B Join AE, BE AEB 
IS the A required 

Dem —Join FE Nok^ as m (1) AE BE tn n, and 
FG « PE (const ) , FGP = FE3 , AF^* + FG* , that w, AG* 
« AP* + FE*, 2 AG*, that is, 2 R* « 2 AP» + 2 FE* Hence 
(II x,Ex 2) AE* + BE*«2R* 

(4) Let AB ho the hnso , m n the ratio of the sides, and X 
thoTerhcol L 

Sol — Dmdo AB as in (1) On CD as diameter desenbe a O 
ODE , and on AB desenbe a O AEB, containing an A = X 
Join AE, BE AEB is the A required 

Dem — ^AE BE m n, and the vertical L AEB a X 

(6) Let X ho the difFerenco of the hose angles 

Sol — Dmdo AB as in (1), and on CD desenbe a O CDF 
Erect OE 1 to AD , and at C, in the line CE, make the L EOF 
= i X Join AF, BF AiFB is the A rcqmred 

Dem — ^AF BF m n , and the difference between the 
4* AGP, BCF 18 equal to 2 EOF « X , but ACF = QBILi^OEB 
and BCP = GAEL and CPA = CFB Hence CBP 

-OAF = AOF-BCP^X 


PROPOSITION XI 

1 Dem — Join OB, B'O, Ao Now in the A» OAB, BB'O, we 
have OA AB B'B BO, and the nght L OAB a= B*BC , hence 
(vi ) the A • are equiangular, the L ABO = BOB' , hence OB, B'G 
are i| Similarly B C, O'D are 1| Now, smeo the linos AO, BB', 
CO' are ]], wo have (n , Ex 1) OB* B*C* AB BO , and 
because OB, B*C, C'D are fl, OB' B'C' BO CD , hence 
AB BO BO CD In like manner BO CD CD DE 
Hence AB, B0> CD, Ac , are m continued proportion 

2 Dem — Because B'M is H to An, the A» 0MB', OAn are 
equiangular, OM MB' OA An , hut OM » OA - AM 
= AB BB' = AB -- BO, and MB' = AB, and 0A = AB Hence 
AB - BO - AB AB An 
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PEOPOSITION xm 

1 (Diagram to Prop Tin ) 

SoL — ^Let A3, BD be tbe two lines On AB describe a eemi- 
cirdc At D erect DC JL to ABj and meeting the Eemicircle in 
C Join BC BC IS a mean proportional between AB, BD 

Dem — Jom AG Now the A* ABC, BCD are equiangular " 
(tiu ), AB BC BC BD Hence BC is a mean pre^r- 
tional between AB and BD 

2 Sol — Let 0 be any point taben witbm a O ABO , O' the 
centre Jom 00', and produce both ways to meet the mreum- 
lerence in A, B Through 0 draw CD i. to AB CD is bisected 
m 0 (III in ) Through 0 draw any other chord PE 00 is 
a mean proportional between OF and OE 

Dem.— Jom OF, DE Now, because the A* OOF, OED are 
equiangular (Etl xxi ), we have (it ) OF 00 OD OE , 
but OD = 00 , OF 00 00 OE Hence 00 is a 

mean proportional between OF and OE 

3 Let ABO be a O, 0 any external point From 0 draw a 
secant OAB, and a tangent 00 to the O It is required to prove 
that 00 IS a mean proportional between OB and OA 

Dem — Jom AC, BC Now m the A* OAC, OBC, we have 
the L OCA OBC (III xxrn ), and the L BOO common, 
hencethe A* are cquiangnlar, BO 00 00 OA Hence 

00 IS a mean proportional between OB and OA 

4 Dem — Lot AB be the chord of the arc Jom AE, AO, CB 
Now because the arc AO = BO, the L OAB = CBA , but CBA= 
AEG (m XXI ) , AEG s= CAD, and the L ACD is common, 

the A* ACE, ACD arc equiangular, EO AO AC . CD 
Hence AO is a mean proportional between OE and CD 

5 Let AOB be a O whoso diameter is AB, FG, HJ two 
parallel tbords , ODE a O touebmg AOB internally m 0 , and 
FG, HJ m D, E From 0, the centre of ODE, let fall a ± OH 
on AB It IS required to prove that OH is a mean proportional 
between AG and JB 

Dem.— Jom OD, OE, CD, CE OD, CE produced must pass 
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through A, B (m I Ex 61) Now (HI TVin ) tho L ODG is 
nght, and DGB w nght , 00 is || to AB Simflarly OE is 

B to AB» 00, OE aro m tho samo straight lino Again, 
sinco tho L AGO is nght, tho L ■ GAO, GOA aro equal to n 
nght L j and because \CB is nght (III xx\i ), tho 4.* CAB, 
CBA oro equal to a nght L , htuco tho C GOA « JBE, and tho 
4 OGA«EJB, tho A* ADG, JEBarc equiangular, licnco 
AG GO EJ JB, hut GO and EJ aro each equal to OK, 

AG OK OK JB Ucnce OK is a mean proportional 
bolwcen AG and JB 

C Let ADB 1)0 a gciuicirdc whoso diametor is AB , CEF a O 
touching AOB m F and AB in C Through 0, its centre, draw 
tho diameter CP, and produce it to moot ADB in O It la 
required to prove that CF is n hnrmomo mean between AO 
and CB 

Oem — ^AB CO = CD* (“Sequel,” III , Prop v ) , but 
AC CII«OD>, VB CO = AC OB, • = 

AC + CB 

2 AC CB 

2 CO tK nonce (V , ^IisceUancoufi, Er 11) 2 CO, 

that IS CF, IS a harmonic mean bolwcen AO and CB 

7 Let ACB bo a O who«o diameter is AB, FG, IIJ, two 
parallel chorda meeting llie O m P, II, end the diameter in Q, J 
Oesenbo a O COE touching ACB cxtcmallj in C, and GP, JIl 
produced in 0, E From 0, its centre# lot fall a 1 OK on AB 
It IS required to prove that OK is a mean proportional between 
AJ and GB 

The prool IS the samo os m Ex 5 
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PROPOSITION XVII 

2 Bern — ^Deficnbe a O about tbo A 4 Produce AO to G, and 
bisect the external L BCGr by CD , meeting AR produced m If 
Produce D'C to meet the O in F» and join AF Now the 
L BCD' = GOD', and GOD' = FCA, BOD' = FCA, and 
since the OBD , OBA are together equal to two nght Z*, 
and the CFA, CBA ore equal to two nght the CBD' 
= CPA, the A* AFC, BCD' are equiangular, AO CF 

D'O CB(rr), hence AO CB^D'C CF Again AD' D'B 
= FD' DC,butFD' D'O = FC CD' + CD'* (II m ) = AC 
CB + OD* UoncoAD' DB-CD* = AO CB 

4 Bern — Let 0 bo the centre of the ox-O, touching AB 
extemaUy, and the other sides produced Join O'C, cutting 
the circum-O m E Through E draw EF, the diameter of the 
circum-O Join O'B, EB, FB, O'G, G being the pomt where 
CB produced touches the ex« O 

Now the O'GO, EBF ore equal, each being nght, and the 
L 0 CG = EFB (in XXI ) , the A* 0 CG, BFE are equi- 
angular , hence (it ) FE £B O'C 0 G, and £B = EC (Dem 
of XT , Ex 19) , hence FE EG' 0 C 0 G, FE O'G 
c= EO' O'C , that IS, the rectangle contained by the diameter of 
the oircum-O, and the radius of the ex-O, is equal to the 
rectangle contained by the segments of any chord of the 
oircum-O jiossmg through the centre of the ex-O 

Bern — ^Produce AD to meet the circumference in G , then 

" (Ex 6) wo have AB AE + AC AF = AG AD , but AG AD 
= GD DA + DA* (II ni ), and GD DA = BD DO (UI 
XXXV ) Hence AB AE + AO AF = BD DO + DA* 

9 Bern — ^Let ABC be the A, and FGG'F' the inscribed 
square, F and G being on AB and BO From B let foU a J. BD 
on AG, cutting the side FG of the square in E 

Now AO FG AB FB (iv ) , but AB FB BD BE 
(5 ) , AC FG BD BE Hence, puttmg h for base,. 
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p for 1, nnd t for Bide of square, wo haro 6 « p p - « . 
hp — hs — tp Hence 5p = (5 +p) t 

10 Dem — Let ABC bo the A, and FGCr'F' tbe esenbed 


G E F 



square Proin B lot fall & J. BD on AC, and produce it to meet 
FGinE 

Now AC FG * AB BF (re ) , but AB BF BD BE 
{it ) , AC FG BD BE , that is, putting »' for tbo side 
of the square, 5 »' p t -p Hence - Ip ^^tp. hp 
= a {h-p) 

11 From P lot fall a X PC on the chord AB, and from A, B 
let fall 1» AD, BE on DE, the tangent at P It us icquued to 
proTo that CP’ = AD BE 

Dem — J oin AP, BP Now in the A» APD, BPC, the L APD 
= PBC (III xxxii ), and tho L ADP = BCP, the A* arc 
equiangular , hence (nr ) AP AD BP PC , alletnation, 
Al* BP AD PC In like manner for the A» APC, BPR, 
wohaicAP BP PC BE, AD PC PC BE Hence 
CI« = AD BE 

12 Dorn —In the A» AOD, BOO, the L ADD = BOC, and 
tho L OAD = OBC(IIl txi ), hence (iv > AD AO BC BO 
altcrnaUon, AD BC • AO BO Multiplying each by iVB wo 
get AD AB AB BC AO BO SiroDarlyAB BC BC *CD 

. BO CO, Ac Hence tho four rectangles are proportional 
to tho four lines 
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14 Dem — Dra'W’ tbo diagonals A0| BD Make tlio L ABO 
c; DBG, and BAO = BDO Join 00 



Now the A* ABO, DBG are equiangular, AB AO BD 
DC, AB CD=AO BD Again, smcoAB BO BD BG, 
altornation, AB BD BO BO , and since the L ABO DBG, 
the L ABD OBC, kcnco (xr) the A* ABD, OBO are cqui* 
angular, (iy)AD BD 00 BO,hencoAD BO=BD 00 
Now wo have proved AB CD e= AO BD, AD BO = 00 BD, 
and AO BD = AO BD , hence the three rectangles ore propor- 
tional to the Bides AO, 00, AO of the A AOO and since the 
A* AOB, GDB have been shown to be equiangular, the L AOB 
c=: BOD , and because tbe A* BOO, ABD are equiangular, the 
L COB BAD Hence the L AOO is equal to the sum of tbe 
I- BAD, BCD 

16 Let ABOD be a cychc quad , AO, BD its diagonals At 
P, any point in the circumference of the ciroum-O, draw a 
tangent to the O, and lot fall PE, PP, PGr, PL on AB, BD, 
AC, CD It IS required to prove that PF PO = PE PL 

Hem — From A, B, 0, D lot fall AH, BI, CJ, DK on the 

tangent atP NowPF2=BI DE (Ex 11), andPG* = \H OJ, 
PF* PGr* e= BI DE AH CJ In like manner PE* PL* 
s=BI AH DE OJ, PF* PG*«PE* PL* HencePF PG 
= PE PL 

16 Hem —The L APB is nght (III xttt ) , DPE is 
nght, and equal to ECB, and PED = CEB, PDE = OBE 
Now smeo PDE « CBE, and ACD = ECB, the A« ABO, EBO 
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are equiangular , Bence AC CD CE CB (iv ), AO CB 
= CD OE, but AC CB == CP (xvii ) , CD CE = CP^ 
Hence CP is a mean proportional between CD and CE 

PBOPOSITION XIX 

1 hot ABO, DEP be the two A* Now AB = f DE (hyp ), 
AB DE 3 2, AB3 DE* 9 4 , but ABO DEP 
AB* DE* (xix ) Henoo the A ABC DEP 9 4 

2 Let AB bo a side of tho inscribed polygon, 0 the centre of 
the O Join OA, OB, and bisect the L AOB by OPP', meeting 
tho chord AB in P, and the arc AB in P' Through P' draw a 
tongeut to the O, and produce OA, OB to meet it in A'B' , then 
evidently A B is a side of tho circumsonbed polygon 

Now, if caob of the polygons have n sides, and wo denote their 

S 

areas by B and S’, we have tho A AOB = and A'OB' = - , 

n « 

hence AOB A'OB S S' , but (xis ) AOB A'OB' AO* 
A'0*,thntis, OP* OF* (it), or OP* 0 A*, hence S S' 

''OP* OA*. S'-S S AP* OA*. thatis, as 4AP* 

4 OA* , that IS, as AB* is to the squaro of tbo diameter , but S 
yis less than the square of the diameter (iv , JEx 37) Hence S' — S 
(js less thauAB* 


PaOPOSITION XX 

4 Dem — Let AB, BC, CA he three given lines m the form 
of n A Inaonbo m ABO n A A'B'CT similar to tho A PDE. 
About the A*A'BO', A’B'C describe O' intorseoting in 0, then 
the O about AB C pass through 0 (ni , Ex 28) Join 0 A', 
OB, 00, OB’, 00', AA' Now (III xxi ) tho L BOA' = BC'A', 
and OOA' *= CB'A' , the L BOO is equal to the sum of the 
L • BC'A', OB'A' , but BC A' B BAA' + AA C , and CB A' = CAA' 
+ AAB , the it BOO =0 AB'+ O’A'B', hut CA'B’ = PDE, 
hence BOO = 0 AB' + FDE , but tho L EDE is feiven, and C'AB' 
18 given , the L BOO is given, and tho hase BO is given , 
hence the O described about tho A BOG is given m position 
Sumlarly, the O' about the A» AOB, AOO are given in posi- 
tion , hence 0 is a given point Honco, if wo inscribe another 
A A’'B’'C’' similar to EDE in ABO, the O' desonbed about the 
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A* A"BC", B"CA", C 'AB" 'wiU co -intersect mO, and if -vrejorn 
the engnlar points to 0, the Z." OC"A'', OA 'C'' ttiU be equal to 


A 



the ^ • OBA', OBC' , thatiB, equal to the L • OC'A', OA'O' , hence 
the A* OC'A', OC A' are equiangular, and therefore (Ex 2) 0 
is the centre of sumlitude of the A* A'B'C', A"B"0" 

6 Let ABODE, A'B'G'D'E' he tvo Biunlor figures, having the 
Bides AB, BC || to the sides A'B', B'G It is required to prove 
that the other homologous sides are || 

Bern — Join AA', BB^, and produce them to meet in F Now 
the L BAF i=B'A'F (I xxxx ) , but since the figures are similar, 
the L BAE^BAE', hence the L FAE=FA'E, and therefore 
the line AE is || to AE' Similarly, it can be shown that the 
other homologous sides ore || 

6 Let ABC, DEF be the homotbetio figures Join BE, AD, 
and produce them to meet m G Join OF It is required to 
prove that OF produced will pass through G 

Bern — ^If not, let it pass through H Produce AG to H 

Now the L GED = GBA (I xxnc ), and the L GDE = GAB , 
hence (iv ) AG AB DG DE , but AB AO DE DF , 
AG AC DG DF , alternation, AG DG AC DF 
Again, smce the A* HAC, HDF are equiangular, we have 
AH AO DH DF , alternation, AH DH AO DF , 
AH DH AG DG , hence (V xvn ) AD DH AD 
DG , and therefore DH = DG, w^ch is absurd Hence OF 
produced must pass through G 
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= OBA, D'E and AB are parallel Similarly, D'F' is to 
AC and equal to DE, and E'F' is equal to EP and ([ to BO , 
Bence the figure DEF may be turned round 0 so os to take up 
the position D'E'P' In like manner the figure may be turned 
round in the opposite direction, as in the second diagram 

10 Dem — Let 0, O' be the centres of the 0% and A one of 
their centres of simihtude Join 00 , and from A dra\r AB, AC, 
AD, AE tangents to the O* Join OA, OB, O'A, OTD 

Now smce A is the centre of similitude, the L BAG s= DAE , 
therefore their halves are equal , that is, the L BAO s= DAO', 
and the right Z." ABO, ADO' are equal , the A* ABO, ADO' 
are eqiuangular , hence AO OB AO' 0 D , alternation, 
AO AO' OB 0 D , but the ratio OB O'D is given, since 



OB and O'D are given hnes , hence the ratio AO A'O is given 
Now in the A OAO' we have the base 00' given, and the ratio 
of the sides Therefore (m , Ex 6} the locus of A is a ouole 


PROPOSITION XXI 

1 Dexn — Let AA', BB', CO' he corresponding sides of the 
simil ar rectilineal figures , then smce the figures are homothetic, 
these sides are parallel Join BA, B A', and produce to meet 
in 7, then because A A', BB are corresponding sides of the 
homothetio figures, 7 will be their centre of simihtude In 
Iflco manner, if we join BC, B'O', and produce to meet m a , 
AO, A C to meet in jS , a and jS \nll be centres of smuhtude 


HOOK T1 3 jEXmCISES ON EUCLID 


203 



.. , . Py c* 1 1 CCr , A0 AA 

NoTr{rv)-=-~ S^ilwly, -^ = snd ~ ~ . 

bv^l t>G rttv^uct cf , ^nxmity, ^ tisc product of 
~ m iriiy And bcitc (**^eq«d,” iJo^V Y1 , Prop it , 
Cor 1| p CO) tho po-nts o» 7 rro eolljscar 


pBOPosmos' xxni 


1 Dera,--*Iy't ABC, DTT l*o tLo A‘ bstvjng iho I ABC 

= DET Coa^p^it-^ toe C:* AUCO, nFFH Use A ABC 

PFF - ABCU DFFII . bat ABCG BEIH AB BC 

DE T.r{xKm) Hi^tcpABC lUJT AB BC I)E EF 

2 L»t ABCD, EFOn be ttro rdho^a diagonals AC, 

BI> , EG, rn into*^cct in T, J, rraijng iho L CIB *5? GJF It 
w required to prove tlrat AFCD EFGH AO BI> EG FIL 

Dem.— The area of ABCD is cqnal (o the art a of n A lianns 
tvo ddc< equal *o AC, BI), and the cortiinod L c^jurl to CIB 
(I Tixxtr , ix 7) e^'d 1 FOB is equal to ft A lianng t\io rules 
equal to EG, FIT, ard tho corMi-ied Ccqaal to GIF , but (Ex 1) 
tboo A* art to oneanotb^^o^ AC BD EG FH lienee ABCD 

EFGH AC BD EG FH 
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/OPOSITION XXX 

^t-anglcd ^ ‘^Losc sides arc in continued 
ving AE BC BC CA From C let 
rt IS required to prove that AB is divided 
itio m D 

BC BC CA, AB AC « BC^ Again 
BD « BC* , AC = BD, and AB AD 
BD* Hence AB is divided m estremo 

0 , wo can prove AC = BD and AD = BC 
scribe a O about the A FHD Let 0 be 
md produce it to meet tbo circumference 
prove that DF = 6 FD* 

reduce FH, and let fall a L D J on it 
[uare, AF = AH , the L AHF = AFH, 
, AHF 13 half a right L , BHL is 
»L is a nght L , HLB is holf a nght L , 

I L DL7 = BLn , DU is half a nght L , 

and DJL is a nght L , JDL is half a nght and JLs= JD , 

JL? = JD», and DL* = 2 DF 

Again, smee AB = DB, and BH ^ BL, DL ^ AH , hut AB 
IS divided in extreme and mean rabo m H, BD is divided m 
extreme and mean rabo m L « and hence (II xi , Ex 4} BD'* 
+ BL* = 3 DL* * 6 Dr , hence BD* + BH= , that is, DB? «= 
6 DF Again (HI xxn ), the /.• FHD, FID are together equal 
to two nght /.•, and the FHD, DHJ are equal to two 
nght 4*, the 4 FID srDHJ, and the nght L IFD siHJD 
the A* IFD, DHJ ore equiangular, ID DF DH 
DJ, ID* DF* DH* DJ*, butDH*«GDJ* Hence ID* 
= 6DF* 

PBOPOSITION XXXI 

Dem — ^Lct ABC bo the semicircle, of which AB, CB are 
supplemental chords On AB, CB describe semicircles ADB, 
B£C Now (xxxi } the scnucxrclo ABC is equal to the sum of 



nooKTi] EXERCISES ON EUCLID 203 

the semicircles ADB, BEC Take away the common segmenfis 



AFB, EGC, and \ro have the A ABC equal to the sum of the 
crescents ADBF, BECG 


Exercises on Book VI. 

1 Let ACB ho a fixed A| DE a || to AB Draw the diago* 
cals AE, BD, intersecting m 0 Join CO, and produce it to 
meet AB in K It is required to prove that CH bisects AB« 

Dexxu — ^Through 0 draw FG B to AB Now (II ) AE EO 

BD DO, but, by fiimilar A», AE EO AB OG, and BD 

DO AB OF , hence AB OG AB OF, and therefore 
OG = OF Now ACB is a A » and FG, a [| to the base, is 
bisected by CO Hence AB is bisected by CO 

2 Let 0 be the centre of the O, and F the given point From 
P draw PA to any point A m the O Dmdo AP at B in a given 
ratio It IS required to find the locus of B 

j] [Sol — Jom OP, OA, and draw BC 0 to AO 

Now PB BA PC CO (n ) , but the ratio PB BA is 
given , PO CO IS given, and therefore C is a given point 
Again, by similar A% we have PA AO PB BC , alternation, 
PA PB AO BO , but the ratio PA PB is given, AO • BC 
18 given , but AO is given , BC is given, and the point C is 
given Hence the locus of B is a O, having C os centre and CB 
as radius 

3 Dcm — ^Through B, C draw BE, CD S to XT 

Now, by similar A*, AC AD OB CE, alternation, AC 

CB AD CE, AD CE m #>, butAD =:= AA'--A'D 
«AA'*-CC', and CE « CC' ~ CE = CC' - BB', hence AA' 

a 
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-CC^ CO'-BB' w, nAA'-«CO' = i>iCO'-frtBB't 
and hence m BB' + n AA' = (f« + fi) CC' 



4 See Sequel,” Book YI , Prop n , Section 1 

5 See “ Sequel,” Book YI , Prop iv , Section 1 

6«. Eem — Let the rectangle AB AC « Ir Produce AB to 
meet the circumference in D Notv, if i denote the tangent drawn 
from A to the O (III i-SKTi ), AB AD = , AB AD 

AB AC ^ ^ , that is, AD AO A*®, but the ratio 

18 given, AD AC on a given ratio, and hence (Ex 2) 
the locus of C IS a O 

7 Dem — Join 0, the centre of the m-O, to the points 
P, Gr, H, whore the sides AB, AC, BC touch the O Join OC 

Now smce AP = AG, BP = BH, and CG = CH, AB — AO 
= BP - CG = BH - CH = 2 DH Again, AB* - AC* = BE* 
~ EC* (I XLvn ) , that is (AB + AC) (AB - AC) = (BE 
+ EC) ^E - EC) , (AB + AC) 2 DH = BO 2DE , hence 
(AB + AC) BC DE DH Again (in )AB AC BL LO, 

(AB + AC) AC BC LC, (AB + AC) BO AC LO 
Again, AC LC AO OL (ni ) , hut AO OL HE HL 
(n ), AO LC HE HL , hence (AB + AC) BC HE 

HL, that IB, DE DH "KE HL, and hence DE £Q!i 
= HE HD 

8 Dem — Let 0' bo the centre of the ex-O, touching BO 
produced in K Now (AB + AC) BO AC LC (Ex 7) , 
that IS, 08 AO OL, (AB + AC + BC) BC AL OL LE 

LH, 2BK 2BD LE LH, hence LH BK=BD LE 

9 See Book YI , Prop xvn , Exs 3, 4 

10 Dem — Prom Ex 9 we have d* = R* — 2 Rr , d'* = E* 

+ 2R»', (r'* = R* + 2Rr”, and<f '*= R* + 2Rr'", d* + d'* 
+ d’* +d"*=r4E* + 2E(r + + r"-r), but(BapkIY, 
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Ex 19) (r + r * - r) « 4 R Ilcnco rP + <r* + 4 <f''* 

«4RS42R 4R = 12R5 

11 (1) Dom — L< 3 t tho sides of tho A bo denoted b\ a, t, c 
NottCIV XV, Ex 9)r*eA, Again, <t// e2A 

(II 1 , Cor 1), Siuiilnrlv, ^ aiide«=^, 


2a 2A 2a 
{ff4 64«), or2x*= ]/* + + jT'* 

, A 1111 

but # «= — , bcncc - es - -f 

r »- /> P' /> 


A A A 


(2) (f ~ c) / « A (lY XT , Ex 10) , {*-«}>= p Again, 

2 A 2 A 2 A 

from (1) Te have (J 4 c — a) « — ; 4 — — — , but 4 ^ — <3f) 

P P P 

A A A . AAA 

A „ 1111 

nenco — «: — 4 • 

P r p p p 

2 2 1 

(3) Subtract (2) fnim (1), and wc get — ; *= — * 

p T 


(4) Intcrcbnngo in (2), and \rc Hato jp ^ JT i w*^*^**- 

ebang#' again, and ^ ^ ^ 



12 Let ABC be A given A , nnd P a given point in one of tbo 
fidci It w required to inECti^ in ABC a A equiangular to DEP, 
mid having onr^ of xta angular pointa at P* 

Sol— From Piet fall n 1 PG on AB MalwO tbo I POII 
tss EDP, and GPII =5 DEP Enctlll X to PH, meeting BO in 
I , join PI, and male tbo I JV3 =- OPII| and jom IJ JPI 10 
the Acquired 

q 2 
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Dem — ^Because the L GPH = JPI, GPJ = HPI, and the 



nght L pGJ = PHI , hence the A* PGJ, PHI are eqniangalar , 
GP P J HP PI , alternation, GP HP PJ PI, and the 

L GPH = JPI , hence (vi ) the A* GPH, JPI are equiangular, 
hut GPH, DEF are equiangular Hence JPI is equiangular to 
DEF, and it has one of its angles at the given point P 

13 Let ABC he a given A, D, E, F three fixed poults in 
its sides, and BOC a A of given species descnhed on BC It is 
required to prove that the locus of 0 is a O 

Dem — Join DF, DE Descnhe O" about the A' DBF, 
DCE, cutting OB, OC m G, H Join GH Now since the 



points D, F are given, the hne DF is given, and the L DBF 
IS given (hyp ) , hence the O about DBF is given, and the 
L DBO IS given by the given conditions, hence the ore DG 
IS given, and therefore G is a given point* In like manner H is 
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a given point » * tho lino GH la giTCHi and the L GOH IB given 
Honco the locus of 0 is a O 

14 (1) Dem — ^Lot tho point B move along DE Prom A let 
fall a 1 AD on D£ Draw AP^ making the L DAP QAB 



From C draw CP ± to AC, and lot foil a J. CG on AB Now 
because the I OAG is given, and tho I AGC is a nght L , tho 
A ACG IS given in species , therefore the ratio AC CG is given , 
hence the ratio AC AB CG AB is given , hut CG AB is given, 
thoToforo AO AB is given 

Again, since the L DAP = BAC, DAB = CAP, and tho 
Tight L ADB ss ACF , therefoto tho A* BAB, CAP are equi- 
angular, hence AD AB AC AP, AB AC=;AD AP, but 
AB AC IS gi%cn, AD AP is given, and AD u given, AP 
IB given , end since the L DAP is given, AP is given m posi- 
tion, and tho L ACF is nght Hence the locus of C is a O 
(2) Let tho point B moi o along a O Produce AB to meet tho 
circumference in D Let 0 bo the centre Join OA, OD hlaho 
tho L EAO nr CAB, and ACE = ADO 
Now (1) the rectangle AB AC is given, and AB AD is 
giien (III xxxTZ ) , therefore the ratio AB AC AB AD u 
given, the ratio AC AD is given Again, since the A* 
ACE, ADO are equiangular , AC AE AD AO , alter- 
nation, AC AD AE AO , hut tho ratio AO AD is given, 
the ratio AE AO is given, and AO is given, since it is 
drawn from a fixed point to the centre of a fixed O , AB is 
given in magnitude, and it is giicn in position, because it is 
drawn makmg a given L with a given line } honco tho pomt E 



20S 


EXEBCISES ON EUCLID 


[book ti 

It given. And iKicausc-tbo A* AOD, AEC oro cquiRngular, 
AO OD AE EC , but tbe ratio AO OD is given, *• tbc 


C 



ratio AE EC is given, and AE is given £0 is givcni and 
tbc point E bas been sbown to be dxcA Hence tbe locus of C is 
a O, having E os centre and EC as radius 
15 (I) Let the vertex A remain fixed Let the locus of B bo 
a ngbt lino DB It is required to find the locus of C 

Sol — From A let fall a ± AD on DB* Make the L DAG 
GAB Let fail CG J. on AG, and join DG 
Now because the L CAB=sDAG, the Z. C \G s=DAB, and tbe ngbt 
Z.CGA«BDA , hence tbe A* CAG, DAB are equiangular, • AC 
AG AB AD , alternation, AC AB AG AD , but tbe 
ratio AC AB is given, since tbc A ABC is given in species , tbc 
ratio AG AD is gi\cn, and AD is given in magnitude, because 
It IS a 1 from a given point on a given line , AG is given in 
magnitude, and it is also given m position, since tbc L DAG is 
equal to a given L CAB , G is a fixed point, and CG is at 
ngbt A* to a given line at a given point. Hence tbe locus of C 
IS the line CG 

(2) Let tbe pomt B move along a O , let 0 be its centre Join 
AO, BO, and draw AD, making tbc L DAO CAB Draw CD, 
making tbe L ACD = ABO Now tbe A* ACD, ABO are equi* 
angular , AC AD AB AO , alternation, AC AB AD 
AO , but tbe ratio AC AB is given , tbe ratio AD AO is 
given, and AO is given, AD is given And since it makes 
the L DAO«CAB with a given lino AO, AD is given mposi- 
tion, hence the pomt D is given Again, m the A* AOB, ADC 
we have AO OB AD DO , but tbe ratio AO OB is given , 
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tho ratio AD DC is given, and AD is given , DC is given, 
and the point D is gii cn Honce the locus of C is a O, having 
D as centre and DC os radius 

16 (!) Dem — Bisect the sides BC, OA, AB m D, E, P Join 
AD, BE, OF , lot them intersect in 0 Produce AD to G, so that 
DG s OD JoinlBG Dravr EH || to AG, and produce BG to 
meet in H 

Nov: smeo BD CD, the A BDO ss CDO, and the A BDA 
c CDA , the A BOA s: COA In like manner, COA =£ COB, 

the A* BOO, COA, AOB are equal , AOB = i ABC And 
because OG OA, the A BOG ^ AOB , hence BOG := § ABC 
And since the A* BOG, BEH are similar, BOG BEH OB* 

BE» (xrv ) , BOG BEH 4 9 , that is, J ABO BEH 
4 9 , hence 4 BEH = 3 ABC, ABC = J BEH Again, it 
15 eviilent that the sides of the A BEH are equal to the medians 
of ABC , hence, denoting the medians bj a, 7, and their half 
sum by <r, we have (lY iv , Ex 12) the A BEH 

<r— tt <r — i3 ir-y 
Hence the A ABC is eqtial to 


i\/<r <r — a <r — 7 

(2) Dem — ^Let A denote the area of the tnongle , then (IV iv , 
Ex 12) s^h s— a, 16 A-=s(a + 6 + a) 

{a + fl — (n + 5 — c) 

Again, denotiDg the 1* by p\ p*\ p**\ wo have af s 2 A, 
hp '=a 2 A, and cp' 


2A, 


. 2 A 2 A 2 A 

{« + J + c)=_ + _+„ 


= 2 A substituting, vre got 


hence 
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and henco 


p'+p" Vv Vi/' V" i>/Vi/"V P'')\p’ p’ p’" 

17 Let the O* ABC, DBE touch at B Dra'tr a common tan- 
gent AB Join, AB, DB, and produce them to meet tho O* in 
E, 0 Join BE, AC DE, AC are the diameters of the O*- 
(111 xm , Ex 4) 

Now tho L ADC = AED (III xxxix ), and tho nght L CAD 
= ADE , therefore the A* CAD, ADE are equiangular Hence 
CA AD AD DE , that is, AD is a mean proportional be- 
tween AC and DE 



18 Let CL, CM, FN be the three || hnes Take any point 
0 in OM Join AO, BO, and produce them to meet FN, CL in 
D, E Join AB, cutting the [|« in L, M, N Jom CF, and pro- 
duce it to meet AB produced in O It is required to diow that 
G is a given pomt 

Now in the A AOB the line CFG cuts the three sides in 
C, P, G , hence (“ Sequel,’* Book YI , Prop iv , Sect i ), 


AC OF 
CO 

given, 
is given 


BG , , AC AL , , 

1 , hut ^ (ii ), and the ratio 

AC OP 

^ IS given In like manner, is given , 

Hence tlie Ime AE is divided externally m 


AL 

LM “ 
EG 
GA 
G in a 



given ratio , G is a given point Hence CF passes through a 

fixed pomt Similarly, DE passes through a fixed pomt 
19 Let a system of O* pass through two fixed pomts A, B 
From A draw any two secants, outtmg the 0« in 0, D, E , 
C', D , E' It IS required to prove that CD DE C d’ D'E ’ 
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Dem -Join BC, BD, BE, BO', BD', BE'/' 

Nov the L ACB AC'B (III xxi ) , DOB = D'C'B, and 
CDBsaCyD'B, the A»ODB, O'D'B are equiangular, hence 



CD DB C'D' D'B In like manner, the A^DEB, D*E'B 
are equiangular, and BD DE BD' D E Hence e» ae^xialx 
CD DE C'D' D'E' 

20 Let ABC he a A, the sides being denoted by n, h^e It is 
required to find a point 0 in ABC, such that the diamcteTS of the 
O* about the A* CAB, OBC, OCA may be in the ratios of three 
given bnes /, tn, » 

Sol — Construct a A EDP vhoso sides EP, PD, DB shall be 

in the ratios -7, — , ~ Produce ED to I, J On OB doaonbe a 
l xn fx 

segment of a O COB containing an Z IDP, and on AO a 
sogment AOC containing an ^ JEP 0, vhere these segments 
intersect, is the required point 

Dem — Join OA, OB, 00 Produce AO, and draw BG- |j to 
00 From 0 let fall a ± OH on BG Draw CB, CT, the 
diameters of the 0» Join BE, AT 
Now the sum of the /.* AOO, GOO is two nght /.% and the 
sum of FEJ, FED is two nght hence GOO = FED , but 
GOO « OGB (I xxnc ) , OGB « FED Again, the L » COB^ 
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GBO eqosltfro n^t L\ and IDF, EDF equal trongbt I*; 
.• GBO = EDF Hence the t* OBG, DEF ere eqaiangglar. 



Becaase the Z.* CTA, COA = is^t Z* (ill ssn-), 
and COA5 COG equal two n^t Z*- tue Z COG = CTA- 
. OGH = CTA, and OHG = CAT, each oelng n^t, the 


A* CAT, OGH are eqmangabr; 


CT OG , 
CA""oH- 


Z* COB, OBG equal two nght Z% and COB, CRB equal two 
nght Z*, . OBH = CEB, and the right Z CBE = OEEB, 

CR OB 

the Z* CER, OHB are eqalangalar, ^ = Hence 


CT CR 
h a 


OG 


OB, hut OG - OB : 


c i 


CT CR 
~ b c 


• ~ “ » • - Henoe CR * CT . • / : n In nha 

J iT ct i 

Tn?nm*^ it can be ^own that CT is to the ciamster of the O 
OAB as cs to fi 


21. SoL— Describe a O about ABCD. Jbm CB, CD, BD. 
Dirids BD el £ o a ^ven la^, ggd jem CE, AC# 
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tlie points A, G are giren, AC is given in position^ and 
AD IS given in position, faenco the ^DAC is given; but (III kxx} 
DAC =£ DBG , DBC is a givexi^ L In like manner, the L BDC 
IS given, Ae L DCB is given, bence the A DBC is given in 
species , • DB BC is given, and DB BE is given (byp ) , 
BG BE IS given, and tbe L CBE is given Hence the 
A EBC is given m species Xovr EBC is a A of given fonn 
One of its vertices, C, is fixed, another, B, moves along a Ime 
AB Hence (Ex 15) tbe locus of £ is a straight line 

22 Dcm — Prodnee CB, AD to meet in H Drw DF B to 
BE, meetmg BH in F Let CD and BE intersect in Gr 
XoTv, because DF is 3 to BG, nre have DF BG CF CB , 
butDF = BF, * BF BG CP CB 
Again, since tbe lines CA, BE, FD are parallel, vre have 
(u , Ex. 1) BF DE CF AD , and, by similar A», ED EG 
• AD AC, bence, ex aeqmli, BF EG CF AC, but AC 
= CB , BF EG CF CB Bat it has been proved that 
BF BG CF CB, therefore BG « EG 

L^mma —Take any point 0 within a A ABC Join OA, OB, 
OC, and produce AO to meet BC in A' It is required to prove 
that the A OEC ABC OA' AA 


Deia — From A, 0 let fall A* AD, OE on BC 
Now the A ABC = I BC AD, and the A OBC = J BC OE 
hence ABC OBC AD OE, hut AD OE AA' OA', 
ABC OBC Ak' OA'. 


23 Dem --Tho A» OBC OCA 4- OAB « ABC Divide by 
ABC, and vre have 


OBC OCA OAB 
ABC ABC ABC 


1 ; 


bnt 


OBC 

AJBC‘ 


OA' 

AA' 


{Zemma) , 


and Ejsularlj for the others Hence 


OA' OB' OC 
AA ■’’BB CC*"^ 

24 Dem — AB BC A AOB BOC (t ), and A'B' B'O' 
A AOF A E'OC , (BookT, Ex 6) 

AB BC AOB BOC 
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but (xxm 

,Ex 1), 





AOB 

BOC 

AO OB 

OB 

OC 

AB 

BC 

A 

A'OB' 

B'OC 

' A'O OB' 

* B'O 

OC" 

AB' 

BC 

AO 

OB 

BO OC 

AB 

BC 

AO 

OC 

A'O 

OB 

BO 00" 

A'B 

BC 

AO 

ocy* 

Hence 


AB OC 

BC 

OA 




A'B OC “ 

BC 

OA 



And similarly, 

BC OA 

B C' OA' “ 

CA 

C'A' 

OB 

OB' 




25 (1) Bern — Draw the diagonals ACj BD Bisect them in 
F, E Join FE, and produce both m ays to meet AD^ BC, and 
DC produced in G, I Kow, m the A BDC, the line El 
cuts the throe sides in E| G| I Hence Sequel,” Booh Y1 
Prop IV , Sect i ) 

DI CG_ 

ED IC GB“^’ 
but 

ed'*^* ic gb"^* ic^cg* 

In like manner, from the A ADC, vre get 

DI HD tt GrB HD 

IC" AH CG“ AH* 

(2) Dem — Join 0, the centre, to A, B, C, D And also to 


A 



J, K, where AD, BC touch the O Now, since OK e= 0 J, we 
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have (i ) the A OBO OAD BC AD Let fall !• BL, DM 
•on OG, OH, thea (I xxvi) the A* BEL, DEM are equd, 

BL = DM and the A OBG OHD OG OH In like 
manner OCG OHA OG OH Adding, '^o have OBC OAD 

** OG OH, but it was shown that OBO OAD BO AD 
Hence BC AD OG OH 

(3) Dexn — Consider tho A ECI It is intersected by AB , 
hence (“Sequel,” Book VI , Prop iv , Sect i ) 

EG IB CA , , CA ^ EG IB , 

GI BC AE~^’ AE“^' GI BC"^ 

Again, consider the A ABE , it u intersected bj CD , 
m ED 

HE DA CE~^’ 

and, as before, 

EH eg IB_m ED 

HE DA“^’ GI BC~HE DA 

Eorr AD, BC oro opposite sides, and they are cut by EF in E, I , 
hence (1) they are cut proportionally , 

CB _ AD EG _ EH 

IB~DE’ GI “HE’ 


A 



that is, EG GI EH HE , and tho first is to the sum of the 
first and second as the third is to the sum of the third and fourth 
Hence EG El EH EE 

26 It IS required to prove that AD DB AC CB AD® 
: AC® 
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Dexn — ^AD DB, AC OB ore roctangulor figures » and since 
AD DB AO OB (ui ), these figures are sinular , hence 
(xix)AD DB AC CB AD^ A(P In like manner AO CB 

AD' D'B AC* AD'3 

(1) Dem — If AD DB, AC CB, and AD' D'B, areinA P , 
Che difierenco between AD DB and AC OB is equal to the dil* 
ference between AC CB and AD' D B , but AC CB — AD DB 
= CD" (xYii , Ex 1), and AD' D'B - AC CB = OB'* , CD« 
= CD 2, CD = CD', the I ODD' == CD D , but the 
L DCD la light t each of the ODD', CD'D is half a 
nght I , hence the L CDA is a nght L and a-hnlf Now the 
L CDA = CBD + BCD, and CDB ^ CAD + ACD , hence CDA 
- CDB c: CBD - CAD , but the difference between CDA and 
CDB IB a nght L Hence the difference between CBD and 
CAD IS a nght L 

(2) Dem — ^If the three rectangles be in G P , the squares of 
the^esDB, BC, BD are in G P , DB, BG, BD oremG P ^ 

BO 16 a mean proportional between DB and BD , but the 
X IS a mean proportional between the segments of t!ie hypote- 
nuse (vni , Cor 1) Hence BO la a X, and hence the L ABC 
IB nght 

(3) Dem — If the rectangles AD DB, AC CB, AD' D'B are 
m H P , the Ist 3rd difference between 1st and 2nd differ- 
ence between 2rd and 3rd , but difference between 1st and 2nd 
=5 CD* (xvn , Ex 1) and diffeimice between 2nd and 3rd = OB'*, 

AD DB AD' D'B CD' CD'* , but, by similar figures, 
AD DB AD' D'B DB D'B* , hence CD" CD'* DB* 

D'B* , CD CD' DB D'B, and (ni ) the L DCD is 

bisected, the L DCB is half a nght L , but the L ACD =rDCB, 

the L AOB IB nght. Hence the sum of the CAB, CBA is 
a nght L 

28 Dem — Denote the radii of the O* by p, p' , then (VI iv ) 

DC DC p p', and A C BC p p , DC D C A'C 

BC, DD DC AB BC (V xvii) Inhko manner 
DD' D'C AB' BC, DD* D'C* A'B AB BO BC, 
but D C* BC B C (III xxxTi ) Hence DD * t= AB' A'B ^ 

29 Denu — ^Because A'O is U to BO", AO ' 00" AB A'B 
(u ) , that 15, R (H - p) AB A'B Similarly, R (R p') 

AB AB', R* (R-p)(R-p) AB* A'B AB', but 
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AH AB' = DD'*(Er 28) HencoB* (B-p)(B-p') AB* 
DD'* 


30 Dem — Let A, B, C, D be tie points in ivlucli tbo four O*, 
n hoso ladii are pi, pj, pj, pt respectively, touch the fifth, vrhoso 
n<hus IS R Join AB, BO, CD, DA, AC, 1^, then putting 12’ 
for DD ®, vro have, from Ex 29, AB’ 12® R® (R — pi) 
(R — p^) , henco 

.-n- n® R® iT B 

”(R-pi)(R-ps)’ V(B-pi) (R-ps) 

Similnrlj, 


CD 


34 B 

‘/(ll-p3)(B-7r)’ 


AD = 


14 R 

V{R - pi) (B - pi) 


■, ■r.r. 23 B 

Now, ly rtolcmy^s theorem (xvii , Ex 13) AB CD + BC AD 
AC BD Thereforo 

I2 34 Rg ^4 H Rg 

V'(K-pi)(R-ps)Clt-pi)(K-pO +v/(B-pi)(B-p,)(R-pi)(R-pi> 

13 ^ R® 

“v'(R-pi)(B-p.)CB-p.)(B-pi) * 

and honco 

12 3?+23 14 = 13 24 

31 Dom — Bisect the sides of the A ABO m the points D, E, 
r Tnsenbe a O in ABC, touching the sides xn G, H, I Let 
the sides opposite the angular points ho denoted by 5, e 
Now if we consider tho points D, £, F as infinitely small 0% 
DE, EF, FG are common tangents to the O* 1, 2 , 2, 3 , 3, 1 , 
^nco wo have 12 = DE «= J AB = ^ r Simflarly, 23 » J ir, 
31 

Let tho inscnbcd O be denoted by 4 Now BD = J BO 
= J ff, and BG = (IV rv , Esu 2) , DG - (s - 
*= 1 1 = 4 - c) In like manner, 24 = - a)^ 

ond 34 = ^{o — i) Now if wo snbstituto Ibcso values in tho con* 
dition of tho last question, we find that it is fulfilled Hence the 




218 EXERCISES OX EUCLTD [book ti. 

O throngli the imddle points of the sides of the A touches the 
jn-O Simflarlj^, it touches the ex-O* 



32 Let A, E, C, D he the four points, 30m them, and join 
AC, BD Bisect BC, BD, CD m E, F, G Bisect AB, AD in 
HI Describe a O through the points £, F, G, and another 
O through H, I, F , let them intersect m J It is required to 
prove that the O* through the middle pomts of the A* ABC, 
ADC vnll also pass through J 

Dem — ^Bisect AC in K. Jom EE, KH, EH, GE, EJ, JF, 
PH, HI, IF, JE 



Xo^ because GB, CD axe bisected in E, G, EG is 0 to BD. 
Similarly, GF is Q to BC , hence BEGF is a O ; the L 
FGE = FBE, hut FGE =:= FJE (Etl xxi ), FJE = FBE 
Again, as helorc, HIFB is a O, . the A HIF =* HBF , hut 
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niF « HJF an x^i) , hjf *=. dbe, iho xvhoio • 
L HJEcHBE^ but IIBE«1IKF, nnco IIKEB w CTjdcntly 
n a, HJE K IlKE , bcnco tbo four pomla IT, K, J, E 
nro coueyclic, nud Ibo O tb rough II, E, E will pwa through T 
Sitojlarly, the O through K, I, G uill p^•f3 tlirough J Hcnco 
tho four ninr-points O* huvo n common point. 

33 Dorn —From A let fnll 1* AE, AF, AG on CD, DB, CB 
Now becau»e the it* AFD, AFD nro nght, AEDF m a cyclic 
qtnd , nnd \D Uio dinmettr of itx cutum O Dnw another 
diatncUt EH Join EF, FIT About the A BDC dcstnbo a O 
Draw lift diameter Dl, and join IC ^ow (Ilf xxii ) tho sum 
of tho 4* EQP, EDF is t-wo nght 4", and iho sum of EDB, 



CDB 18 two nght 4 *, hence tho 4 EIIF xs CDB, but (IH 
xti )CDB'bC 1B, hcnco EHF CIB, and iho nght L EFII 
B ICB, ibo A* EFH, ICU nro equiangular, hcnco EH LF 
IB DC , EH BC « FP IB , that is, oc » EF IB 
Similarly, hd « FG IB, and DD « EG IB Hcnco EF, FG, 
EG arc pmporlionrd to ire, W, DD’ 

21 OLDF h a four-«ided figure, OD, EF its dmgonnlo If 
OF DE + OF DF b; OD EF, it ih required to proxc Uiat 
0£DF IS a Celtic quad 

Dom — Froduco OD, OE, OF, to B, C, A until each of tho 
rcclanglw OD OB, OE OC, OF OA is equal to iho square of 
A given linr, say Join AB, BC, AC 
LowOD.OBbOE OC, OB OC OE OD, and iho 
4B0Cis common to tho two A* OBC, OED, hcnco (vi ) they 
OTO equiangular, and BO OB ID OE, oltcrnalion, BC ED 

n 
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OB-OE, .* BC.ED OB OD * OE . OD , tint is, BC ED • 
ED 


E* OE OD, tence 


EF 


AB , 

^^“^OE.OF Br 


OE OD E- 
AC 


= — la lifee maimer ■ 


OD.OF 

XoirED.OF-^DF OE=OD EF 


(fcyp). 
E» 


ED DF _ EF . ^ BC AB 

OE OD OD . OF OE OF’ E- E* ~ 


; . AB BG = AC , But Qns could not Be true unless AB 



O 


and BC are m one steugB^ line , ABC is a straight line ; •• 
the sum of the £» ABO, GBO is t^ro nght I*, but ABO =5^BF0, 
-uidCBO=DEO, •• DFO + DEO =:txro right i*. HenceOEDF 
IS a cyclic quad. 

Given AB - CD -L BC AD = AC BD 
It IS required to prove that ABCD is a cvchc qi^ad 



Dem — the £. CBD = CAD, then (111 ^ Cor 1) the 

four poults ^ B, C, D are concvchc But if the £ CBD Be 
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=5 AO BC Descnbe a O passing tlirougli P, Q, and touching 
the O Tvhose centre is 0 in G (III xxxvii , 1) This is 

the req^uired O 

Dem — Join GC, cutting the O whose centre is O' in F 
Now (const) PC QC «= AC BC, and {Lemma) AC BC = GC 
FC, • PC QC = GC FC Hence the O through the points 
Q» ^ passes through F, and touches the O whose centre 
is O' 

(2) Sol — Let 0, O', 0"be the centres of the given O* Draw 
any two radu OA, O'B Cut off AC, BD, eadi equal to the radius 
of 0"* 'W'lth 0 as centre and OC as radius, descnbe a O With 
0' as centre and OD as radius, descnbe a O Now (1) describe 



X 


a O touching those two in E, F, and passing through the pomt 0 ' 
Let 0 "belts centre Join 0 "0, 0 "0 , 0" O and produce thpm 
to meet the circumference of the given 0» m the points G, B^ I 
The O through G, £[, I will be the required O 

Dem — ^Because OG = OA and OE = OC, EG = AC , but AC 
t= 0"I , EG = 0 I, and 0"'E = 0" O" , hence 0 "G = 0"'I 
In like manner, 0 ' H = 0 HE Hence the O desenbed with 0 ' 
as centre, and 0 ' G as radius, will pass through H, I, and touch 
the given O* in the points G, H, I 

36 Let 0, 0 be the centres of the fixed 0», and C their centre 
of fiimihtude, and let any vanable O 0" touch 0, 0 in G, F 
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From C dravr CD a taogont to 0" It is legiurcd to provo that 
CD 18 of constant lctig;tli (See Diagram to Ex 36 (1)) 

Bern — Jom OF, and produce it to pass tbtougti 0 

Now CD^ = GC CF (III xxxvi ), and GO OF « AO CB 
(IfDunfl to 35) , hence CD^ =5 AC CB , but AO CB is constant, 
sincQ Ay 0) B are Hxcd points Hence CD is constant 

37 Bern — ^Dmn DD' a common tangent to tho tno fixed O* 
Join AD, BD', and produce them , they must meet on the cir- 
cumfcrcnco of O'' For, if not, let AD meet the circumference 
of 0" m P, and BD' meet it m Q Jom 0 '0, and produce 
them, 0' 0, 0 0' must pass through A, B (III xi ) Jom OD, 
O'D', 0 P, 0^*0 Now the 1 0"AP = O'TA, and OAD = ODA , 

ODA rs O'TA , hence CD is I| to 0 T Now tho JL ODD' is 
nght (III xvin ) , hence O'T is X to DD' Similarly, 0"Q is 
X to DD', which IS impossible, unless Q, comcide with P 
Hcnco BD' must pass through P 

38 Jom A'B' Take a fixed pomt C m AC, and in BD fihd a 



pomt D, 80 that ns AA' AC BB* BD Jom AB, and divn’o 
it m E in a given ratio Jom CD, and dmdo it in F in the same 
ratio Join EF, cutting A'B' in 0 It is required to prove that 
AO OB' AE EB 

Hem ‘—Through F draw GH I) to AB, and draw AG, BH, 
each H to EF Join CG, DH Draw A'l 11 to AG, and B'J 11 to 
BH JamlF,JP 
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XoTT, 1^ construction, AA' : AC • : BB' • BD , AC r A C 
• • BD . B^. And hsnce, by siTnilgr A% GC . IC ^ • DEL : DJ ; 
btrtGC CF DH.DF HeaceIG CF.:DJ DF,andthe 
contztmed Z.» ICF, JDF are equal, the A* ICF, JDF are 
equiazigoler, - . the Z,IFG = JFD ; •*. IF, FJ are in the same 
straight line 

Agamj from sTTpiiar A*, AG A^I AC .AC, snd BH . B'J 
.BD B'D, hence AG-AT: BH BJjhatAG^BH; 

AI = B J hence IJ is S to A'B', . AO • OB : IF : FJ; 
that is, . CF FD, or . AE . EB Hence the locns of the 
pomt in tfhich A B' is draaed in the ratio of AE EB is the 
right line EF. 

39 Dezn. — It Tras proved in the last Exercise that A'O . OB* 
. AE EB In lifcg manner, EO . OF • AA' -AC Xour 
putting G, H for A% H, vre have GO . OH . AE EB, and 
EOrOF -AG GC. 

J>Btn^r — ^If a grren hne AC he dmaed m B, so that AB BC* 
Is a TnftTTrtTTTn ; xt 15 required to prove that BC — 4AB 

Bern. — ^Divide BC mto four equal parts m E, F, G ; then 
* 50 

each of the parts BE, EF, FG, GC is equal to , hence 

BC”* 

BE.EF FG GC HuItiplT each bv AB, and Tre get 

A B E F G C 
AB BC* 

AB BE EF FG GC *= — ■ — , but (hyp ) AB . BC* is a 

2ou 

maximuni, AB BE EP FG GC is a maxnnum, AB, 
BE, EF, FG, GC are all equal (** Sequel,** Book II^ Prop xn.. 
Cor ) Hence BG = 4AB 

SimikrlT, if it be required to divide AC m B, so that AB BG* 
mar be a maxnnuia, BC = nAB 

40 uiralvits — Let ABC be the required^- Bisect the vertical 
£. ABC bv BH. From A, C let fall X* AD, CF on BH, and 
from B let fall a i BE on AC. Join DE, EF. Dra^r HI, the 
diamf^ter Join BI Draw BE 5 to AC, and let fdl a X EG 
on HB 
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Now Iho L ABB = AEB, each being nght , honco the fonr 
points A, D, E, B am concyclxc , tlio L EDF = BAG Again, 
bccauso each of tho L* BEG, BFC is nght, BFEC is a eyebe 
quad , the sum of fho £*BrE, BCE is tno nght and 
the sum of BFE, DFE is two nght A • , the 4 DFE = BOA , 
• the A‘ ABC, DEF oro equiangular And smeo their 



aro BE, EG, ABC DEF BE^ EGS hut BE^ EG^ - 
HP IBS or HI IK, BE» EG« HI IK, ABC 

DEF HI IK, ABC IK « DEF HI Non DEF 
IS a maximum (hyp ), and HI is a given line, because it is 
the diameter of tho O , ABC IE is a maximum Now 

ABC = i base perpendicular AL BE, or AL KL , 

AL KL IK IS a maximum Now nhatoror AL is, tho rect- 
angle KL IK IS a maximum wlicn IL is bisected in K, and then 

IL® 

KL KI ss ^ IL* , AL *— IS a maximum , AL IL^ is a 

moximum , AL^ IL^ is a maximum , but AL* = HL LI , 
HL IL^ 13 a maximum And {Lennnd) IL s= 6HL 
Hence the method of conatniclion is evident 

41 Let AG, BD, tho diagonals of the inscribed quad , intersect 
in 0 At the points A, B, C, D draw tangents to the O Let 
them meet in E, F, G, H , then EPGH is a circumBcribed 
quad It 18 rcqiurcd to prove that its diagonals EG, FH must 
pass through 0 



226 


EXERCISES ON EUCLID. 


[book TIi 


Dem —If possible let EG not pass through 0 , but cut AC, 
BD in I, K Produce AE, CF to meet in J (not represented m 
the diagram) Through E draw EL Q to GF, and EM || to GH 
Produce DB to meet EM Now because J C, being tangents, 

theilJCA=JAO, hutELA=JCA(I xxix), EALs=ELA, 
and EA = EL In like manner EB =r EM , but EA = EB , 



• EL = EM Now smce the A* GCI, ELI are equiangular, 
GC GI EL El, alternation, GO EL GI El, but GO « 
GD, and EL s EM , GD EM GI El , and because the 
A» GKD, MEEare equiangular, GD EM GE EE , GI 
El GE EE, which is impossible unless the pomts I, E 
coincide Hence GE must pass through 0 In like manner FH 
must pass through 0 

42 (1) Sol — Let A, B be the given pomts, W the given O, 
and X the given line Through A, B describe any O cuttmg 
W m C, D Jom AB, CD, and produce them to meet in E 
Through E draw EFG || to X, and cutting 'W' in F, G The O 
through A, B, F, G is the one required 

Bern — AE EB = CE ED, and OE ED = GE EF , 

AE EB = GE EF Hence the four points A, B, F, G are 
conoyclic, and the common chord FG is || to X 
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(2) Sol — ^Let 0 be the given point Make the same constrao- 
tion as before , and instead of dravnng EFG {| to X^ ]Om EO, 
and produce it to cut TT* in F, G Then^ as in (1), EFG is a 
common chord, and it passes through 0, the given point 

43 Sol — Let 0 be the centre of the O, ARC the L , and DE 
the given line Produce AR, CR to meet DE m E, G Riseot 
GE in F Jom FR From 0 let fall a ± CD on DE, and 
meeting FR produced in H Through H draw IT J to DE,. 


A 



nieetmg AR, CR in I, J Join 01, 0 J Now because the Imes 
GJ, FH, El pass through R, and are cut by the ||* GE, IJ, 
GF FE IH HJ, hut GP = FE, IHs=HJ, andsmeo 
IJ 18 O to DE, and CD meets them, the L OHJ « ODE , OHJ 
IS a nght L , OHI is nght, and (I iv ) OJ s: 01 , andthe 
O, with 0 as centre, and OJ as radias, will pass through I, and 
its chord I J la f| to the given lure DE 

44 Let ARCDE he a polygon of an odd number of sides 
Take any pomt 0 within it« Jom AO, RO, CO, DO, EO, and 
produce them to meet the opposite sides in A , R , O', D\ E It 
25 required to prove that tbe product of AD^, RE', CA', DB', EC' 
IS equal to the product of A D, R'E, G'Af D'B, E'C 

Dem — Join AC, AD Now the A AOD A'OD AO A'O 
(i),andAOC AGO AO AO, AOD A'OD AOC 
A'OO, alternation, AOD AOC AOD A'OO, but A'OD 
A'OC DA' A'C Hence 

DA' AOD 
A'C~AOO 
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I, BD, CE, OA, DB, DA, EC, 

BD'_BOD CE'^COE 
D'A‘“DOA’ EB^BOE 

3r, ^ve find tbat the Bumoratora of 
le denominators Hence the pro« 
i-st terms is c^nal to the product of 
» B'E CKA D'B E'C = A'C 


let the sides touch the O m the 


' Now AB' = AC', BA', = BC', 
BA' = A'C C'B B'A, ondhence 
' are concurrent 

ents AA', BB', CC' , and produce 
them in A', B', C It is required 
C' ore coUuieor 

— Xuo I. JLi -1 xp.u-u' (III xxxii ), aud the L BB'C is 

•common, the A” AB B, BB C are equiangular, . AB' AB 
BB BC, alternation, AB BB' AB BC, AB'« BB'* 

. AB* BC*, hutBB'*=AB' B C (III xxxvi ), AB'* AB' 
B'C AB* BC*, AB' B'C AB* BC* Hence, denoting 

the Bides of the A ABC by 5, a, we have AB B C a* a* 
interchange, and wo get BC^ C^A a* i*, and CA' A'B 

5* a* Multiply these together, and we have AB' BC' CA' • 
BC CA AB oHW AB' BC' CA' = B'C- 

€ A A'B , and hence (Ex 6) the points A', B', O' are col- 
linear 

47 Dem — Produce the sides, and draw AA', BB', CC', bisect- 
ing the external Now (iii , Ex 1)AB BC AB BC 
Interchange, and we have BC' C'A BC CA Interchange 

again, and CA' A'B CA AB Now, multiply together, 

undAB' BC' CA B'C C'A A'B AB BC CA BC 
CA AB , but the third term is equal to the fourth, the first 
IS equal to the second , that iS, AB' BU CA' = B'C C'A 
A'B , and hence (Ex 6) the pomts A', B', O' are coUmear 
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Zcmma — Lot two 0% whoso centres nro 0, 0'l cut m P J o\n 



OP, OT Prodaco OT to E Dmw CP, DP tungenta to tho 
©• It 15 TC(|mrcd to show that tho 4 EPO = CPD 

Dexn —Produce CP, DP to F and G Notv the 4 OTP is 
Tight (III xxtn), honce (I xv) CPE w right, nnd OPD is 
tight , CPE « OPD joct OPC, nnd EPO = CPD 

48 Ltl AD ho n gnen hne, P n given point, 0 iho centre of 
tho given O, and X a given 4 It is required to desenbo a O, 
touching AB in P, and cutting 0 at on 4 equal to X 

Sol —Erect PC Jl to AB Draw DP, making tho 4 CPD *= X 
Produce DP to E , cut oflfEP equal to tho radius of 0 Join EO 



Bisect It in P Erect PC 1 to EO, mooting PC in C With C 
as contTo, and CP as tnditis, desenbo a O, cutting 0 in G This 
18 tho rcqiurcd O 
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Dem — Join EO, CO, CG, OG Now because EP = OP, and 
PC common, and the L EFC = OFC , (I rv ) EC = OC, and 
CP = CG, being radu, and EP OG (const ), the Z. EPC 
= OGC , but DPO and EPC are supplements , and HGC, OGG 
are supplements, HGC =: DPO, but DPC = X, and HGC is 
equal to the L between the 0» (Xemm®) Hence the L between 
the O’ IS equal to the given and the O PG touches AB in F 

49 See Sequel,*' Book IT , Prop in , Cor 2 

60 See Sequel,** Book I , Prop xto 

61 See Sequel,** Book II , Prop x 

62 Let 0 be the centre of mean position of the feet of from 
It on the sides Prom 0 let fall JL" OA', OB', OC on the sides 
lake any other point P within the A, and let fall PA", PB 
PC" It is required to show that OA'* + OB'^ + OG'* is less than 
PA"» + PB * + PC * 

Dem — Jom OP, PA', PB', PC' Now, because 0 is the centre 
of mean position of A', B , O', we have (Ex. 61) A'P* + B P* 
+ 0 P* = OA'* + OB'* + 00** + SOP* , but A'P* =: A'A* * + A"P*, 
B'P* = BB"* + B P*, and C'P* = C'C"* + C"P*, A'A"* 

+ B'B '* + C'C"* + A"P* + B"P* + C"P3 = OA'* + OB * + OC'* 
+ SOP* 

Fi-om P let fall a ± PD on OC', then OP* is greater than PD* , 



that is, greater than C'C"* In like manner it is greater than 
A'A"*, and greater than B'B"*, SOP* is greater than A'A"* 
+ B B"* + C C"* , and hence A"P* + B"?* + C P* is greater than 
OA** + OB'* + OC- 

63 (1) Let A, B be the opposite m^n the diagonals, and 
0 the angle between the diagonals 
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Sol — Constnict a a DEFG, Lanng two adjacent aidca 



DE, DG respectively cquil to m and m, and their included 
s: to C On DE desenbo a sogmont of a O containing an 
L equal to A , and on FG describe a segment containing nn 
L equal to B , lot them intersect m H Jem HD, HE, HP, 
HG Through H draw HE [| and to EF Joiti BE, EE 
BHEE IS tho required quad 

Bom — ^Xho L DHB *= A, and EF « HE (I xxxiv ) , but 
EPtsGD, HKsGB, and it IS [[ toit, HEDGisaCD, 
, HG IS O to BE, and HF is H to EE , hence tho I GHF 
= BEE , but GHF s= B, B^ «= B , and (I xxik ) tho 
I miE « GDE , but 6B£ » 0 , miE « C 
64 Let a O, whoso contro is 0\ roll insido onothor O, whoso 
centre IS 0, and whoso dinmctor is twice that of 0' Take a fixed 
point P in tho oircumf crcnco of 0* It is required to find its locus 
Sol — II bo tho point of contact Jom OP, OE, 0 P, and 
produce OP to meet the eircumfcronco m Q, and bisect the 
JL EOT by 0 S mcobng tho O 0' in S 
Non the 4 EO P=2E0P (III xx ) , tho ^ EO'SsaEOCi, 
and tho arc ES EQ O'E OE, bnt0E=20T, EQ=:2ES, 
EP s=EQ Now smeo tho are EP » EQ, tho point P must 
ha\o coincided with Q Hence tho lino OQ is the locus of P 
66 Sol —Take any point G in tlio arc CB Join CG, BG 
From tho contro 0 lot fall a 1 OE on CB, and on OE dcsonbo a 
segment OFE containing an 1 equal to COB Join OG Bisect 
xtinH, Through H draw HP fl to AB, cuttmg tho sogmont 
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OEE in P Join OF, and througli 0 druTT CP || to OP P js 
the required point 

Dem — ^Let CP intersect AB in K Join PD, cutting AB m 
J Produce PH to meet CP m I Jom EF, and produce it to 



meet CP m L Jom CP, PJ The pomts C, P, J are coUmear , 
if not, let CF, PM be in a straight Ime No\r (III xtu ) the 
L • CGD, CPD equal two nght , OPE, CPD equal two right 

L\ and OPE, OFL equal two nght L\ OPL = CPD , that 
IS, CLE = CPD , hence EL is || to PD Again, in the A COM> 
smce CO is bisected in H, CM is bisected in F (I xl , Ex 3) 
and similarly, in the A CDN, ON is bisected in P , PN = FM> 

which is absurd , hence CP produced must pass through J, add 
OP *= PJ Now, in the A CJK, CJ is bisected in F, and OF is 
D to CP, KJ is bisected m 0 , that is, OK = OJ 
66 Lot ABCD be a polygon of four sides Produce AB, CD 


C 



to L, K, and draw a trahsversal LMON, cuttmg the four sides. 
Prom A, B, C, D let fall p p on LMON 
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No'sr, Binoo tihe A* Bp"L are eqmapgnlar, 


For the some reason, 




(IV ) 


E3I_^ C2T_^ ^DO i»”" 

CM~i/"’ DN p' 

Multiplying togetlier, we get 

AL BM ON DO jpyy V'" 
BL CM Diq^ AO ~ yyy"y" * 


Hence AL BM CH DO = BL CM DH AO And HKmlarl 7 
for a figure of any number of sides 
57 Let tbe transversal LMN cut the sides of the A ABC m 
the points L, M> N Bisect UN, NMj ML in 0, F, Q. Join AP, 
0B> COt end produce them to meet the sides of the A ABC in 
A', B , C', respectively It is required to prove that the points. 
A', B', 0' are coUinear 


C 



Dem —The sides of the A AMN are cut by OBB' , 


AB^ MO 
BM ON BA"' 

And the A CLM is out by OB' , 


1 (Ex 6) 

MB Cb LO 
BC BL 0M“ 


1 


Multipljong together, we have 


CB 

BO 'BA BL 


1 , interchange^ 
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RC’ AC LG , , , ,CA' BA MA 

®“^C^ OB = ^ _ 

Multiply these results together^ and -^re get 

BC; OA' M MA 
BC CA A'B BL CM AN"^' 


hut 


NB LC hlA 
BL CM AN 


l(Es 6), 


AB* ^ BC^ CA'_ 
BC CA A'B^ 


And hence the points A', B', C' are collmear 
68 Let ABC be the A Join PA, PB, PC, and erect at P ±» 
A'E, B'H, C G to PA, PB, PC, intersecting the sides BC, CA, 
AB, respectively, in A', B', C' It is req^uired to show that the 
points A, B , CK are collmear 

Dem — Prom A, B, C let fall AG, AX on C G, B'H, BD, 
BF on A'E, C G, CE, OH on A'E, BH 



No\v, because each of the APA', BPB' is right, the 
I API = BPD, and AIP e BDP , hence the A* AIP, BDP 
are equiangular In like manner, the A* AGP, CEP are equi- 
angular, and GPH, BPF are equiangular 
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AgaiBi since the A* OA^E, BAD are equiangular^ 

CE 

AD "*BD* 

AB' AI BC^ BP 

CA' AB' BC'_ CB AI BP 

A'B B'C C'a'^BD oh, AG’ 

hence OA' AB' BC' CE AI BP PB PC PA 

AD B'C CrA*^BD CH AG PB PC PA’ 

hut AI BP n BD AP, since the A* AIP^ BDP are equiangular, 
and PA CE =ss AG PC , and PC BP = PB CH , therefore 
CA' AB' BCT =s A'B B C C A And hence (Ex 4) the points 
A', B', C are collinear, 

59 Let ACB bo a given Ecnucirdo It is required to dmde it 
into two ports by a A on the diameter AB, so that tbe mdu of 
tho O* inscribed in them may have a given ratio DS , EP 



Similarlyi 

therefore 



Sol —On DP desenbe a segment containing an I equal to half 
a Tight I * Erect EG Ito DP Join DG, FG At the point P 
in PG draw PH, making tho I HFG = HOP In the semxoirolo 

6 
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Ling tho L ABC = EFH Let fall tlie ± Cl on AB 
irod line 

tbo figures CJBMj CIAN dosonbo O” touching 
nd the arcs BC, AC in the points J, K, L, N 
tboir centres Join OJ, CJ, OL^ O'L, ALj LM 
f L, M| are collincar (izi Ex 61} Join BM, 
\Ovr tbo L LIB is nght, and LMB is right 
» ILl^lB IS a cydio quad , BA AI 
mi BA AI = AC^ (I xl'V'U , Ex 1), and MA AL 
\XTi ) , AO* = AJ* , AC *= A J , tbo Z AO J 

OJ = JBC + JOB , but ACI «= IBC (vin ) , ICJ 
ke manner, tbo L ICK = ACE , bonce tbo L ECJ 
L Now in tbe A* EHF, ICB tbe L BIO = FEH> 
JH (const ) , ICB = EHF , but ICB = 2 ICJ, 
EGP , ICJ n= EOF, and CIJ « GEF , CJI 
1 tbe A” CIJ, GEF are cqiuangular And bocauso 
ECJ, and GFD js'OJK, GDF = CKJ , bence 
GFD aro eqiuongiilnr , El I J DE EF , 

0 L OL Honco 0 L OL DE EF 
A, B, C be fixed points, and F a yariable point, 
jf P, if f«AP* + «BP* + i?OP* is gi^ on 
‘ AP, BP, CP, AB, BO Dmdo AB in D, so that 

fnAD e wuB Join DP Now wiAP* + «BP* t=3 wjAD* + wDB* 
+ («i + «) DP* (Book II , Ex 12 ) Join DC, and divide it in E, 
so that (#M + n) DE =iiEO Join EP , then {in + n) DP* +pVO 
e= («i + ») DE* + j;EC® + (frt + #i + p) EP* , and »iAP* + «BP* 



+ ^PC* a wAD** + nDB* + (w + n) DE* + pEC* + (m + «+;[;) EP* , 
but twAP* + «BP* +pPC* 18 given (hyp ) , #»AD* + fjDB* + &o 

IB given , but mAD* + wDB* is given, and {m + n) DE*, and pEC* 
IS given , (w + n +^) EP* is given, and (m + fi + ^) is given , 
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EP- 18 given, EP la given, and E is a given point Hence the 
locus of P 13 a O, having E for centre and EP for radius 

60 Bern — Ijet P he the point Erom P lot fall PD, PE, 
PF on tho sides of the A Join DB, EP, FD, AP, BP, CP 
Nov hecauso the L • AEP, AFP are nght, AEPF is a oyCho 
quad, , then AP is tho diameter of tho circum-O Dmv FG, 
nnothei dinmotor Join GE Nov tho L FGE = PAE (III 
XXI ) , but FAE IS a given /, PGE is a given Z, and tho 



L FEG 18 given, being right , tho A FGE is giien m species , 

EF EP EF^ 

hence is given , but FG = AP , is given , is 

i? tr Ar Air* 

given , lot it bo equal to m, then EF^ e mAP* In like manner, 
FD^ «BP®, and DE* = jjCP® , hut EF* + FD* + DE* is given 
(hyp ) , »j AP* + mBP* + />CP* IS given And hence (Ze/ntna) 
the locus of P 18 a O 

61 Lot the O W make given intercepts DD', EE' on tvo fixed 
lincsPX, PY It is required to prove that tho rcotanglo CG CH 
contained by tho J. * from tho centre C on tho bisectors of tho 
I* formed hj tho linos PX, PY is given 
Dezn —From C let fall 1 " CA, CB on DD', EE' Join CD, 
CE Nov AC* + AD* « CD*, and BC* + BE* = CE* , AC* 
+ AD* = DC* + BE* , AD* - BE*= BC* -- AC* , but AD, BE 
arc thu halves of DD', EE' (III in ), and arc given (hyp ) , 
BC* - AO* IS given Non since the L » CAP, CBP are 
right, CAPB IS n cyclic quad Desenhe a O about it Join 
AB , the lino bisecting AB poipcndicularly will bo tho diamotel: 
Lot it ho GH Join GP, HP, thoso are the internal and 
extomol bisectors of tbo L EPD (III xxx , Ex 2 ) Join OP, CH 

82 
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and let Ml !• CF, Cl oa AB, OH Xott BCP = BF* J- EC* 
andA(P = AF5-FC^ .-.BCE - AC? =r BF» --EA^• InitBCP 

— ACr IS given, . . BE^ — FA^ is given, that is (BF — FA) (BF 

— FA) is given , but BF ^ FA = AB, and BF — FA = 2 OF 

• AB • OF is given, tliat is, AB C£ is given. And because 
the L APB is ^ven, the ratio of AB to the diameter is gzvexi 



(Dem of Eac. 60); that i% AB : GH is given; .•* the rado 
AB Cl GH . Cl is given; but AB • Cl is given, • GH.CI 
IS given. And smce the A* GCH, ICH axe equiangular, 
GH . Cl = GC CH. Hence GC . UK is given. 

62 Let ABC be a A, irhose base and the difference of whose 
base L* is given Draw CE, CF, the internal and external 
bisectirs of the vertical L . Bisect AB in D, and le‘ Ml A» DE, 
DF on CE, CF It is required to prove tnat tne rectangle 
DE . DF IS given. 

Dem. — Draw BG, BH g to CF, DF Prodnce CB to meet 
DE produced in L Draw IJ J to CE, and let Ml a A AH on 
ID produced. 

Xow tne L XCB = ACX, and LCJ = ICJ , the L XCJ is 
nghi^ and DFC 13 right, DF is J to CX, FCilGisaO. 
Xow the L AXC = XCB — CBX, and BXC = XCA — CAX; 

(AXC - BXC) = (XCB CBX) ^ (XCA - CAX); but 
XCB = XCA; .• {AXC ^ BXC) « {CBX - CAX); but 
(CBX - CAX) is given (hjp ), • (AXC - BXC) is given, 
and then sum IS given, hence is given, butDXE = BXC, 
. DXE is given, and DEX is light, , EDX is given; h^cc 
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tho lino IK IS given in position , PB ± to KJ is given in 
portion And because tbo L QCE s= ICE, and CEQ« CEI, ond 
OE commonj EQ » EI| nnd Uio L EQO EIO , but LQC 



s= AQK , EIC or BIP « AQK, nnd AKQ o BPI, each being 
ngbt, and tho side AK tsJBP » KQ « IP To each add QP, 

ond we ha\ o KP *= QI , hence (Ax 7) KD » QE , KQ ea DE , 
DE « IP, henco tho figuru GC « BJ, but BJ = BE 
(I xun ) , GO « BE , hence the rcplnnplo DO « BD that 
IS, tho rcotnnglo DE DF « BD , but BD is n giicn rectangle 
Hence DE DF is given 

C3 Let ABC bo tho A Bisect tho L ACB by CD From 
A, B lot fall 1* AG, BF on CD Produco AO, and bisect tho 



4B(}J by CEj meeting AB produced in £ Bisect AB inO, and 
let fall a 1 OE on CD It is required to proAo that AG FB 
»OH CE 

Dom —Now AD DB AE EB (la , Ex 3) , hence 
(Book V, Ex D) OD OB OB OE, that is, OD OE 
«OB^ but (II lu) OD.OE = OD* + OD DE, and (II v*) 
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OB3«AD DB + 0D3, hence OD DE = AD DB, - AD 
OD DB DB , but AD OD AG OH, and DE DB 
OB FB , AG - OH CE PB And hence AG PB 
= OH OE 

64 The rectangle contained by the from the extremities of 
the base on the external bisector of the vertical angle is equal to 
the rectangle contained by the internal bisector and the i. from 
the middle of the base on the external bisector 
Let ACB be the A Produce AO to J, and bisect the L BCJ 
by £CG, meetmg AB produced in E From A, B let foil A* AG, 
BP on EG Bisect the L ACB by CD Bisect AB in 0, and 
let fall a 1 OH on EG It is req^uired to prove that AG BP 
=:OH OD 

Dem --AE EB + OB« = OE^ (11 vi ) , but OE» = OD OE 
+ DE OE(II II ),henceAE EB + OB*=OD OB + DE OEj 
hence AE EB = DE s OE (see Ex 63) , AE DE OE £B 
Hence, by similar A“, AG OD OH BP, AG BF 
»OH CD 

65 Dem — ^From C let fall a A CD on AB Now- the A ■ AOD, 
BCD, ABC are similar (viu ) , then, if E, E', p, are the ladu of 
the O* inscnbed in these A*, AG, BO, AB are proportional to 
E, E', p, but AC2+B(P= AB2, E* + E' 2 :=p 2 , and p« 
=» (s — c)- (IV IV , Bx 14) , that is, E* + E’® = (5 _ 

66 Sol — Through A, C draw two || hnes AP, CE , and 
through B, D draw two || lines BP, DE, meeting the Q through 
A, 0 in P, E Join EF, and produce it to meet AD in 0 

Dexn — Because BP is || to DE, the A* ODE, OBF are equi- 
angular, hence OD OB OE OF, and since the A*OCE 
OAF are equiangular, OE OP 00 OA, OD OB 
00 OA Hence OA OD = OB 00 

67 Sol —Let 5, e, d be the four sides Find a fourth pro- 
portional to {2ab + 2ed), {(c^ + ^f^) - («* + A*) }, and b Let it be 
BE Produce EB to A, so that AB = a Erect EO A to AE 
With B as centre, and a radius equal to b, describe a O cutting 
EO lu 0 J om BO, AO , and ou AO describe a A ACD having 
its sides CD, AD equal to 0 and d ABOD is the reqiured 
quad 

Dem —Prom A let fall a A AP on OD Now because BE is a 
fourth proportional to {2ab + 2cd), {( 0 * + - («» + and 5, 
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\ro have {2nb + 2frf) BE « {(c’ 4- O “• Ko\r AC- 

= AB*' + BC* + 2AB BE (II xn ) , tlmt js, AC** « 



^ 2tf BE, and AC’« cU 2tf DF (H xxii ), ^^4 

-.2c DF=:a"4^" + 2(i BE, c- 4 - (<»’ 4 « 2rt BE 

4 2c DF , Lcncc (2ff& + BE = (2a BE 4 2c DF) h , 
2ed DE«25c.DF, <? BEs=^ DP, ^ DF ^ BE, 
that Iff, AD DF BC BE, and tbo I AFD tt BEC the A* 
ABF, CBE are cqmnngular theiADF « CBE To each 
odd ABC, and -uo Imvo the I » ADC, ABC equal to ABC, EBC , 
* ADC 4 ABC equal tno nght L* Ilcnco ABCD is a cjchc 
quad 

C8 Let A, B bo the centres of tbo From a point C tan- 
gents CF,CE arc drann to the O* A, B, so that CF GE ah 
It IS required to find the locus of C 

Sol — Join AF, BE, AC, BC, and let the radii ho denoted by 
R, R Ko\r nneo CF CE « h, CF^ CE* rr , that 
IS, AC^ - R" BC" -- R*^ a’ b'^ , &UC- - » a^BC* 

— o-R * , i*ACr* — o’BC^ tr J^R* — a‘*R * Join AB, and pro- 
duce it to D, and male AD BD a- b ^ , then ^^AD = a-BD* 
Xon , joining CD, and putting b* for w, and a" for «, wo have 
(Booh II , Ex 13) i»AC^^ - a"BCi « ^AD^ - a^DB» 4 {b^ - n") 
CD% and (Ax* 1)^*AD^ • a’DB^ 4 {b^ - fl*)CD^ = A"R» 

— <i*R * , and transposing, \rc get (a- — CD* c- F (AD* — R*) 

— b*{DB* — R'") , (a* — b*) CD" is givon , CD is gi> cn, and 

Iho point D IS giA cn Hi nee Iho locus of C is a O 

CD Sol — Dosenbe O* about the A* APD, BPC Dm\r OP 
a tangent to tbo O APD, meeting DA produced in 0 How 
the lOVKso PDA (III xxxit ), and tbo l APB » OPD (hyp ), 
ihc/.OPB « ADP 4 CPD « AGP* hcnco OP touches tho 
OBPC Now (III xxx\i)OA 00*= OP*, and OB OC«OP*, 
OA • DD « OP OC , 0 IS a given point (Ex 06), and A, D 
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are ^ven points , • OA OD is given , OP* is given , OP 



IS given Hence the locus of P is a Oj having 0 as centre and 
OP as radius 

70 If ti O ACS ho circumscnbed to a A/ and a O GBH ho 
inscnbedi touching the sides AC| BC in D, F, and the oircuxn-* 
sonbed O in H It is required to prove that CD is a fourth 
proportional to the semi-penmeter of the A ABC, and the sides 
CA, CB 

Dem — JToin CH, and draw HJ a tangent to the O ABO, at 
Gt draw a tangent A' J to the O DFH Join AH 



Because JG = JH, the I JHG = JGH, hut JGH = awo 
+ B'CG, JHG = GB'C + B'CG, and AH J = GCB' (III xxxu ) 
GHA =s GB'C To each add GB'A, and we have GB C + GB'A 

gSh 

(iB AH IS a oyolio quad , and therefore HO CG = AC PH' 

CB' = CD* Agam', 
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=5 CB'A', and the Z A'CB' la common, the A* ABO, A'B'O aro 
equiongnlar , and, denoting their Bemi^paximeters bj 5, /, tto 
have (xx., Cor 1) s a' BO B'O, s / OA BO 
B'O CA, tW IS, s / CA BC CD», but CD» = s'»(lY 

IT , Ex 4} , # 8* CA BO 8 ** Hence s * OA BO * s' » 

or, s OA ‘OB CD 
71 It 18 an obvious modification of 70 
»73 Let the sides AC, BC of the A ABC, circumscribed to a 
given O, be given in position, but the third side AB vanable 
About ABO doscnbo a O It is req^uired to prove that the O 
about ABO touches a fixed O 

Dem — Describe a O touching the sides AC, BC in D, H, 
and the O about ABO m L Let 0 he its centre Join OD, OH 
Let fall a 1 AF on BO Draw DE p to AF, and let fall a 1 00 
on DE 

Nows OB CA OD (Ex 70) , but CA OD AF DE, 
therefore 8 OB AF D£, s.BEsCB AFs twice the area 



of the A ABO 2 rs (IV iv , Ex 9), ‘ DE = 2r , but 2r la 
given, DE is given, and because the Z EOD is given (hyp 
and the Z E is right, the A EOD is given in species, • the ratio 
ED DO 18 given , but ED is given, DC is given , D is a 
given point 

Again, because the Z ODO is nght, and sa EOD + ODE, 
ODG = EOD Hence ODO is given, and OOD is nght, 
the A OOD IB given m species, the ratio OD DO is given , 
hut OD = OH = GE, the ratio EG GD is given , but ED is 
given., * EG, that is OD, is given, tnd the pomtD has heeir 
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ehoTvai to be given Honco ibo O, vitb 0 os centre, and OD as 
radius, is a fixed O, and the O about ABC louebes it in L 

74 Lot AC, BC bo tho tii o sides gi\ on in position 

Sol — Bisect tho L ACB by FF' In CF find a point F, sucli 
that CF* ssr CA CB F is ono of tho required points 

Bom — Join AF, BF, and lot fall a X BE on AC Noi\ 


B 



becAUfio the area of tho A ACB is given, CA £B is given , and 
sinrc the L BCE is given, and tbo L BEC is right, the A BCE 
18 given m species, tho ratio CB BE is given, tho rabo 
CB CA BE CA 18 given , but CB CA = CF* (const ), and 
BE CA 18 given, OF* is given, CF is given, and F 
18 a given point Again, beeause CA CB = CF*, CA CP 
CP CB, and tbo L ACF = BCF, . (vr ) tbo L CFA = CBF 
To each add tbo sum of tbo L • CFB, BOF, and wo have the sum 
of tbo of tho A CBF equal to tho A* AFB and BCP, 
. AFB and BCF are equal to two right il*, but Ibo L BCF 
IB given, AFB IS given Hence tbo base AB subtends a con- 
stant Z. at a gi\cn point F In like manner it can bo shown 
that it subtends a constant L at F*, constructed by making 
CF « FO 

76 Lot ABCD be tbo cyclic quad (See Diagram, Ex 67 ) 

Bern — Drai\ tbo diagonal AC Produce AB, and lot fall tho 
JL* AF, CE on CD, AB 

Now, sinco tbo sides AB, BC, CD, DA are denoted by a, h, 
c, d, wo have (n xn ) AC* « a* + 6- + 2a BE and (II xin ) 
AC*ec* + <f*-2c DP, c* + d*-2i? DFssa*+ BE, 
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, e’ + rf* - {< 1 * + b-) «= 2rt BE + 2(j DF , and because the A* 
BCE> ADr are equiangular, BO BE AD DF , that is, 

5 BE rf DF, 5 Dr=:<f BE, UF = ^ BE, and 


2<?d' 


BE 


hence VO have c- + <?*—(«* +4*) = 2(t BE + -j 
_ 2{<ih+fd) 

b ' 2{ab + ed} 

AS*», 0E--]1C--BE=.S- 


..t. 

( 4.{ab^c<rjf^ ) 


cs 


[ab + c<rjf^ 

4 (ci» + crf)» rf^) - (g» -f 1 » 

4 {ab + rrf)’ 

{(0+ rf)* - (a- 5)*} { (<« + b)^ - (0 - rf)’} 


4(ff4 + crf)» 

{(c+rf+rt— i){c+ <?— <t+J)(rt+JJ-r— rf)(‘f+^“^+<0) 

4 (ui + orf)* 

Hence, putting (a + 6 + r+ rf) = 2/, and substituting, vo get 
16i* {»-a)(s-b){»-e)fjt-d) 


CE 


4 [ab + erf)* 


OP, - 2^l/(«- «) {»-b) (* - e) («- rf) 
ab+cd 

No\r AB = a, and AB CE s 2 A ABO 

0 n nn ^ ^(ibV[*- a} (« - b) (* ~e){»- rf) 
(ab^cd) * 

ABC ~ ^ 

' ff ^ «f erf 

Smulorlr, ACD = («-■>) («-«0 

(fl6+frf) 
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Hence the quadnlateral ABCD 

^ (g — gH^ ^ d) 
"" {ab+ed) 


=V(«-ff) {t-b)[t-e)[»-a) 

76 Dem — ^Prodnee BC, C B' to meet in A" Let fall 1» 
AO',BOonA"C' 

NowAB' BC' CA'=A’B B'C C A(Ex 4),anaAB' BC' CA" 

= A"B B'C C'A (Ex 6) Di-nde, and wo get = 

A"B A'C = A''C A'B, A'B A'C+A"C.A'B=2A"B A'C, 
that 18 (“Sequel,” Book II , Prop tu), A''A' CB = 2A'B A'O. 



Now the A ABO ABB' AC AB* (i ), and ABB' BC'B' 

AB BC.andBCB' A'BC' BO A' O' BA' A'A”, 

that 18 , BC 2A C, since A A' . CB = 2A''B A'C , A ABC 
A'BC AB BC CA 2AB' BC' CA 

77 Dem ~Draw the diameter AE Join BE, and let fall 
a 1 AD on BC Now (xvn , Ex. 6) AE AD = AB AC , 

AE AD BC = AB BO CA , hut AD BC s= twice the A 
ABC , 2AE ABC = AB BC CA , hence (Ex 76) ABC 

A'B'C' 2AE ABC 2AB' BC CA', 1 A'BC -AE 

AB BC CA , AE A'B C' = AB' BC' CA , and hence 

AB' BC' CA' 

ABC 

78 Dem —Let the sides of the quad he denoted hr a, }, 

e^d Now (III xvn, Ex 3) (o + e) = (6 + ,j)^ 2(a + e> 

-C«+6+« + «i) Hence, putting (0 + 6 + e + - 2 », irohaTe 
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2 (a + c) = 2«, (<i + o) I , a = ^ c) Similarly, & = - d), 
c ss {< -* a), ds: (« - 9} , and (Ex 76), have area of quad 

V(5 ~ a) (tf- 6) (j- tf) - d) , area ^y/ahei Hence the 
equate of the area » ahed 


79 Dem — Tom BF, CF, BE Let the ratio BB AB he 
denoted by m ti Nowthe AABO ABE AC AE (i ) AB 
BD (hyp ) , that as («i + n) m, and ABB BDB (»i + n) «», 
and BDE BDF (w + n) in Multiplying together, we have 

ABC BDF (fli + n)» in® , hence BDF = lulike 

{m+ny 


manner ECF % 


ABC n» 

(m + »)* 


Again (xxiii , Ex 1), ABC • ABE 


' (m + «)* mn , 


ADE = 


ABO fan 
(m + «)* 


Now the A BFO=ABO-BBF^OEF-ADE=s 

ii3 «,» \ 2mn 


ABC I 1 — 7 ■ ■ . j — “• . ■ ■ ^ } = ABO 

(m+ «)’ («i + «)•* (m + n)*J 


(m + n)* 


Hence the A BFC = twice the A ABE 
80 Let ABCB be a quad Tom AO, BD, and bisect them m 
E, F Through E, F draw EGr, FG || respectively to BD, AC 
Bisect AB, OB in H, I Join GH, GI It is required to prove 
GIDH = i ABOD 


Dem —Tom HF, IF, IH Now, because AB, BB are bisected 
an H, F, HP is H to AB, and the A BHP *= { ABB (I xl , 
Ex 2) In hko manner, BFI e=* J BBC , BHFI = J ABOB 
Again, HI is II to AC, and FG is |1 to AC , HI is j| to FG, 
(I xxxvn ) the A HFl = HGI To each add HBI, and 
HBIF = HGIB , HGIB « \ ABGD In like manner, if we 

bisect BO m J, and join GT, GICJ J ABGD, &c 

81 Dem —Let 0, 0 he the centres of the 0*touchmg the semi- 
iircle internally and extomally respectively, and also touching 
CE,*BF Tom 00', and produce it to meet AB in G, O'G is 
evidently 1 to AB Complete the O on AB, and produce EC, 
PD to meet it agam in H, I 

Now AO BB = OG* (xiii , Ex 6), and AD . CB = 0'G« (xiii , 
Ex 7), hence AC CB AD DB=0G* O'G*, but AO OBsOE^ 
and BB sa BF* , therefore CE* DF* « OGP O'G* And 
hence OE DP «= OG 0 G 
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82 Let ABODE bo tho inscnbcd regubir polvgon Take any 
point P in tho circumference Join PA, PB, PC, PD, PE, and 
let those lines be denoted b) pi, pz, p 3 , pjj pj It is required to 
prove that pi + pa + ps = pa + pi 

Dem — Join BD Let tho sides of the polygon bo denoted by 
Bf and tho diagonals by d Now, considering tho polygon ABDP 
formed by pi, p-*, pi, wo have (xni , Ex 13) pid + pi* = pj<f^ 
Similarly, wo have p\d ^pzs^ pir, and p^d + p^j = pid Adding, 
wo get (pi + p5 + pi)d = (p 2 + pi)d Hence pi + pa + ps = pi + pi 

83 Let 0 bo tho centre of tho given O , P the given point , 
AB any chord possmg through P , PD, PE on the tangents 
AT, BT It IS required to prove tliat tho sum of tho reciprocals 
of PD, PE 18 constant 



Hem — Join OP, produce it, and from T let fall'tho X TO on 
OP produced Produce BA to meet 1C in H, and let' fall tho 
!• AP, BD 

Now Sequel,** Book III , Prop xxvin ) CT is tho polar 
of P, and AT is the polar of A Hence (** Sequel,” Book III , 
Prop xxvil) smeo PD and AP arc 1* on the polars, OA OP 

AP PD,a„,rfo„ 


In like manner, 


J- 

PE OP BO 


Hence, denoting the radius of the O by * , and the distance OP 
by df we have 


PD ^ PE a 
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Again, since P IS tUo polo of tho line GH, the “ out 
hnnnomcally , HP is ft hannonic menn betireon HA and nu , 
but AF, PC, BG flTC proportional to HA, HP, HB , bonce PC is 
a hamomc mean betirecn AF and BG , 


2 1^1 ±. 
i^“AF'*'BG’ PD^PE rf PC 


Hence the proposition is proved 

84 Lot ABCD bo a eyebe quad , vvhoso sides AB, CD, AD 
pass tbrougb throe coUincar points E, F, G Join BU, nnd 
produce it to moot EG m H It is required to prove tbnt H is a 
fixed point 

Dem ~Thronsh B diaw BK B to EG Join DK, and produce 
U to meet EG 

Noiv tho 4* ADK, ABK equal two nght i • (lU sxn ) , but 
ABE •= iVEG (I XXIX ), AEI and ADI are equal to two nght 
A », hence AEID 18 a cyclic quad , EG G1=AG GD, but 
AG GD 18 given, , EG GI is given, nnd EG is given, 61 



IS given , I IS n given pomt Again, tbe I IDF =* KBC {III. 
XXI ) , but KBC as CHF , IDF s= CHF, and the pouto 
D, C, I, H are concyclic , hence DF FCasHP Fl,butDF FC 
IS given, HP FI IB given, and FI 15 given , FH is given 
And hence H is a given point 

86 (1) Suppose the polygon to be a A Let BCD be a A 
whose sides ore |1 to three given lines EP, 6H, IJ , and 
let tho loci of its angular points B, C, be ngbt lines AB, AC It 
u required to prove that tho locus of D is a nght line 
Uem — Join AD Produce CA to meet EP in P 
Now tho A BOA aa PEA, BOA is a given A, nnd tho 
L BAG is given, since the lines AB, AC are given in position , 
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.lenco tiho A ACB givon in ^ccics , tho ratio AC CB ia 
,;ivon 



Similarl 7 i ^ given , • the ratio AC CD 

IS given, and the I ACD is given , hence the A ACD is given 
in species , the L CAD is given, and the lino AC is given in 
position, therefore the line AD is given m position Hence the 
lino AD IS the locus of D 

(2) Let the polygon he the quad ABCD, having its sides U to 
four given lines, and the loci of the A* A, B, D nght lines 

Dem — ^Let the loci of A, B meet in E Produce DA, CB to 
meet in P. Join EP 



Now APB IS a A, whose three sides are || to three given lines, 
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and the loci of A, B are right lines Hence (1) the locus of F is 
the line EF, which is therefore given in position 
Again, EFC is a A, having its sides || to three given lines, and 
having straight lines for the loci of D and F Hence* (1) the 
locus ^ 0 18 a nght line In like manner it can be proved for a 
Egure of any number of sides 


86 Let BAC be a A whose vertical L BAO and its bisector 


AD are given It is required to prove that + — is given 

Bern — Describe a O about ABO Produce AD to meet the 
circumference m E Join EC, and let foE a ± EF on AB 
Now AF = i (AB + AC) (III xxx , Ex 4) And since the 
L BAC is bisected by AE, FAE is a given L , and the L AFE 

AF 

18 nght , the A APE is given m species , jg is given , 


2AP . AB + AC , ^ 

that IS, — — IS given, and AD is given (hyp ) , 

AJffi AJcj 

AB 4* AC 

IS given Again, the L ABC = AEG (lU xxi ), 

ind BAD = CAE , the A* BAD, CAE are equiangular , 

AB AD AE AG, hence AB AG=AD AE, —±42. 

AB AO 

^given, that IB, IB given HenceA + ^ 


16 given 

87 (1) Let the polygons he the A* A'B'C', ABC Bisect the 
arcs A'B', B'C , C'A m the points D, E, F Join A D, DB', 
B £, EC*, CT, FA' This hexagon is the corresponding polygon 
of double the numhei of sides It is required to prove that the 
hexagon is a geometric moan between the A* ABC, A*B'C* 


Dexn— Join AO, A'O, BO, BO, CO, GO Iiot OG intersect 
A'B* m N 

Now we have the A OB'O OB D 00 OD (r ), and 
OB'D OB'N OD ON, but 00 OD OD ON, hence OB'C 
OB'D OB'C t OB*N , that is, the A OB D is a geometno 
menu between the A« OB*G, OB'N , hut the hexagon is six times 
OB'D, ABC SIX times OB'O, and A'B'C* six times OB'N Hence, 
denoting the areas by P, P', n, we see that n is a geometric mean 
between P and P' 


T 
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+ OA* = 2 AO* + 6 OC* Hoijco AE* + AE'* =b AB* + BC* 
+ OA* 



Lot ABC bo Cjo A G, H, J tbo clrcumcontrcs of tho cqm- 
\atcn& A' ccnrtTiiciloA tmVviOTds tm As siflcs Jom AG, A3 , BG, 
BU, CJ, CH , and GU, HJ, JG 
Ko\riho L EBK = AB&| becaufo each, is liolf ftn L of^an 



i^qiiilateral A , to each add HBA, and \ro havo tbo L EBA 
«= HBa 

Agauii EB^ss 3 BIP, and AB^ = 3 BG-, EB BA BH 

BG Honcotbe A*EBA, IIBG aro equiangular, EB? EA* 
BEP SG* , bur EB^'= 3 , EA* = 3 GIP 

t2 
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In IjIc mftnncr it may lio proved, if 0 , II', J' 1>o the circum- 
centrM of the cquilnUml L* conjtiructrd invrnrds onthcHdes 
of ABC, thnt AE » = 3 G H *- Hcnco AE» - A£'» « 3 (GD* 


-OH'’) 

Agnin, denoting tho nreis of the cqmlatMnl A* GIIJ, G'H I' 


ty 2, 2', VIC have 2 : 


GH'v's 





4^/5 ( 2 - 2 ') 


= 3 (GH’ - GTI'^, hut 4 8 *= AE> - AE» {lemmn), 

2 - 2' r, S 


8D From Irut demonnlrntion vro hnro AW 4- AF'® « 3|GII* 
4- , but AW + AE" *= AE^ 4 - BC* 4- CA« {£fmow), 

3 (GII* 4 G II *) ex AB’ 4 BC** 4 CA*, or the Bum of tlio 
ijqtiarcB of tho fidcs of tho two cquilAUnd A* GJIJ, G HJ in 
equal to the Bum of the squares of the wdes of tho A ABC 
90 (1) J/Ct ABC bo a regular polygon of three side#, tho wdn 
of whoso CLrcumccnIicd and infcnbcd O* arc denoted by B, r, 
ATl'C'I) ET' a regular polvgon of tho samo area, and double the 
number of sides , Gio radn of wbofo circumscribed and inscnbal 


O* aro B , r It is required to prove that II' = \/ltr 


Dom — Join OA (R), O'A' {R'), and let fall a ±01 (r) on AB 
Produco 01 to meet the O in I) Join AD, BD, 0 B' Now 
<x ) the A GAD OAI OD 01 , that u, ns R r , but OAI 



= 0‘A'B', OAD O'AB R r, but (xix ) OAD O'A'B 
;OA® O'A'* , that IS, os It* R's , hence R r R* R'S , 

ER'* = R> , R'* = Rr And hence R' = v'E? 


(2) It IB required to prove that r 
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gar;SsSE.2rQ-EQ. JFc^OI- 

^iTv Oi I 01 1 : Ojs. * 0i> : OK * OD : : EIL ; LB ; 

Oi:OI EL.LB; tiiiis, E : . ET.iLP, 3— rjt 
" : : El/ : LD ; snc SB - LB ; : OED OLD; (E— r, • 
--r OEB . OLD; .' fS— rjr y : ; OSB z COLBf or OALB. 
JLE3£:i''inE.J,r='.S?::OAIiOSB. Kes^ rr:il±:'' 7 fc 2 tLe® 

r:£H?::Oir.OAlJ>, ctirOAIr 
biJ-D : r iEC : LlCfQES , trai u. Oil : 0 ALB : r A'FC'DHT' 
.LICCQES; fE-r>; ££i::r^:E*, 

/E-r,r= Eess -^= 

Is £j* rme Trjr tre caj pc-ed Jcsai pr/jps 

rr Es*' nszsbcr cf ssSs?- 

S'l. l>e=2-— Lei £sll a CH cz AE ; ts-es CE = AB (Cv5-J- 
Bescsie a 2 zirci AJBC, asi CE tc sz*et Let 

O be tbi crtbicestrs:. Cd c£ EF = OE. Elsaci AB is D, Jcta 
OD* szee EF = OB, as£ AB « CE* .* JLF CO J^crr 
AF.FB^DF^=rDE=3I.r^;t!-tLs €O.OE--I>F^^ DE\ 

Arss, iJ:,EE-Di?=rDB=' CE EG • DE^; 

*•. <S.EO-IH?=^DB^; .* ^CO -- OE^ EO - Di?=r DB^: 



*'.CO*EO~EOi^DE’-:=rDE^, .. CO.EO ^ 01^^ =r DB^; 
*•* .V OB«DF, str£ 0 £r=FB (ecr^] Hezee 

OD --OE *rI>F - FB^ DB. 

GC. Lei AECbeaz^ A* xC ac^ABC* D-rp-tics 

^bisetsr EF A tc AE* Tcc: CE, CF* tLss:*' xr& is^erzxl 
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and external biBectors of the L ACB Produce PO, AB to meet 
in G Let fall a ± OH on AB , it is ovidont flmt the O on DQ 
os diameter will be the locus of 0 when the base and ratio of the 
sides are given Let 0, 0^ be the centres Join OO, 0*0 It is 
required to prove that AC® - CB® 4 times area OC O'O 

Bern — ^Through 0 draw 01 1| to AB 

Now the JL POO = 2PE0 (III xx ) , but POC «= OOl ; 



OCI = 2PEC, and CO’D = 2GGD Now the Z KDE c= CDG, 
and DKB *= DOG, KED = CGD, OCI = CO'H, and the 
right L OIC = CHO' , the A* OCI, O'CH ate equiangular , 
OC 0 C 01 CK, that is, OC 0*C KR CH Again, 
AC® -- CB® = AH® - BH® = (AH + HB)(AH - HB) « 2 AK 2KH 
s 4AK KH, but area of ABC AH CH, four tunes area 
= 4AK CH , hence AC® — CB® 4 times area KH OH 
but KH CH OC 0*C Hence AC® — OB'* 4 times area 
OC O'O 

Lemma — To construct a O, bemg given the diagonals and one 
of the Z* 

Sol — Let AB, CD be the diagonals, and E one of the Z * 
On CD describe a segment CPD contaimng on Z equal to E 
Bisect CD in G With G as centre'^ and a radius equal to J AB, 
describe a O, cutting CPD m P Join FG, and produce it to H 
Cut off GH = GF Join CP, DF, CH, DH CPDH is the 
required O , for it has the Z CPD «= E, and its diagonal PH 
t= AB 

93 Let B AO be one of the Z *, and AB the difference between 
its diagonals 
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Sol — ^Ercct BC 1 to AB , to AC apply a O AGED equal to 
four times tbo gi\cn area, and }in%ung BAC one of its L* 
Bisect BD m F Construct a O AHIG, haMng one of its dia« 
gonals, At « AF, and tbo other, TL(x =* PD, and the A BAG for 
ono of its £ « ( Zevma) AHIG is the required O 

Dom — ^Through I dravr IJ J to HG, and let foil a JL IK 
on AD 

No\r AP « AG® + GI® + 2AG GK (II xii ), and (II xm ) 
IJ®«=JG2+GI5«2JG GK = AG®+GI»-2AG GK, AI® 
- IJ® = 4AG GK Again, AB == AP - FD, and AD « AF + FD, 
AB AD = AF® - FD®, but AF *= AI, and PD «= IJ, 
AF-FD®«AI*-IJ®, AB AD = 4AG GK Again, 
since tbo A* ABC, GKI are equiangular, nro have AB BCI 



• GK KI, AB AD BC AD 4AG GK 4AG KI , 
hence BC AD « 4A6 KI Nott BC AD *= C3 AE, and 
4AG KI e 4 times □ AI, a AE e 4 Umes a AI, but AE 
*= 4 tunes tbo given area (const ) Hence AI is equal to the 
given area 

04 Let A, B be the centres of txro equal O*, C the centre of 
a variable O, which is touched cvtcmtdly by A in D, and 
inttmally by B in £ Let 0 bo the point of miorseotion of twro 
transverse tangents PQ, ES From C let fall OK, CK on 
PQ, ES It IS required to prove tliat OK OK u constant, 

jDem--Join CB, and produce it to E Join CAi Describe 
a O passing through the points C, A, B Draw the diameter 
FG, passing through 0, 1 to AB Lot fall n 1 CH on FG* 
Produce CK, and draw HM || to PQ Lot fall a JL HL on PQ 
Join BN, and let tlie sides BN, ON, OB of the A ONB he denoted 
by <? 

Now AO “ AD ^'DC, and BC js CE BE, AC BC « 2AD, 

• AD =5 J (AC — BO) , that la, a » J (AC — BC) , hence (iv , 
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Ex. 16) «* = OP GH , and since AB is Bisected in 0, AO = OB, 
and AO OB = OF OG, OB® , that is, c* = OP OG, and 



ON® , that IB, 6* = OF OH Now since the A* ONB, HMO 
are e^niangular, and that £□£ = LE, we hare e b HC LE , 


h HC 


In liLe manner OL = 


a OH 


• 0E = : 


HC a OH 

+ 

e c 


Sunilarly, 


0E' = 


6 HC 0 OH 


OK OE'-^’ HG-a® OH® 

~ c® e® ” e= 


a- OH PH- ff® OH® _ fl® OH (PH- OH) o*6® 




but a- IS constant, since a is the radius of the O, and is 

constant, because e is half the base of the A AOB , — ;r 

c* 

constant Hence OK OK' is constant 
95 Analysu — Let ABC be a A whose base AB is given in 
magnitude and position, and vertical Z. C is given in magnitude, 
and P the given point m AB, whose distance CP from the Teitex 
18 equal to J (AC + CB) Descnbe a O about the A ACB 
Bisect the 4 ACB by CD Let fall a X DE on AB , then, be^ 
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caitso AB and tho L ACB aro given, tbo O is given , and since 
the L ACB 18 bisected by CD, the arc AB is bisected in D 
hence D w a given point Again, because the L ACB is given, 
its half, tho L DCE, is given, and Ibo L DEC is Tight , hence 
tho A DCE IS given in species, tho ratio of DO CE is given , 
but CE = CP, because each is equal to J (AO + CB) , honco tho 
ratio of DC CP is given, and tho points D, P arc given Hence 
tho locus of the point C is a circle , and tboxofoxo the point C, 
\rhcrc this locus cuts tho O ACB, is given 
96 Let 0 ho tho middle point of tho hose , F, H the points of 
contact of AB, AC i\ith tho O Join OF, OH, Produce FO to 


A 



meet tho O in G Join CG , then, since 00 *= OB, and OG » OF, 
and tho L COG = BOF, CG is equal to BF, and tho L OGC = OFB, 
and IS Ihoroforo a nght L , hence CG is a tangent Again, because- 
tbo A AOC IS ngbt, and OH is X to AC, AH HO = OH* , but AH 
== AF, and HC « CG , honco AF CG = OH* In hlto manner, if 
I bo tho point of contact of DE with tho O, DF JG *= 01* , 
but OH* « 01*, AF CG = DF JG , hence AF DF JG 
CG, AD DF JC CG, AD JC DF CGorFB, 
but, by similar A*, AD JO AE EC, AE EC DP FB, 
hence, componendo^ AC CE DB FB , hence AC BP 

t= BD CE , but AC and BF are each given , tho rectangle 
BD GE IS given 

97 Let AB equal half tho sum of the opposito sides, and the 
area equal tho rectangle ABCD 

Sol — Jem BD, and in the O place EF « BD At tho pomt 
F m EF moke tho L EFG = ABD Join EG, and draw EH 1) te 
FG EHFG IB the required trapomm 
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Dexa, — From Cio centre 0 let fell a X 01 6n FG, and produce 
0 meet EH m J Let fall a X EK on FG Produce EH, 
■ dran FL || to EE Because EF cs BD, and tlio L EFE 



»BA, and the right L EKF = DiVB, FK = AB, 2AB = 
i' + 2IK, that 18 e= FG+EH Again, the EGF and 
1 I F equal tuo right L \ and EHF, LHP cquol two nght A», 
BGK = LHF, and the nght L EEG cr HLF, and the side 
I i := FL, tho A* E6K, FLH are equal To each add 
figure EHFE, and EHFG = ELFE Hence EHFG « 
‘ OD 

8 Analyse — Let tho polygon bo tho A ABC, whoso sides 
\ through tlio points D, E, F Join EF, and produce it 



ough B draw BH || to EF Join AH, and produce it to 
»t EF in G Now tho L GAC = HBC (III xxi ), and HBC 
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ss GrLO (I Kxix ), GEO 2 = GAO , GAEC xs a oyolio quad | 

EP FGsAF FC, Irnt AP FC la given, EF FG w 
given, and EF is given , hence G is a gi\on point Join GD, 
and produce it. Through H draw HJ H to GD Join JB Now 
the I AHJ = ABJ, and AHJ « AGI, ABJ « AGI, AGBI 
18 a oychc quad , hence GD DI 2 = AD DB, and is given , 
hut GD 18 giAon, DI is giicn, and I is a given point , and 
evnee JH, BH aro rospocU\cly || to IG, EG, the L JHB IGE , 
but IGE 18 given, since the lines IG, EG are given in position, 

the 4 JIIB IS given, the are JB is given, the chord JB 
is given, and wo ha\c shown that I is a gi\cn point Hence the 
question reduces to lH xv , Ex 2 Similarly for a polygon of 
any number of sides 

99 Let the O* Xj Y bo so related that the rectangle contained 
by tho diameter of X, and the radius of Y, is equal to tlio rect- 
angle contained by tbo segments of any chord of X passing 



through the centre of Y ,-thon, if from anv point in the circnm- 
fcrcnco of X we draw tangents OA, OB to Y, and join AB, it is 
required to prove that AB touches Y 

Eem ~Lot 0 bo the centre of Yi Join CO, and produce it to 
meet X in E Through E draw EF the dinmoter of X Join 
BE, BF, BO Jom 0 to G, tbo point of contact, and lot fall 
a ± OH on AB Now tlio 4 EFB ECB (III xxi ), and tho 
right 4 EUP *= OGO, tho A* EFB, OOG are equiangular , 
EF EB 00 OG, EP OG^EB 00, but (hyp) 
EF OG^OO OE, EB«0E, tho4EOB«EBO, EDO 
« OCB + OBC , that is, EBA + ABO « OCB + OBO , that is,* 
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ACE + ABO r= OCB + OBC , but ACE « OCR . ABO « OBP, 
and tlio ngbt L OlIB 0GB, and tho $ido OB common, OK 
e; OG , but OG 28 tbo mdiufl, OK tbo radius , and bonco 
AB touches Y Similarly, ^herenr wo taka tho point in tho 
circumfcrcnco of X, and draw tangents to T, tho baso mil 
touch Y 

Jtunma — If any point A is tahen m tho circumfcrcnco of a O, 
and A joined to 0, tho centre of another O , and if wo divido AO 
in C, so that OA 00 = r^, r being iho radius of 0 It is required 
to prove that tho locus of C is a O 

Eom -r-Suppo5o one O insido tho otbor I ct 0 be the centre 
of tho larger O Produce AO to meet 0 in D Join DO*, 
00*, and produce 00* to meet 0 in L, F Through 0 draw 
CG II to DO* 

Now OA OC « r-, and OA OD == OE OP, * OD OC 

OE OF , but tho ratio OE OF r* is given, since rsstho 



nditis of a given O, and OF OP is a given roclanglc, . tho ratio 
OD OC in given and because tbo A* ODD*, OCG ore equi- 
angular, CD OC 00 OG, the ratio 00 OG is given, 
but 00' IS given, OG is given, hence G is a given point 
Again, OD 00 O'D GO, tbomUoOD GCisgi^cn, 
but O'D IS gnen, since it is tho radius of a given O , GO 
IS given, and w o have shown that G is a given point IIciico 
the locus of 0 is a O 
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j)ff — The pomi C IS called the invert of tio point A, and the 
O through C tho intent of the O through A ^th respect to the 
O through B 

100 Let Gs H, J bo the points where Y touches tho sides of 
tho A ABC Join HC, 6J, JH It is required to prove that 
tho O inscribed m the A CHJ touches n given O 

Dom — Join OA, OB, OC, cutting JH, HGr, GJ in L, M, N 
Then since L, M, N aro tho middle points of tho sides of tho 
A 6HJ, the O through these points will he tho nine-pomts O 
of GHJ, and wiU (Ex 31) touch its in-O Again, tho O 
through LMN will c\ idontlj be the im erso of X with respect to T 
{Ztmma)f and will bo a given O Hence the in-O of tho A GHJ 
touches u given O 

101 Sco “Sequel,” Boole TT , Prop xii , Sect xv , Cor 2 

102 Sol —-Let A, B, C bo tho given points , join them, and 
<m AB, AC desenbe segments of O* containing L* equal to one- 
third of four right JL ■ Let them xnteraoct in D D is the point 
required 

Bom — Jom AD, BD, CD , and through D draw £F ± to CD, 
meeting AC, BC m L, F Now tho L ADC ts BDC, and £DC 
*= FDC , ADE = BDF , hence (“Sequel,” Book I , Prop xxi , 
Cor I), the sum of AD and DB IS a minimum , and CD, hemg a X, 
IS less than ony other lino from C to EF Honco the sum of tho 
lines AD, BD, CD is a minimum 

1 03 Let AB, AC bo tho tangents, and 0 tho centre J om BO 
Jom AO, cutting BC m F Through A dmn AD, cuttmg tho O 
m E, D, and BC m H It is required to prove that AD is divided 
barmomcally 

Bern — Jom OC, CD, OE, OF Join DF, and produce it 

Now (I xLvn , Ex 1) AO OP := 0(? = OD^ , • AO OD 
« OD OF, and the I AOD common, henco (vi ) the A ADO 
= OFD , but bocauBo OD = OE, the I ODE = OED , OPD 

OED , OFED IS a cyclic quad , tho L* EDO and EFO 
equal two right £■ , but the L* EFO, EFA cqnal two ngbt 
L • , EFA = EDO, and EDO = OFD , EFA * OPD, and 
AFBsOFB, DFHssEFH , hence the ^EFD is bisected inter- 
nally by FH, and tho Z. OFD « AFG, and OFDe=EPA, EFA 
=s AFG Hence EFD is bisected oxtomally by FA, and therefore 
ED (tu , Ex 3) IB divided harmonically m the pomta H, A 
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104 Let A, B, C, D bo tbo four points, and EFGH tho gircn 
quad It IS required to construct a quad similnr to EFGH 
whose Bides riiall pass through tho points A, B, 0, D 


A 



Sol — Join AB, and on it descnho a segment AIB, containing 
an angle equal to FEH Join CD, and on it desenbo a segment 




CJD, containing an L equal to FGH Join EG At tho poihC 
A in AB make the L BAL rs FEG , and at tho point D m DC 
make tho L CDK = EGF Join EL, and produce it to meet the 
O” in I, J Join lA, IB, and ])roduce Join JC, JD, and 
produce INJM is tho required quad 

Dem — For the L BIL = BALr=FEG, and the L CJKs=CDK 
= EGF , the A* INJ, EFG are simflar And because the 
L BIA « FEH, MIJ « HEG Similarly, MJI = HGE, 
the A* MIJ, HEJ are similar Henoe tho quads are similar 
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^105 Let ABCD bo tho given quad , and EP, FG, 6H, HE 
tbo given Imcs 

Sol — Conrtnict tho quad ET G'H* fiimflar to EFGH, u-hose 
5idc3 pa55 through tho points A, C, D (103) Dmdo EF in 
A', so thatEV AT £A AT, and divide EHmB"^ so 




that EB B H E*B BH' , and similarly for the other sides 
dom A*B| BCyCDyDA It is evident that A BCD' is 
Bumlar to ABCD 

106 Let AB he the base, and BCE tho diEerencc o! the base 
onglt's 

Sol — Bisect AB m F Draiv BG, making the C FBG = DCE, 
and the rectangle FB BG equal to the rectangle under the sides 
Join FG Bisect the A BFG by FK, and make FH a mean 
proportional between FG and FB Join AH, BH ABH is 
Ihorcquuod A» 

Bern — ^Produce HP to I, so that IF « FH Through G draw 
6J B to HI, and produce BA to meet it Join II, IB, GH Now 
(I xxnc ) the I HFB =:= GJF, and GFH =FGJ , but HFB = GFH 
(const), GJF=FGJ, and FG=FJ Nowthe AGHI=JIH 
To each add HGJ, and we have GHI + HG J = JIH + HGJ j 
JIH + HGJ ore equal to two nght L • , hence HIJG is a 
cvchc quad And since FG FB « FH* (const ), and FG = FJ, 
and FH* = FH FI, • FJ FB = FM FI , JIBH is a 
cyclic quad Hence the fiye points F, I, B, H, G are in a 
Now tho L HBG ?= IBJ , but IB J « BAH , HBG « BAH j 
• FBG, that IS BCE, is tbo diBcrcnco between HAB and HDA , 
Again, the A« IBF, GBH axe equiangular, IB BF GB 
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be, IB BH = BP EG, that IS, AH BH = BP BG 
This constmotion is due to Hahilton 



107 I-.et the Ime EF produced meet AB produced lu G, cut 
off GH = EG Jem EH, and let fall the ± EN Now sinco 
(hyp ) the I AEF= EAB, the A AEG is isosceles , AGs=EG, 



andEG=GH, hencethe AEHisnght, AN NH==EN», 
but EN = 2 AN , since CD is bisected, . - NH = 2 EN = 2 AB, 

. AH =-^ , ience AG = , BQ Henco EC 

= 2BG, CF = 2FB 

108 Let C be a fixed pomt in the diameter AB , DE a chord 
j^assing through C Jom AD, A£ At B draw FG a tangent to 
the O, and produce AD, A£ to meet it in F and G It is 
required to prove that BF BG is constant. 

Dem — Through C draw BDT (( to BG, meeting AF, AG in 
I, H Jom BE, BH Now the L BOH is nght, and BEH is 
right, CBEH IS a cyclic quad , the L BEC == BHC , hut 
BEC = BAD (III xxi ), BHC = BAD, the four points 
B, H, A, I are concyclic , hence IC CH = AC CB , and be- 
cause the AGI, ABF are equiangular, AC AB IC BF , 
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and Binco Uio A* ACH, ABG are equiangular, we have AC AB 
OH BU, AC2 AB* IC CH BF BG , that is AC* 



AB* AO CB BF BG , but the first three teims of this 
proportion are constant Heme the fourth, BF BG is constant 
109 Let 0, O' he the centres of the O*, and C the point of 
contact 


C 



Bern — Join 00', and produce it, DO' must pass through C 
Let E, D he the other points in which it meets the O* Join 
AD, BD, AE, BE, and let AE, BE meet B D, A D in F, G 
Now each of the CBE, CBD is right (III xsxi), BG 
IS B to B'D, and BB' = GD In like manner A A' GE, AA** 
+ BB** := GE** -f GD* ss DE'' , but DE* is constant, since it is 
equal to tbo square of the difference of the diameters Hence 
AA'* + BB * 13 constant. 


u 
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110 Let d be the point of anferscction 

Dem — Join aa , hV , those lines must pass respeotivelj through 



the centres o (hyp ) No\r the sides of the A hdb* are cut by 
ce in the points <f , hence (vi , Ex 6), 


dc ho hd ^ do 

— — = 1 , but = o5 , — 

oh oh cd eb 

In like manner, from the A ada\ \rc got 



do dd 


do dd ea _ a'd 

cfl "*" « c ’ ch he ^ 


that "iSy ae oh ad h d Hence ah ch dV Vd 

111 “BequoV* Diagram, p 32 By “ Sequel,” Prop Txa , 
Cor 3, p 32, uro have AB QR = EP® Similarly AB, mul- 
tiplied by the diameter of the O touching EP, the semicircle 
ACB, and the semicircle on AP as diameter, is equal to EP® 
Hence the O* are equal 

112 Let P be the given point, AB the chord, and CA, CB the 
tangents 

Hem — Let 0 be the centre Join OA, OB, OP, OC, PE 
Bisect OP in D Join DE 

Now because OA = OB, OC common, and the base CA = CB, 
the L AOO = BOC , and since AO » BO, 0£ common, and 
the L AOE = BOB, the base AE = BE Now AO* = AE* 
+ EO*, but (I XII , Ex 2) the lines AE, EB, EP are equal, 

AO* = OE* + EP* = 2 OD* + 2 DE* (n x , Ex 2) , 
but AO* IS given, 2 OD* + 2 DE* is gi\ en, and 2 OD* is 
giNen, since OP is given, DE is given, and D is a fixed point 
Hence the locus of E is a O, having D os centra and DE as 
radius Now (1 xnvrt , Ex 1) CO OE = OA* » R* , C, E 
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V 

(fl — h) or 2GrD = BH ^ 2GE , GD == GE In like man^ 
GD = GF, and GD = GI , hence the lines GE, GD, GF, GI | 
c^nal, and the O, 'with G as centre, and GD as radius, *will p? 
through E, F, I Let it cut BD in K Now (III 3ccxTf 
BD BK = BF BI But since AG = GB, and DG = GK, i 
= KB Also BI = HE = AE Hence BD AD = BF AB ’ 

114 See “ Sequel," Book VI , Prop x , Sect i , Cor 1 ^ 

115 See “ SequeV* Book VI , Prop x , Sect Cor 2 

116 uififflyns — ^Lct P be the required point Join AP, B 

CP, DP No'W' (hyp ) the /. APC is hiscctcd, AB 1 

AP PC (ni ) , but the ratio AB BC is given, AP J 
IS given, and the base AC is given , hence (iii , Ex 6) the loc 
of P 1 $ a O Similarly for iho A BPD, the locus of P 
another O Hence the point in 'which these O* intersect is i 
point required 

117 Let ABC he a A whose sides are denoted br <7, 5, 
Bisect tbe 4 ACB by CD, and let CD be denoted bv y Now (n 
wo have a b BD DA, (ff + i) b BA AD, that 

(ff + 5) b e AD , AD a= Similarly, BD ^ 


BD DA = 


{a + 5 )' 


,, hut a5= BD DA + CD" (xvn , Ex 1 


CD-, that IS, ab — - 


{a + 5)5 

_ «5 (fl + 5 + c) (a + 5 — tf) _ 4ab s s^e 

{r+T)5 (7+5)5^ 

In like manner, denoting the bisectors of the £ » A, B by a, 
respectively, we have 

Abe s s ^ a , . Aea s s — b 


hence 


(a + 5)5 (5 + c)5(c + a)5 
A 8a5c 


4ea s B — b 

{p + o)- ' 

Ua’b-e- (area)* 
(ff + 6)=(6-y-c)*(c + n 


Hence, apy = ; — "1*^. * 

(fl + i)(i+c)(c + n) 

118 Let Aa', B6, Ce ke the bisectors of the L*, then (n 
we have , 

e a Xb bC, e e+ a Ai’ b, AJ ss 

« + o 


e e+ a AJ’ b , 
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In lOvO manner, 

Br ss and Ca = ; , 




(/I f -J- r} (c ^ n) 


119 Lot ABC bo a A Drwr any tbrco lines A/r, B5, 
intcr^ling in D Dcicriba a O, passing ihrougli tho pmnts 
rx, 5, f, and culling tliJ' side's of ibc A VBC in A', B , C It » 
required to pro\c tint iLc hues VA , I*B , CC arc concurrent 

Dem --Xotr tre have AB'=^f AC% Btf BC « Ba BA, 
andCa C\=rC^ CB', Be Cc) (AB BC CA") = 

{«B IC r\)(AB BC C’A),butA5 Be Ca = oB 50 cA 
(Ex 4) AB^ BC* CV^AB B'C CA And hence the lines 
AA, BB, CC are concurrent 

120 Bern — De^enho \ O about ABC IaI 0 be the centre 
Join CO, and produce u to meet the cucumteruicc m D Join 
da, DB, nnd from A let fall a i AE on AB 

Now if wo denoto the ados bv a, b, f, and the parts A B, B C, 
C A, by r, v, r, we have {a - a-) (S - y) (e - s) = AB' BC' CA', 
and r>/z = \ B B C (^A abe — («Js + b^t + eay) + avz + bzx 
+ «ry=AB BC'0V-«-\B BC CA Again, since the A* 
BA'E, ACD are cqmangular, we have BA' A'E CD CA , 



that IS (denoting CD hy 8), A’E 8 b, 8r = 6»A‘E, 
bz BC' = S AE.BC=8 2ABC , that is, 8r {c-s) = 
^ 2 A BC , (Jes— 8rs)&8 2A'BC' mlikoniannor(<‘By— rsyj 
s= 8 2B'CA' and (ois - aye) = 8 2C'AB, and “Sequel,” 
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(BookYI , Prop v , Sect i ) a6c =s5 2 ABC , , alc’-‘[hcx+eay 
+ abz) + [ayz-^ bzx+ cxy) = 5 2 A'B C' Hence AB' BC' CA 
srA'B BC CA = 5 2AW 

121 Let A, B| 0 be the fixed pointy and the given ratio that 
of2 1 

Sol — ^Take any point 0 J om 0 A, and produce it to D, so that 
OA s= 2 AD Join DB, and produce to E until DB = 2 BE Join 
EC, and produce it to P, bo that EC = 2 OF Join OP, and divide 
it in G, BO that OG = 8 FG Join GA, and produce it , and 
through D draw DH d to OG Join HB, and produce it , and 



through E dravr EJ (| to HD Join JG, GO GHJ i8 the 
required A 

Bern — ^The A* OAG, DAH are equiangular, OA AD 
OG DH, OG = 2DH, butOG = 8GP, DH = 4GF 
Similarly, from the A" BDH, BEJ \P 0 got DH = 2 JE , JE 
= 2GF, and EC =? 2CP (const ), and the L JEO sr GFC, 
hence (vi ) the L JOB 6CF, and therefore JC and GC are 
in the same straight line , and evidently the sides ora divided 
in the points A, B, 0 in the given ratio Similarly for any 
polygon of an odd number of sides, and for any given ratio 
122 Let ABCD be a cyho quad vrhoso third diagonal EF is a 
chord of another given O Bisect EF in G It is required to 
prove that the locus of G is a O 
Bern — Let 0, 0' be the centres Join OG, 0 G, O'E 
From E, F draw tangents EH, FK to 0 Join OH, OK, 
EO, FO, 00' 

Now 4 EG* + 4 GO * « 4 EO'* , that is, EF* + 4 GO'a *= 4 EO'* , 
but EF* = EH* + FK* (III , Ex 19), and OH* + OK* = 2 OH* 
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Adding, ^ro got EO’ + OF» + 4 GO** = 4 EO'* 4 2 OH* , that is 
(II x,Ev 2 ), 2 EG* 4260 * + 4G0'*«4E0'-420H*, and 
2 EG* 4 2 GO * = 2 EO** Subtracting, wo have 2 GO* 4 2 GO'* 



== 2EO** 4 2 on* . GO* 4 GO * = EO'* 4 OJI* , but EO'* 
and OH* aro given , GO® 4 GO'® is given Therefore 
OGO IB a A whose base is given, and the sum of the squares of 
its Bides Hence (II x , Ev 3) the locus of G is a O 
123 Let X, Y be the O*, and lot AB, a ohord of X, touch T 



in C Bisect the are AB in D Jom DO It is required to pro\ o 
that DC passes through a given point 
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Dom — Join 00 , and produce 00', DO to meet in E E is 
thogi\cn point Join OA, OB Now OA = OB, OF common, 
and Iho L AOF = BOF , hcnco the L AFO » BFO , Ibo 
L AFO IS right, and FCO* is nght , OD is fl to 0 0 , hcnco 
(n) tho A* DOE, COT aro equiangular, DO CO' OE 
0*E , hence tho ratio OE 0 E w given, tho ratio 00 0 E 

is given , hut 00 is given, OT is given, and 0 is a given 
point , E 18 a given point 

124 Lot ABO be a given A From a point P, within it, let 
fall X* PD, PE, PF on tho sides BO, CA, AB Join DE, EP, 
PD, and let tho area of DEF bo given It is required to provo 
that tho locus of P is a O 

Dem — Join AP, BP, CP Because each of tho AEP, 
AFP 18 nght, AFPE is a cyclic quad Bisect AP in G G is 
the centre of tho O Siimlarly, BDPF, CDPE aro cyclic quads , 
and H, J, the middle points of BP, CP, are tho centres of their 
circum-O* Join DH, HF, PG, GE, EJ, JD Produce FG, 
and let fall a 1 EK on it Because AG s GP, the A AGF 
= PGP , AFP = 2 PGF In like manner, AEP « 2 EGP , 
hcnco the quad AEPP =* 2 EGFP Similarly, BPPD = 2 FIIDP, 
and^CDPE = 2 PD JE , hcnco the area of the figure EGFIIDJ i^ 
given , but the area of FDE is gxv cn (hyp } , hence tho sums of 
tho areas EGP, FHD, DJE is given Agam, the L FGE 
*=2FAE(ni XX ), tho L FGE is given, the L KGEis 
given, and tho L GKE is nght , hence the A EGE is given in 
speoies, tho ratio EG LK is given, tho ratio EG FG 
EK FG IB given , but EK FG = 2 A EGF, and EG FG 
= FG’ , tho A EGF has a given ratio to FG*, and FG** has a 

EGF 

given ratio to AP’, since AP = 2 FG , is given Sup- 

pose it equal to I , hcnco EGF «= I AP* In like manner, FHD 
= in BP*, and DJE s= « CP* , but wo have shown that tho 
sum of EGF, FHD, DJE is given , hence ? AP- + m BP* + « 
OF IS given And bonce (Ze/nma to Ex. 60) the locus of P is 
a O Similarly, tho proposition may be proved for a figure of 
any number of sides 
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OPINIONS OF THE WORK 

The following arc n few of the Opinions received by 
Dr Casey on tins TV'ork — 

Arom the Rev R Tovtssend, P T C D , d.ci 

“ I have no doubt whatever of the general adoption of your 
work through nil the schools of Ireland immediately, and of 
Enghnd also before very long 

From the PiucrrtCAL TEACiinn ” 

'‘The preface statca that this book ‘is intended to supply a 
want much felt by Teachers at the present day — the production 
of a work which, while gmng Uio unrivalled original in all its 
integrity, would also contain tho modem conceptions and de- 
velopments of tho portion of Geometry over which the elements 
extend * 
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** The hoolc is allf and more than all, it professes to ho « The 

propositions snggested are such as will he found to have most 
important apphcations, and tho methods of proof aro both simple 
and elegant We know no book ^^hlch, within so moderate 
a compass, puts the student m possession of such valuable results 
** Tho evorcisos left for solution are such as will repay patient 
study, and those whoso solution are given in tho hook itself will 
suggest tho methods by which tho others arc to bo demonstrated 
Wo recommend e\eryone 'i>ho wants good cvorciscs in Geometry 
to get tho hook, and study it for themselves ” 

From the ** EnucAxiONAXi Times 

Tho editor has been very happy in some of tho changes ho 
has made Tho combmation of the general and particular enun* 
ciations of each proposition mto one is good , and tho shortemng 
of the proofs, by omitting the repetitions, so common m Euclid, is 
another improvement Tho use of tho contro-positii o of a proved 
theorem is introduced with adrantngo, in place of tho redutUo ad 
ahsw dxim , whilo tho alternativo (or, m some coses, substituted) 
proofs aro numerous, many of them hemg not only elegant hut 
ommcntly suggcstivo Tho notes at the end of tho hook are of 
great interest, and much of the matter is not casil} accessible 
The collection of exercises, ‘of mLicH there are nearly eight 
hundred,* is another feature which ^nll commend the book to 
toaohors To sum up, we think that this work ought to ho read 
by every teacher of Geometry , and wo make hold to say that no 
one can study it without gaming valuable information, and still 
moTo voluablo suggestions ’* 

the “ JoLll^AI. OP Eduoation,** Sept 1, 1883 

“ In the text of tho propositions, tho author has adhered, m all 
but a few instances, to the substance of Euclid’s demonstratioiifi, 
without, however, giving wa> to a slavish foUowmg of his occa* 
sional vorbiago and rcdimdanco Tho use of letters m brackets 
N in the enunciations eludes the necessity of ginng a second or 
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particular cnimcuition, and can do no harm Hints of other 
proofs arc often given in email tvpe at the end of a proposition, 
and, rrhcre necessary, ehott explanations The definitions are 
also carefully annotated TLo theory of proportion, Book T , is 
given in an nlgchraical form This hook has alvrays appeared to 
ns an exquisitely subtle example of Greek mathematical logic, 
hnt the subject can be made infinitely simpler and shorter by a 
little algebra, and naturally the more difficult method has yiddcd 
place to the less It is not studied in schools, it is not asked for 
even in the Camhndgo Tnpos , a fevr years ago, it still survived 
m one of the College Examinations at St John’s , hut whether 
the Tcfonnzng spxnt which is dominant there has left it, wo do 
not know The hook contains a very large body of nders and 
independent geometrical problems Tho simpler of those arc 
given in immediate connexion with the propositions to which 
thev nalurallv attach , the more difficult arc given in collections 
at tho end of each book Some of these arc solved m the hook 
and these include many well-known theorems, properties of ortho- 
centre, of nine-point circle, d,c In every way this edition of 
Euclid IS deserving of commendation Wc would al$o express a 
hope that everyone who uses this book will afterwards read the 
same author’s * Seqnd to Euclid,’ where he will find an excellent 
account of more modem Geometry ” 
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EXTRACTS FROM CRITICAL NOTICES 

From the “School Gcahdias ” 

This book IS a well devised and useful work It consists of 
propontions supplementary to those of the first six books of 
Ettclid, and a senes of carefully arranged exercises vbicli follonr 
each section ^[ore than half the book is devoted to the Sixth 
Book of Euclid, the chapters on the * Theory of Inversion’ and 
on the * Poles and Polars’ being especially good Its method 
skilfully combines the methods of old and modem Geometry, 
and a student, vrcH acquainted inth its subject-matter, vronld be 
fairlv equipped xath the geometneal knowledge he ^rould require 
for the study of any branch of physical science.” 


From the ** Practical Tcachec ” 

** Professor Casey’s been to collect within reasonable 

compass all those propositions of 3Iodem Geometry to which 
reference is often made, but which are as yet embodied nowhere 
TTe can unreservedlv give the highest praise to the matter 



( S ) 

of tho book In cases tbo proofs are CT^lraordmanly neat 
The notes to the Sixth Book arc the ino«;t satisfactory 
Fcaorbach s Theorem (the mnc-points circlo touches inscnbod 
and esenbed circles) is favoured \nUi two or three proofs, nil of 
xvIuA arc elegant Dr Hart^s extension of it is oxtremd j n dl 
proved • Vo shall have giicn sulEcient commendation 

to the book Mlicn no say that tbo proofs of tbese (MnlfalUU 
Problem, and JliqueVs Theorem), and equally complex problems, 
which wo u (?d to shudder to attach, ocn hy tho powerful wea- 
pon? of aimljsi«, are easily and tnumphnntly accomplished bv 
Para Geometry 

After showing what great results this book has accomplished 
m tho minimum of space, it is ilmost superfluous to say more 
Our author is almo'-t alone in the field, and for tho present need 
scarcely fear rivals 

jTrowi tht ** Jour\AL or Eoucatiov 

** Dr Cascy^B ' Sequel to Euchd * will bo found a most valuable 
work to any student who lias tliorougUly mastered Euclid, and 
imbibed a real taste for geometneal reasoning Tho 

lugher mc^hoJs of pure gcomctncal demonstration, which form 
b} far tho larger and more important portion, aro admirable , the 
proposiUons are for the most part extremely well gi\en, and will 
amply repay a careful perusal to ad\aiiccd students 

Tiom “ ifATiiKsis,^' 1685 

Sfguel io JSucM de A[ JT Casev cst un do cos livrcs das- 
siques dont lo succ^s n^cst plus iif ure La premiere edition a 
paru cn ISSl, la cecondo cn 1882, la troisilmo cn 1SS4, ct I’oa 
pout pTcdirc Exns cnunle do sc t romper, qu^ello sera suivio do 
bcxucoup d'autres O’est un ouvrigo analogue aux Thtoremes 
ei :Brolfhniet dt Gt(i}mtr\t de M Catalan, ct il a les mCmes 
quality il cst clair, concis, cl renferme beaucoup do matibres, 
E0U3 un petit volume liO sixitmo livre do lourrago do 
Casey cst aussi clendu u lui soul que les qnatre premiers II 
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occope les pages 67 h 158, c’est-ii-dire la ino2ti6 du volume 
•C'est en riabtd uue JnU oductxon a la Oeonidtnc 8u})crttur€ 
Dans cette partio de I’ouvrage, on rencontre des demonstrations 
'd’une rare dldgftnce dues a M Casey lui-mdme ’’ 

From **MATiiESrs,** Fecemhe)^ 1886 

**La troisibme ddition, publico on 1884, ot dont il a 6td rendu 
*coniptc dans ce journal (t v 1885, p 76-78) fait aujourd’hui 
place a une quatn^me, dont la premiere partie, ronfcrmant 164 
pages, 152 figures et 293 excrcices, est la reproduction de six 
cbapitres de la prdcddcnto ddition, cOr I’autcur n’a pas cu le 
temps d’en remamer la substance , mais touto la scoondo partie, 
58 pages, 23 figures et 181 excrcices, intitulde Gdometne rd- 
•cente du triangle, est absolumcnt nouvelle ot compldtement 
rcfondiie 

‘‘EUe so diYiso en six sections consacrdes aux dtudes sui* 
vantes 1° Thdone des points isogonaux et isotomiqucs, des 
lignes nnbparall&les et des symddianes , 2** tbcone des figures 
directement somblables , 3** cercles do Lemoino ot de Tucker , 
4° tbdone gdnerale d’un syst^me de trois figures semblables , 
appbcahons porticubdres de la tbdono des figures directement 
semblables (au cercle de Brocord et au ccrclc des neuf points) , 
6® tbdone des polygenes bannoniqncs 

Chacune de ces subdivisions, notamment la demidre, est smvei 
d’exercices intdressants, thdordmes a ddmontrer ou probldmes i 
rdsoudre, panni lesquels nous devons signaler d I’attention des 
gdomfetres les dldgantes generalisations dues a MH Casey, G 
Tarry et J Neuberg dans rdtude des polygones barmoniques 
Nos lecteurs sont ddjd familiansds avee ces nouvclles thdones, 
et ils connoissent aussiP eminent geomdtre qm, dcpuis trente onSi 
fait autontd dans T enseignement des universites de la Grande- 
Bretagne L’ouvrage est h, la hauteur de la rdputation du xnoitre, 
et h tons les degrds d’avancement de leurs dtudes, les dldves y 
trouveront un guide prdcieux et instruotit Mois cet ouvrage 
n’est pas seulemont utile aux dtudiants auxquels il s^addressOj 
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OPINIONS OF THE WORK 

lyom Sill Robfet S BatTi, udelronomo Hoyal of Iceland 

“So far as I have examined it, it appears to bo a gem , and, 
^liko all your works, it bos the stamp on it ” 

JVow'W J Kmght, LL D , Coih 

“Your work on Elementary Trigonometry is, in simplicity 
■and elegance, superior to any 1 have seen I shall introduce it 
immediately into my classes ” 

Fiom the “London Intehmepiate Auts Gouje ” 

This iB ]u&t the kmd of book a student requires, as it repre- 
sents almost exactly the amount of reading expected of a candi- 
date for the Intermcdiato Arts, graduated gently, and with a 
copious supply of examples ” 

-Roitt the “ Education A i Times” 

“ This IS a Manual of the ports of Tngonometry which precede 
De Moivre’s theorem All necessary explanations ore given very 
fully, and the Exercises are very numerous, and are corefulh^ 
graduated ” ^ 




